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1 
The role of gravity 


The view of physics that is most generally accepted at the moment is 
that one can divide the discussion of the universe into two parts. First, 
there is the question of the local laws satisfied by the various physical 
fields. These are usually expressed in the form of differential equations. 
Secondly, there is the problem of the boundary conditions for these 
equations, and the global nature of their solutions. This involves 
thinking about the edge of space-time in some sense. These two parts 
may not be independent. Indeed it has been held that the local laws 
are determined by the large scale structure of the universe. This view 
is generally connected with the name of Mach, and has more recently 
been developed by Dirac (1938), Sciama (1953), Dicke (1964), Hoyle 
and Narlikar (1964), and others. We shall adopt a less ambitious 
approach: we shall take the local physical laws that have been experi- 
mentally determined, and shall see what these laws imply about the 
large scale structure of the universe. 

There is of course a large extrapolation in the assumption that the 
physical laws one determines in the laboratory should apply at other 
points of space-time where conditions may be very different. If they 
failed to hold we should take the view that there was some other 
physical field which entered into the loca] physical laws but whose 
existence had not yet be-n detected in our experiments, because it 
varies very little over a region such as the solar system. In fact most of 
our results will be independent of the detailed nature of the physical 
laws, but will merely involve certain general properties such as the 
description of space-time by a pseudo-Riemannian geometry and the 
positive definiteness of energy density. 

The fundamental interactions at present known to physics can be 
divided into four classes: the strong and weak nuclear interactions, 
electromagnetism, and gravity. Of these, gravity is by far the weakest 
(the ratio Gm?/e? of the gravitational to electric force between two 
electrons is about 10-20). Nevertheless it plays the dominant role in 
shaping the large scale structure of the universe. This is because the 


Preface 


The subject of this book is the structure of space-time on length- 
scales from 10-13 cm, the radius of an elementary particle, up to 
10% cm, the radius of the universc. For reasons explained in 
chapters 1 and 3, we base our treatment on Einstein’s General 
Theory of Relativity. This theory leads to two remarkable pre- 
dictions about the universe: first, that the final fate of massive 
stars is to collapse behind an event horizon to form a ‘black hole’ 
which will contain a singularity; and secondly, that there is a 
singularity in our past which constitutes, in some sense, a begin- 
ning to the universe. Our discussion is principally aimed at developing 
these two results. They depend primarily on two areas of study: first, 
the theory of the behaviour of families of timelike and null curves in 
space-time, and secondly, the study of the nature of the various 
causal relations in any space-time. We consider these subjects in 
detail. In addition we develop the theory of the time-development 
of solutions of Einstein’s equations from given initial data. The dis- 
cussion is supplemented by an examination of global properties of 
a variety of exact solutions of Einstein’s field equations, many of 
which show some rather unexpected behaviour. 

This book is based in part on an Adams Prize Essay by one of us 
(S. W. H.). Many of the ideas presented here are due to R. Penrose 
and R. P. Geroch, and we thank them for their help. We would refer 
our readers to their review articles in the Battelle Rencontres (Penrose 
(1968)), Midwest Relativity Conference Report (Geroch (1970c)), 
Varenna Summer School Proceedings (Geroch (1971)), and Pittsburgh 
Conference Report (Penrose (1972b)). We have benefited from dis- 
cussions and suggestions from many of our collcagues, particularly 
B. Carter and D. W. Sciama. Our thanks are due to them also. 


Cambridge S. W. Hawking 
January 1973 G. F. R. Ellis 
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2 THE ROLE OF GRAVITY 


strong and weak interactions have a very short range (~ 10-cem or 
less), and although electromagnetism is a long range interaction, the 
repulsion of like charges is very nearly balanced, for bodies of macro- 
scopic dimensions, by the attraction of opposite charges. Gravity on 
the other hand appears to be always attractive. Thus the gravitational 
fields of all the particles in a body add up to produce a field which, for 
sufficiently large bodies, dominates over all other forces. 

Not only is gravity the dominant force on a large scale, but it is a 
force which affects every particle in the same way. This universality 
was first recognized by Galileo, who found that any two bodies fell 
with the same velocity. This has been verified to very high precision 
in more recent experiments by Eotvos, and by Dicke and his collabo- 
rators (Dicke (1964)). It has also been observed that light is deflected 
by gravitational fields. Since it is thought that no signals can travel 
faster than light, this means that gravity determines the causal 
structure of the universe, i.e. it determines which events of space-time 
can be causally related to each other. 

These properties of gravity lead to severe problems, for if a suffi- 
ciently large amount of matter were concentrated in some region, it 
could deflect light going out from the region so much that it was in fact 
dragged back inwards. This was recognized in 1798 by Laplace, who 
pointed out that a body of about the same density as the sun but 
250 times its radius would exert such a strong gravitational field that 
no light could escape from its surface. That this should have been 
predicted so early is so striking that we give a translation of Laplace’s 
essay in an appendix. 

One can express the dragging back of light by a massive body more 
precisely using Penrose’s idea of a closed trapped surface. Consider 
a sphere 7 surrounding the body. At some instant let 7 emit a flash 
of light. At some later time t, the ingoing and outgoing wave fronts 
from 7 will form spheres J; and J, respectively. In a normal situa- 
tion, the area of 7, will be less than that of 7 (because it represents 
ingoing light) and the area of J, will be greater than that of 7 
(because it represents outgoing light; see figure 1). However if a suffi- 
ciently large amount of matter is enclosed within Z, the areas of 7, 
and 7, will both be less than that of 7. The surface.7 is then said to 
be a closed trapped surface. As ¢ increases, the area of 7, will get 
smaller and smaller provided that gravity remains attractive, i.e. pro- 
vided that the energy density of the matter does not become negative. 
Since the matter inside 7 cannot travel faster than light, it will be 
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trapped within a region whose boundary decreases to zero within a 
finite time. This suggests that something goes badly wrong. We shall 
in fact show that in such a situation a space-time singularity must 
occur, if certain reasonable conditions hold. 

One can think of a singularity as a place where our present laws of 
physics break down. Alternatively, one can think of it as representing 
part of the edge of space-time, but a part which is at a finite distance 
instead of at infinity. On this view, singularities are not so bad, but one 
still has the problem of the boundary conditions. In other words, one 
does not know what will come out of the singularity. 


FIGURE 1. At some instant, the sphere 7 emits a flash of light. At a later time, 
the light from a point p forms a sphere S around p, and the envelopes .7 , and 
7, form the ingoing and outgoing wavefronts respectively. If the areas of both 
J, and J, are less than the area of 7, then F is a closed trapped surface. 


There are two situations in which we expect there to be a sufficient 
concentration of matter to cause a closed trapped surface. The first is 
in the gravitational collapse of stars of more than twice the mass of 
the sun, which is predicted to occur when they have exhausted their 
nuclear fuel. In this situation, we expect the star to collapse to a singu- 
larity which is not visible to outside observers. The second situation is 
that of the whole universe itself. Recent observations of the microwave 
background indicate that the universe contains enough matter to 
cause a time-reversed closed trapped surface. This implies the exist- 
ence of a singularity in the past, at the beginning of the present epoch 
of expansion of the universe. This singularity is in principle visible to 
us. It might be interpreted as the beginning of the universe. 


4 THE ROLE OF GRAVITY 


In this book we shall study the large scale structure of space-time 
on the basis of Einstein’s General Theory of Relativity. The predic- 
tions of this theory are in agreement with all the experiments so far 
performed. However our treatment will be sufficiently general to cover 
modifications of Einstein’s theory such as the Brans—Dicke theory. 

While we expect that most of our readers will have some acquain- 
tance with General Relativity, we have endeavoured to write this 
book so that it is self-contained apart from requiring a knowledge of 
simple calculus, algebra and point set topology. We have therefore 
devoted chapter 2 to differential geometry. Our treatment is reason- 
ably modern in that we have formulated our definitions in a manifestly 
coordinate independent manner. However for computational con- 
venience we do use indices at times, and we have for the most part 
avoided the use of fibre bundles. The reader with some knowledge of 
differential geometry may wish to skip this chapter. 

In chapter 3 a formulation of the General Theory of Relativity is 
given in terms of three postulates about a mathematical model for 
space-time. This model is a manifold æ with a metric g of Lorentz 
signature. The physical significance of the metric is given by the first 
two postulates: those of local causality and of local conservation of 
energy-momentum. These postulates are common to both the General 
and the Special Theories of Relativity, and so are supported by the 
experimental evidence for the latter theory. The third postulate, the 
field equations for the metric g, is less well experimentally established. 
However most of our results will depend only on the property of the 
field equations that gravity is attractive for positive matter densities, 
This property is common to General Relativity and some modifications 
such as the Brans—Dicke theory. 

In chapter 4, we discuss the significance of curvature by considering 
its effects on families of timelike and null geodesics. These represent 
the paths of smal] particles and of light rays respectively. The curva- 
ture can be interpreted as a differential or tidal force which induces 
relative accelerations between neighbouring geodesics. If the energy- 
momentum tensor satisfies certain positive definite conditions, this 
differential force always has a net converging effect on non-rotating ' 
families of geodesics. One can show by use of Raychaudhuri’s equation 
(4.26) that this then leads to focal or conjugate points where neigh- 
bouring geodesics intersect. 

To see the significance of these focal points, consider a one-dimen- 
sional surface S in two-dimensional Euclidean space (figure 2). Let p 
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be a point not on F. Then there will be some curve from F to p which 
is shorter than, or as short as, any other curve from ¥ to p. Clearly 
this curve will be a geodesic, i.e. a straight line, and will intersect S 
orthogonally. In the situation shown in figure 2, there are in fact three 
geodesics orthogonal to ¥ which pass through p. The geodesic through 
the point 7 is clearly not the shortest curve from ¥ to p. One way of 
recognizing this (Milnor (1963)) is to notice that the neighbouring 


Ficure 2. The line pr cannot be the shortest line from p to S, because there is 
a focal point g between p and r. In fact either px or py will be the shortest line 
from p to S. 


geodesics orthogonal to S through u and v intersect the geodesic 
through r at a focal point q between F and p. Then joining the segment 
ug to the segment gp, one could obtain a curve from S to p which had 
the same length as a straight lino rp. However as ugp is not a straight 
line, one could round off the corner at g to obtain a curve from ¥ to p 
which was shorter than rp. This shows that rp is not the shortest curve 
from F to p. In fact the shortest curve will be either xp or yp. 

One can carry these ideas over to the four-dimensional space-time 
manifold æ with the Lorentz metric g. Instead of straight lines, one 
considers geodesics, and instead of considering the shortest curve one 
considers the longest timelike curve between a point p and a spacelike 
surface S (because of the Lorentz signature of the metric, there will 
be no shortest timelike curve but there may be a longest such curve). 
This longest curve must be a geodesic which intersects. orthogonally, 
and there can be no focal point of geodesics orthogonal to S between 
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F and p. Similar results can be proved for null geodesics. These results 
are used in chapter 8 to establish the existence of singularities under 
certain conditions. 

In chapter 5 we describe a number of exact solutions of Einstein’s 
equations. These solutions are not realistic in that they all possess 
exact symmetries. However they provide useful examples for the suc- 
ceeding chapters and illustrate various possible behaviours. In 
particular, the highly symmetrical cosmological models nearly all 
possess space-time singularities. For a long time it was thought that 
these singularities might be simply a result of the high degree of 
symmetry, and would not be present in more realistic models. It will 
be one of our main objects to show that this is not the case. 

In chapter 6 we study the causal structure of space-time. In Special 
Relativity, the events that a given event can be causally affected by, 
or can causally affect, are the interiors of the past and future light 
cones respectively (see figure 3). However in General Relativity the 
metric g which determines the light cones will in general vary from 
point to point, and the topology of the space-time manifold W need 
not be that of Euclidean space #4. This allows many more possibilities. 
For instance one can identify corresponding points on the surfaces 
Fand S, in figure 3, to produce a space-time with topology R? x S!. 
This would contain closed timelike curves. The existence of such a 
curve would lead to causality breakdowns in that one could travel into 
one’s past. We shall mostly consider only space-times which do not 
permit such causality violations. In such a space-time, given any 
spacelike surface S, there is a maximal region of space-time (called 
the Cauchy development of S) which can be predicted from knowledge 
of data on F. A Cauchy development has a property (‘Global hyper- 
bolicity’) which implies that if two points in it can be joined by a time- 
like curve, then there exists a longest such curve between the points. 
This curve will be a geodesic. 

The causa] structure of space-time can be used to define a boundary 
or edge to space-time, This boundary represents both infinity and the 
part of the edge of space-time which is at a finite distance, i.e. the 
singular points. 

In chapter 7 we discuss the Cauchy problem for General Relativity. 
We show that initial data on a spacelike surface determines a unique 
solution on the Cauchy development of the surface, and that in a 
certain sense this solution depends continuously on the initia] data. 
This chapter is included for completeness and because it uses a number 
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Future light cone 


Past light cone 


A 


Ficurz’3. In Special Relativity, the light cone of an event p is the set of all 
light rays through p. The past of p is the interior of the past light cone, and the 
future of p is the interior of the future light cone. 


of results of the previous chapter. However it is not necessary to read 
it in order to understand the following chapters. 

In chapter 8 we discuss the definition of space-time singularities. 
This presents certain difficulties because one cannot regard the singular 
points as being part of the space-time manifold æM. 

We then prove four theorems which establish the occurrence of 
space-time singularities under certain conditions. These conditions 
fall into three categories. First, there is the requirement that gravity 
shall be attractive. This can be expressed as an inequality on the 
energy-momentum tensor. Secondly, there is the requirement that 
there is enough matter present in some region to prevent anything 
escaping from that region. This will occur if there is a closed trapped 
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surface, or if the whole universe is itself spatially closed. The third 
requirement is that there should be no causality violations. However 
this requirement is not necessary in one of the theorems. The basic 
idea of the proofs is to use the results of chapter 6 to prove there must 
be longest timelike curves between certain pairs of points. One then 
shows that if there were no singularities, there would be focal points 
which would imply that there were no longest curves between the pairs 
of points. 

We next describe a proceduresuggested by Schmidt for constructing 
a boundary to space-time which represents the singular points of 
space-time. This boundary may be different from that part of the 
causal boundary (defined in chapter 6) which represents singularitios, 

In chapter 9, wo show that tho second condition of thoorem 2 of 
chaptor 8 should bo satisfied near stars of more than 1} times tho solar 
mass in the final stages of their evolution. The singularities which occur 
are probably hidden behind an event horizon, and so are not visible 
front outalle. To an oxterml observer, there nppears to be a ‘binelk 
hole’ where the star once was. We discuss the properties of such black 
holes, and show that they probably settle down finally to one of the 
Kerr family of solutions. Assuming this to be the case, one can place 
certain upper bounds on the amount of energy which can be extracted 
from black holes. In chapter 10 we show that the second conditions of 
theorems 2 and 3 of chapter 8 should be satisfied, in a time-reversed 
sense, in the whole universe. In this case, the singularities are in our 
past and constitute a beginning for all or part of the observed universe. 

The essential part of the introductory material is that in §3.1, §3.2 
and § 3.4. A reader wishing to understand the theorems predicting the 
existence of singularities in the universe need read further only chap- 
ter 4, § 6.2—§ 6.7, and § 8.1 and § 8.2. The application of these theorems 
to collapsing stars follows in §9.1 (which uses the results of appen- 
dix B); the application to the universe as a whole is given in § 10.1, and 
relies on an understanding of the Robertson—Walker universe models 
(§ 5.3). Our discussion of the nature of the singularities is contained 
in § 8.1, § 8.3-§ 8.5, and § 10.2; the example of Taub~NUT space (§ 5.8) 
plays an important part in this discussion, and the Bianchi I universe 
model (§ 5.4) is also of some interest. 

A reader wishing to follow our discussion of black holes need read 
only chapter 4, §6.2-§6.6, § 6.9, and § 9.1, § 9.2 and § 9.3. This discus- 
sion relies on an understanding of the Schwarzschild solution (§ 5.5) 
and of the Kerr solution (§ 5.6). 
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Finally a reader whose main interest is in the time evolution 
properties of Einstein’s equations need read only §6.2-§6.6 and 
chapter 7. He will find interesting examples given in §5.1, §5.2 and 
§ 5.5. 

We have endeavoured to make the index a useful guide to all the 
definitions introduced, and the relations between them. 


2 
Differential geometry 


The space-time structure discussed in the next chapter, and assumed 
through the rest of this book, is that of a manifold with a Lorentz 
metric and associated affine connection. 

In this chapter, we introduce in § 2.1 the concept of a manifold and 
in § 2.2 vectors and tensors, which are the natural geometric objects 
defined on the manifold. A discussion of maps of manifolds in § 2.3 
leads to the definitions of the induced maps of tensors, and of sub- 
manifolds. The derivative of the induced maps defined by a vector 
field gives the Lie derivative defined in §2.4; another differential 
operation which depends only on the manifold structure is exterior 
differentiation, also defined in that section. This operation occurs in 
the generalized form of Stokes’ theorem. 

An extra structure, the connection, is introduced in §2.5; this 
defines the covariant derivative and the curvature tensor. The connec- 
tion is related to the metric on the manifold in § 2.6; the curvature 
tensor is decomposed into the Weyl tensor and Ricci tensor, which are 
related to each other by the Bianchi identities. 

In the rest of the chapter, a number of other topics in differential 
geometry are discussed. The induced metric and connection on a 
hypersurface are discussed in § 2.7, and the Gauss—Codacci relations 
are derived. The volume element defined by the metric is introduced 
in § 2.8, and used to prove Gauss’ theorem. Finally, we give a brief 
discussion in § 2.9 of fibre bundles, with particular emphasis on the 
tangent bundle and the bundles of linear and orthonormal frames. 
These enable many of the concepts introduced earlier to be reformu- 
lated in an elegant geometrical way. § 2.7 and § 2.9 are used only at 
one or two points later, and are not essential to the main body of the 
book. 


[10] 
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2.1 Manifolds 


A manifold is essentially a space which is locally similar to Euclidean 
space in that it can be covered by coordinate patches. This structure 
permits differentiation to be defined, but does not distinguish intrin- 
sically between different coordinate systems. Thus the only concepts 
defined by the manifold structure are those which are independent of 
the choice of a coordinate system. We will give a precise formulation 
of the concept of a manifold, after some preliminary definitions. 

Let R” denote the Euclidean space of n dimensions, that is, the set 
of all n-tuples (x1, x?, ...,%") (—00 < zt < œ) with the usual topology 
(open and closed sets are defined in the usual way), and let 4R” denote 
the ‘lower half’ of R”, i.e. the region of R” for which z! < 0. A map ¢ of 
an open set 0 c R” (respectively 4”) to an open set ©’ c R” (respec- 
tively 4R”) is said to be of class C” if the coordinates (x1, x’, ...,a’") of 
the image point ¢(p) in ©’ are r-times continuously differentiable 
functions (the rth derivatives exist and are continuous) of the co- 
ordinates (x1, x?, ..., x”) of p in O. If a map is C” for all r > 0, then it is 
said to be C~. By a C° map, we mean a continuous map. 

A function f on an open set © of R” is said to be locally Lipschitz if 
for each open set Y c O with compact closure, there is some constant 
K such that for each pair of points p,qE Z, | f(p)—f(q@)| < K |p—4], 
where by |p| we mean 


{('(p))? + (27(p))? +... + (2"(p)) °}. 
A map ¢ will be said to be locally Lipschitz, denoted by C1-, if the 
coordinates of 4(p) are locally Lipschitz functions of the coordinates 
of p. Similarly, we shall say that a map ¢ is C’- if it is Cr and if the 
(r—1)th derivatives of the coordinates of ¢(p) are locally Lipschitz 
functions of the coordinates of p. In the following we shall usually only 
mention C”, but similar definitions and results hold for C’-. 

If is an arbitrary set in R” (respectively 4R”), a map ¢ from F to 
a set Z’ c R™ (respectively 4R”) is said to be a C” map if ¢ is the 
restriction to 7 and #' of a C" map from an open set © containing P 
to an open set ©’ containing Z’. 

A C" n-dimensional manifold M is a set Æ together with a O” atlas 
{Ya Pa} that is to say a collection of charts (Y,,¢,) where the Y, are 
subsets of 4 and the ¢, are one-one maps of the corresponding X, to 
open sets in R” such that 

(1) the Y, cover M, i.e. M = U Y, 

a 
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(2) if Y, N Ye is non-empty, then the map 
Ga OP: Ppl Ua Ug) > Pal Ua N Up) 


is a C” map ofan open subset of R” to an open subset of R” (see figure 4). 

Each Y, is a local coordinate neighbourhood with the local coordinates 
x (a = 1 ton) defined by the map 4, (i.e. if p E% then the coordinates 
ofp are the coordinates of ¢,(p) in R”). Condition (2) is the requirement 
that in the overlap of two local coordinate neighbourhoods, the 
coordinates in one neighbourhood are C” functions of the coordinates 
in the other neighbourhood, and vice versa. 


R APET 


p Was (Wa N Wp) 


op 


Ficure 4. In the overlap of coordinate neighbourhoods Y, and Kp, coordinates 
are related by a C" map ¢,0¢471. 


Another atlas is said to be compatible with a given C” atlas if their 
union is a O” atlas for all Æ. The atlas consisting of all atlases com- 
patible with the given atlas is called the complete atlas of the manifold; 
the complete atlas is therefore the set of all possible coordinate 
systems covering M. 

The topology of Æ is defined by stating that the open sets of M 
consist of unions of sets of the form Y, belonging to the complete atlas. 
This topology makes each map ¢, into a homeomorphism. 

A Cr differentiable manifold with boundary is defined as above, on 
replacing ‘R”’ by ‘4R”’. Then the boundary of M, denoted by 24, is 
defined to be the set of all points of & whose image under a map ¢, lies 
on the boundary of 4R” in R”. 2. is an (n — 1)-dimensional C” manifold 
without boundary. 
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These definitions may seem more complicated than necessary. How- 
ever simple examples show that one will in general need more than one 
coordinate neighbourhood to describe a space. The two-dimensional 
Euclidean plane R? is clearly a manifold. Rectangular coordinates 
(2, y; -© < x < 0, —@ < y < 00) cover the whole plane in one 
coordinate neighbourhood, where ¢ is the identity. Polar coordinates 
(r,@) cover the coordinate neighbourhood (r > 0, 0 < 0 < 27); one 
needs at least, two such coordinate neighbourhoods to cover R?. The 
two-dimensional cylinder C?is the manifold obtained from R? by identi- 
fying the points (x,y) and (x+ 27,y). Then (x,y) are coordinates in 
a neighbourhood (0 < x < 27, —œ < y < œ) and one needs two 
such coordinate neighbourhoods to cover C?. The Möbius strip is the 
manifold obtained in a similar way on identifying the points (x, y) and 
(x+ 27, —y). The unit two-sphere S? can be characterized as the surface 
in R? defined by the equation (1)? + (2*)2+ (x$)? = 1. Then 


(z?,98; —1 < x? < 1, -1 < 23 < 1) 


are coordinates in each of the regions x! > 0, x! < 0, and one needs six 
such coordinate neighbourhoods to cover the surface. In fact, it is not 
possible to cover S? by a single coordinate neighbourhood. The 
n-sphere S” can be similarly defined as the set of points 

(x1)? + (x?)? +...4 (antl)? =Í 
in Rat, 

A manifold is said to be orientable if there is an atlas {%,, ¢,} in the 
complete atlas such that in every non-empty intersection Y, N Yg, the 
Jacobian |@x*/dx’)| is positive, where (x1, ..., x”) and (x’1,...,2’") are 
coordinates in %, and Y, respectively. The Möbius strip is an example 
of a non-orientable manifold. 

The definition of a manifold given so far is very general. For most 
purposes one will impose two further conditions, that æ is Hausdorff 
and that Æ is paracompact, which will ensure reasonable local 

behaviour. 

A topological space æ is said to be a Hausdorff space if it satisfies 
the Hausdorff separation axiom: whenever p, g are two distinct points 
in M, there exist disjoint open sets Y, Y in M such that pe Y, ge. 
One might think that a manifold is necessarily Hausdorff, but this is 
not so. Consider, for example, the situation in figure 5. We identify the 
points b, b’ on the two lines if and only if x, = yy < 0. Then each point 
is contained in a (coordinate) neighbourhood homeomorphic to an 
open subset of R1. However there are no disjoint open neighbourhoods 
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(Y = Yo) (y = 0) 


Fieure 5. An example of a non-Hausdorff manifold. The two lines above are 
identical for x = y < 0. However the two points a (x = 0) and g (y = 0) are 
not identified. 


U,V satisfying the conditions a E€ Y, a’ e Y, where a is the point x = 0 
and a’ is the point y = 0. 

An atlas {Y,, $a} is said to be locally finite if every point pe Æ has 
an open neighbourhood which intersects only a finite number of the 
sets U,. M is said to be paracompact if for every atlas {Y,, fa} there 
exists a locally finite atlas {¥,, Y4} with each ¥, contained in some %,. 
A connected Hausdorff manifold is paracompact if and only if it has 
a countable basis, i.e. there is a countable collection of open sets such 
that any open set can be expressed as the union of members of this 
collection (Kobayashi and Nomizu (1963), p. 271). 

Unless otherwise stated, all manifolds considered will be paracompact, 
connected C Hausdorff manifolds without boundary. It will turn out 
later that when we have imposed some additional structure on æ (the 
existence of an affine connection, see §2.4) the requirement of para- 
compactness will be automatically satisfied because of the other 
restrictions. 

A function f on a C* manifold Æ is a map from K to RL. It is said to 
be of class C” (r < k) at a point p of <, if the expression fo „~! of f on 
any local coordinate neighbourhood %, is a C” function of the local 
coordinates at p; and f is said to be a C” function on a set Y of M if 
fisa C” function at each point pe Y. 

A property of paracompact manifolds we will use later, is the fol- 
lowing: given any locally finite atlas {%,,¢,} on a paracompact C* 
manifold, one can always (sce e.g. Kobayashi and Nomizu (1963), 
p. 272) find a set of C* functions g, such that 

(1) 0 <g, S 1 on M, for each a; 

(2) the support of g,, i.e. the closure of the set {pe M: g,(p) + 0}, is 
contained in the corresponding %,; 

(3) Xg.{p) = 1, for all pe M. 
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Such a set of functions will be called a partition of unity. The result 
isin particular true for O” functions, but is clearly not true for analytic 
functions (an analytic function can be expressed as a convergent 
power series in some neighbourhood of each point p € æ, and so is zero 
everywhere if it is zero on any open neighbourhood). 

Finally, the Cartesian product s£ x B of manifolds £, Z is a mani- 
fold with a natural structure defined by the manifold structures of 
A, B: for arbitrary points pew, ge, there exist coordinate neigh- 
bourhoods Y, ¥ containing p, q respectively, so the point (p, q) E€ £ xB 
is contained in the coordinate neighbourhood Y x ¥ in £ x B which 
assigns to it the coordinates (xt, y), where zê are the coordinates of p 
in X and y/ are the coordinates of gin ¥. 


2.2 Vectors and tensors 


Tensor fields are the set of geometric objects on a manifold defined in 
a natural way by the manifold structure. A tensor field is equivalent 
to a tensor defined at each point of the manifold, so we first define 
tensors at a point of the manifold, starting from the basic concept of 
a vector at a point. 

A OF curve A(t) in Wis a C* map of an interval of the real line R! into 
M. The vector (contravariant vector) (8/@),|,, tangent to the C1 curve 
A(t) at the point A(éy) is the operator which maps each C? function f at 
A(to) into the number (2f/@),|,,; that is, (@f/at), is the derivative of fin 
the direction of A(t) with respect to the parameter t. Explicitly, 


ð 
ON = lim LAES) -SAE: (2.1) 


The curve parameter t clearly obeys the relation (3/2t),t = 1. 
If (21, ...,2”) are local coordinates in a neighbourhood of p, 


Gje $2200) 2) 2% 
at alọ j=l dt tmt Ont AC ty) = dt aad At) 


(Here and throughout this book, we adopt the summation convention 
whereby a repeated index implies summation over all values of that 
index.) Thus every tangent vector at a point p can be expressed as 
a linear combination of the coordinate derivatives 


(8/82:1)|,5, ---, (8/82”)],,. 
Conversely, given a linear combination V4(a/@24)|,, of these operators, 
where the V? are any numbers, consider the curve A(t) defined by 
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xilt) = 23(p) +tV3, for t in some interval [—e, €]; the tangent vector 
to this curve at p is V1(3/32)|„. Thus the tangent vectors at p form 
a vector space over R! spanned by the coordinate derivatives (0/dx/)|,,, 
where the vector space structure is defined by the relation 


(aX + BY) f = a(Xf)+ BY) 


which is to hold for all vectors X, Y, numbers a, £ and functions f. 
The vectors (2/@2/),, are independent, (for if they were not, there 
would exist numbers V/ such that V4(2/éz/)|,, = 0 with at least one Vi 
non-zero; applying this relation to each coordinate 2* shows 


Vi dck/and = Ve = 0, 


a contradiction), so the space of all tangent vectors to Æ ut p, denoted 
by %,(-4) or simply Tp» is an n-dimensional vector space. This space, 
representing the set of all directions at p, is called the tangent vector 
space to M at p. One may think of a vector Ve Z, as an arrow at p, 
pointing in the direction of a curve A(t) with tangent vector V at p, 
the ‘length’ of V being determined by the curve parameter t through 
the relation V(t) = 1. (As V is an operator, we print it in bold type; 
its components V, and the number V(f) obtained by V acting on a 
function f, are numbers, and so are printed in italics.) 

If {E,} (a = 1 to n) are any set of n vectors at p which are linearly 
independent, then any vector Ve Z, can be written V = V°E, where 
the numbers {V°} are the components of V with respect to the basis 
{E,} of vectors at p. In particular one can choose the E, as the coordi- 
nate basis (@/dx*)|,,; then the components V‘ = V(x) = (dx*/dt)|, are 
the derivatives of the coordinate functions xt in the direction V, 

A one-form (covariant vector) w at p is a real valued linear function 
on the space 7, of vectors at p. If X is a vector at p, the number into 
which w maps X will be written (w, X); then the linearity implies that 


(w,aX+ BY) = alw, X)+ fw, Y) 


holds for all a, Be R! and X,YeZ,. The subspace of 7, defined by 
(w, X» = (constant) for a given one-form w, is linear. One may there- 
fore think of a one-form at p as a pair of planes in 7, such that if 
(w, X> = 0 the arrow X lies in the first plane, and if (w, X)> = 1 it 
touches the second plane. 

Given a basis {E,} of vectors at p, one can define a unique set of 
n one-forms {E°} by the condition: Et maps any vector X to the 
number X‘ (the ith component, of X with respect to the basis {E,}). 
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Then in particular, (E°, Ep} = 64. Defining linear combinations of 
one-forms by the rules 
(cas + fn, X) = alw, X) + Qn, X) 

for any one-forms w, y) and any a, fe R1, Xe Z,, one can regard {E%} 
as a basis of one-forms since any one-form w at p can be expressed as 
w = w; Et where the numbers w; are defined by w; = (w, E,). Thus the 
set of all one forms at p forms an n-dimensional vector space at p, the 
dual space 7'*,, of the tangent space 7,. The basis {E°} of one-forms is 
the dual basis to the basis {E,} of vectors. For any we7'*,, X €T, one 
can express the number (w, XY in terms of the components w,, Xt of 
w, X with respect to dual bases {E°}, {E,} by the relations 


Cw, X) — (wo, El, NIB, — 0X 
Each fraction f on defines a one-form df at p by the rule: for 
each vector X, (af, Xy = Xf. 


df is called the differential of f. If (x1, ..., x”) are local coordinates, the 
set of differentials (dz, dz’, ..., dz”) at p form the basis of one-forms 
dual to the basis (2/021, 0/ax*, ..., 8/@a") of vectors at p, since 
(dat, 8/023) = dat/aad = 6*,. 

In terms of this basis, the differential df of an arbitrary function f is 
given by df = (af/aaxt) dat. 
If df is non-zero, the surfaces {f = constant} are (n — 1)-dimensional 
manifolds. The subspace of 7, consisting of all vectors X such that 
«af, X} = 0 consists of all vectors tangent to curves lying in the 
surface {f = constant} through p. Thus one may think of df as a 
normal to the surface {f = constant} at p. If a + 0, adf will also be 
a normal to this surface. 

From the space T, of vectors at p and the space 7'*,, of one-forms 
at p, we can form the Cartesian product 


oa px * * 
N; = T*pxT*p Kien KE Gg X Tpx Tp X -x Tps 
w i T e ai a 


r factors s factors 


i.e. the ordered set of vectors and one-forms (n},...,n", Yis- Ys) 
where the Ys and ns are arbitrary vectors and one-forms respectively. 

A tensor of type (r, 8) at p is a function on TH’ which is linear in each 
argument. If T is a tensor of type (7, s) at p, we write the number into 
which T maps the element (n}, ... 0", Yj, -.., Y,) of TIS as 


Tn}, ....97, Yas <-s YQ). 
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Then the linearity implies that, for example, 
T(n}, ...,n', 0X + BY, Yo, ..., Ya) = &. Til, ....97, X, Vo, <., Ye) 
+£.7T(n}, ....07, Y, Yor.) Ya) 
holds for all æ, fe R! and X, Ye 7,- 
The space of all such tensors is called the tensor product 
Tip) = 8...9, @T*,®-..OT*y. 
r factors s factors 
In particular, 7}(p) = 7, and T9(p) = 7'*,. 
Addition of tensors of type (r, s) is defined by the rule: (T + T’) is the 
tensor of type (r,s) at p such that for all Y,e7,, yfe7*,, 
(T+T) (n}, ....97, Yq, -o ¥,) = Lm}, ....n" Ya, ++» Ve) 
+T (y}, a, Yas e Ya). 
Similarly, multiplication of a tensor by a scalar ae R! is defined by the 
rule: (aT) is the tensor such that for all Y,¢7,, nET *p 
(aT) (nt, eon, Y, sees Y,) =a. Tint, eN, Yi, 1g Xa) 


With these rules of addition and scalar multiplication, the tensor 
product 7%(p) is a vector space of dimension n’t* over R1. 

Let X,¢%, (i = 1 to r) and wleZ™*, (j= 1 to s). Then we shall 
denote by X, ® ... @ X, @ w! ®... © w that element of 7'(p) which 
maps the element (n}, ...,4", Y,,..., Y.) of TIS into 


<n, X1) (n?, Xp)... Cn" X,) (ot, Va)... (0, Ya). 


Similarly, if ReTj(p) and Se7T2(p), we shall denote by R @S that 
element of 77{2(p) which maps the element (n}, ...,n’*”, Yj, ..-, Yerg) 
of TI}+3 into the number 


Rin}, -.-.9°, Ya, ..., ¥,) St}, ....n™%, Yoga e ¥,5)- 


With the product @, the tensor spaces at p form an algebra 
over R. 
If {E,}, {E°} are dual bases of Z,, T*, respectively, then 


{En @...@E, QE Q... @ E%}, (a;b; run from 1 to n), 


will be a basis for 77(p). An arbitrary tensor T € Tp) can be expressed 
in terms of this basis as 


T= hg er E,, ®...® E,. @ E+ Q... Q Eù 
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where {71-7 , ,,} are the components of T with respect to the dual 
bases {E,}, {E°} and are given by 


Tne, a, = T(E, ..., E%, Ep, ..., E,,). 


Relations in the tensor algebra at p can be expressed in terms of the 
components of tensors. Thus 


r bae one a bon 
(TT b, = Tiree gb T O by 
(aT), a, =a. PO r as 

"Yay... = ar a te 
(T O Dereon, ogg T PO yy yg D OAE Pe, bya? 


Because of its convenience, we shall usually represent tensor relations 
in this way. 

If {E,,} and {E°} are another pair of dual bases for 7, and 7'*,,, they 
can be represented in terms of {E,} and {E9} by 


E, = D," E, (2.2) 
where ° is an n x n non-singular matrix. Similarly 
E” = Q7, E” (2.3) 
where ©, is another n x n non-singular matrix. Since {E„}, {E7} are 
dual bases, 
8°, = (EY, E) = (O", Eè, D, E) = 0,2 0, 6,> = 0,2 0, 


ie. 0,2, D7, are inverse matrices, and 6%, = 0%, D». 
The components 73-45, y, of a tensor T with respect to the 
dual bases {Ey}, {E“} are given by 


TAO», = T(E, ...,E%, Ey,,..., By). 


They are related to the components 7%, |, of T with respect to 
the bases {E,}, {E°} by 

TOO ey = Torry oy On, aoe Orr, Dy è sia Dy, d. (2.4) 

The contraction of a tensor T of type (r,s), with components 

Tab..-d s g with respect to bases {E,}, {E°}, on the first contravariant 

and first covariant indices is defined to be the tensor Ci(T) of type 


(r—1,8—1) whose components with respect to the same basis are 
Tod p ie. 


CUT) = T%--4,, BE, @... Q E1 Q E/G... @ Er. 
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If {E,,}, {E*} are another pair of dual bases, the contraction C}(T) 
defined by them is 
CHT) = Tett aro Ey @ ... @ Ey QE QO... QE 
= OO, Dop TH. Do... Det OF... OW, 
.E,®... @E,@ EH... QE 
= T.d j g EO... @E,@E/®... QE = CNT), 


so the contraction C} of a tensor is independent of the basis used in its 
definition. Similarly, one could contract T over any pair of contra- 
variant and covariant indices. (If we were to contract over two contra- 
variant or covariant indices, the resultant tensor would depend on the 
basis used.) 

The symmetric part of a tensor T of type (2, 0) is the tensor S(T) 
defined by 1 
S(T) (nv Me) = 5 {Tv ne) + 7M} 


for all n,,n,¢ 7'*,. We shall denote the components S(T)” of S(T) by 
Tio). then i 
Pad — zi {fab + Toar, 


Similarly, the components of the skew-symmetric part of T will be 


denoted by f 
pad) m z {que = pe), 


In general, the components of the symmetric or antisymmetric part of 
a tensor on a given set of covariant or contravariant indices will be 
denoted by placing round or square brackets around the indices. Thus 


Tra,... ase f 


1 en 
= z {sum over all permutations of the indices a, to a,(Z,...a,°""4)} 
and 
Pray... a d 


1 ‘ 
=a {alternating sum over all permutations of the indices 
l a, to a, (Za, a,” 7)}- 


For example, 


Epa, = BE vca + Kaye + K cay — Krae — K'ona — Kaw) 
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A tensor is symmetric in a given set of contravariant or covariant 
indices if it is equal to its symmetrized part on these indices, and is 
antisymmetric if it is equal to its antisymmetrized part. Thus, for 
example, a tensor T of type (0, 2) is symmetric if Zp, = 4(Zj,+ ha). 
(which we can also express in the form: Zia = 0). 

A particularly important subset of tensors is the set of tensors of 
type (0, q) which are antisymmetric on all q positions (so q < n); such 
a tensor is called a g-form. If A and B are p- and q-forms respectively, 
one can define a (p+g)-form A AB from them, where a is the skew- 
symmetrized tensor product ®; that is, AA B is the tensor of type 
(0, p+ q) with components determined by 


(A A B)a...be...f = Ata... Be...s1- 


This rule implies (A A B) = (—)?*(BA A). With this product, the 
space of forms (i.e. the space of all p-forms for all p, including one- 
forms and defining scalars as zero-forms) constitutes the Grassmann 
algebra of forms. If {E°} is a basis of one-forms, then the forms 
E% a... A Eĉ? (a, run from 1 to n) are a basis of p-forms, as any p-form 
A can be written A = Aa... E° A ... A Eè, where A, = Atg...a)- 

So far, we have considered the set of tensors defined at a point on 
the manifold. A set of local coordinates {xt} on an open set Y in M 
defines a basis {(2/a2*)|,,} of vectors and a basis {(dz*)|,} of one-forms 
at each point p of Z, and so defines a basis of tensors of type (7,8) at 
onch point of Y. Such n basia of tonaora will bo enllod n eoordinnato 
basis. A C* tensor field T of type (r, 8) ona set Y © M is an assignment 
of an element of Z7"(p) to each point pe% such that the components 
of T with respect to any coordinate basis defined on an open subset 
of Y are C* functions. 

In general one need not use a coordinate basis of tensors, i.e. given 
any basis of vectors {E,} and dual basis of forms {E*} on ”, there will 
not necessarily exist any open set in Y on which there are local 
coordinates {x°} such that E, = @/@x* and E* = da*. However if one 
does use a coordinate basis, certain specializations will result; in parti- 
cular for any function f, the relations E,(£,f) = E,(E£,f) are satisfied, 
being equivalent to the relations d*f/da%@2> = d°f/dx? dx*. If one 
changes from a coordinate basis E, = 0/éx* to a coordinate basis 
Ex = 0/@x*, applying (2.2), (2.3) to 2%, x” shows that 

eee Pe os 
Drt = ar r, = pm 
Clearly a general basis {E,} can be obtained from a coordinate basis 


22 DIFFERENTIAL QEOMETRY [2.2 


{0/éx*} by giving the functions Z,* which are the components of the E, 
with respect to the basis {8/0z*}; then (2.2) takes the form E, = E,‘ fðr 
and (2.3) takes the form E* = £%,dzt, where the matrix E*, is dual to 
the matrix Z,'. 


2.3 Maps of manifolds 


In this section we define, via the general concept of a C* manifold map, 
the concepts of ‘imbedding’, ‘immersion’, and of associated tensor 
maps, the first two being useful later in the study of submanifolds, and 
the last playing an important role in studying the behaviour of 
families of curves as well as in studying symmetry properties of 
manifolds. 

A map ¢ froma C* n-dimensional manifold æ toa C*’ n’-dimensional 
manifold .# is said to be a Ct map (r < k, r < k’) if, for any local 
coordinate systems in Æ and M’, the coordinates of the image point 
olp) in æ’ are O" functions of the coordinates of p in Æ. As the map 
will in general be many—one rather than one-one (e.g. it cannot be 
one-one if n > n’), it will in general not have an inverse; and if a O” 
map does have an inverse, this inverse will in general not be C” (e.g. 
if ¢ is the map R!-» Rt given by x-» x3, then ¢~1 is not differentiable at, 
the point x = 0). 

Iff is a function on æ’, the mapping ¢ defines the function ¢*f on Æ 
as the function whose value at the point p of Æ is the value of f at 


Hp), Le. $*flp) = fP). (2.5) 
Thus when ¢ maps points from .# to æ’, 6* maps functions linearly 
from M’ to M. 

If A(t) is a curve through the point pe æ, then the image curve 
(A(t) in æ’ passes through the point ¢(p). If r > 1, the tangent 
vector to this curve at ¢(p) will be denoted by $»(8/@),| 44); one can 
regard it as the image, under the map ø, of the vector (8/é),|,,. Clearly 
¢» is a linear map of T (4) into Tgp’). From (2.5) and the defini- 
tion (2.1) of a vector as a directional derivative, the vector map , 
can be characterized by the relation: for each C” (r > 1) function f at 
o(p) and vector X at p, 


X(P*f lp = ba X) gw- (2.6) 
Using the vector mapping ¢, from æ to. æ’, we can ifr > 1 define 


a linear one-form mapping ¢* from T* yp M’) to 7*,() by the 
condition: vector-one-form contractions are to be preserved under the 
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maps. Then the one-form AeT* yp is mapped into the one-form 
¢*AeT*, where, for arbitrary vectors X € Tp, 


<$ *A, X)|» = «A, px X)| s» 
A consequence of this is that 
P*(df) = d(d*f). (2.7) 


The maps ¢, and ¢* can be extended to maps of contravariant 
tensors from æ to æ’ and covariant tensors from M’ to M respec- 
tively, by the rules ¢,: Te Z§(p)>¢4TET3(¢(p)) where for any 


MED a TSH, Sp = Pa LOM AV gin 
and ġ*: TETAS) > p*T ETP), 
where for any X,¢ %, 

$*7T(X), ooh X,)|p = T (Pa X1, ee., Pa X-)| gp 


When r > 1, the C” map ¢ from æ to æ” is said to be of rank s at p 
if the dimension of ¢,(7;,(4)) is s. It is said to be injective at pif s = n 
(and so n < n’) at p; then no vector in 7, is mapped to zero by dy. It 
is said to be surjective if s = n’ (son >n aN 

A C" map ¢ (r > 0) is said to be an immersion if it and its inverse 
are O” maps, i.e. if for each point pe æ there is a neighbourhood 
U of p in M such that the inverse ¢-! restricted to ¢(%) is also 
n Cr map. Thin implies n < n’. By the implicit function theorem 
(Spivak (1965), p. 41), when r > 1, ¢ will be an immersion if and only if 
it is injective at every point pe.#; then ¢, is an isomorphism of T, 
into the image ¢,(Z,) © Typ. The image ¢() is then said to be an 
n-dimensional immersed submanifold in M’. This submanifold may 
intersect itself, i.e. ¢ may not be a one-one map from M to ¢(.#) 
although it is one-one when restricted toa sufficiently small neighbour- 
hood of K. An immersion is said to be an imbedding if it is a homeo- 
morphism onto its image in the induced topology. Thus an imbedding 
is a one-one immersion; however not all one-one immersions are 
imbeddings, cf. figure 6. A map ¢ is said to be a proper map if the 
inverse image ¢-}(%) of any compact set X < M’ is compact. It can 
be shown that a proper one-one immersion is an imbedding. The 
image ¢(.#) of æ under an imbedding ¢ is said to be an n-dimensional 
imbedded submanifold of M”. 

The map ¢ from æ to M’ is said to be a C” diffeomorphism if it is 
a one-one O” map and the inverse ¢~? is a C” map from M’ to M. In 
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this case, n = n’, and ¢ is both injective and surjective ifr > 1; con- 
versely, the implicit function theorem shows that if ¢, is both injective 
and surjective at p, then there is an open neighbourhood Y of p such 
that ġ: Y > (U) isa diffeomorphism. Thus ¢ is a local diffeomorphism 
near p if 6, is an isomorphism from T, to Tgp» 


FIGURE 6. A one-one immersion of R! in R? which is not an imbedding, obtained 
by joining smoothly part of the curve y = sin (1/2) to the curve 


{(y,0); -0 < y < 1}. 


When the map ¢ isa C” (r > 1) diffeomorphism, Px maps T (4 ) to 
Tyl M’) and ($-*)* maps T* (M) to T* sp M’). Thus we can define 
a map ¢, of 77(p) to Ti(ġlp)) for any 7, 8, by 


Tin}, ...,98, X4, «5 X,)|p 
= aT (P71) *y}, -.. (G4) NE, ba Xis oes bu X,)| gp 


for any X,¢7,, n'¢7*,. This map of tensors of type (r, s) on æ to 
tensors of type (r, 8) on M’ preserves symmetries and relations in the 
tensor algebra; e.g. the contraction of ¢,T is equal to ¢, (the con- 
traction of T). 


2.4 Exterior differentiation and the Lie derivative 


We shall study three differential operators on manifolds, the first two 
being defined purely by the manifold structure while the third is 
defined (see § 2.5) by placing extra structure on the manifold. 
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The exterior differentiation operator d maps r-form fields linearly to 
(r+1)-form fields. Acting on a zero-form field (i.e. a function) f, it 
gives the one-form field df defined by (cf. §2.2) 


(df, Xy = Xf for all vector fields X (2.8) 
and acting on the r-form field 
A=Ay..gda*adz a... Adxt 
it gives the (r + 1)-form field dA defined by 
dA = dA, gAdztadza... A dat. (2.9) 


To show that this (r + 1)-form field is independent of the coordinates 
{x°} used in its definition, consider another set of coordinates {x7}. 


Then A = Ayy. Àr” Ada A... A dz, 
where the components Ay. are given by 
Ox Bx xt 


Aaya = Fateh p A-a 
Thus the (r+ 1)-form dA defined by these coordinates is 
dA = dA av... dx” A dz? A eee A dz 

= (2am at 

=O ae ae aa 

_ Bet ob ot 

= Fat bab" Dat 

axt axe ant y 

+ Bat bat ba On? 
= dA,y..g A AZ? Adz? A eee A ax 


as Gx%/ax% ax’ is symmetric in a’ and e’, but dz” a dz” is skew. Note 
that this definition only works for forms; it would not be independent 
of the coordinates used if the A product were replaced by a tensor 
product. Using the relation d(fg) = gdf+fdg, which holds for arbi- 
trary functions f, g, it follows that for any r-form A and form B, 
d(A A B) = dAAB+(-—)’AAGB. Since (2.8) implies that the local 
coordinate expression for df is df= (af/@z*)dazt, it follows that 
d(af) = (2f/2x* da?) dat A dx? = 0, as the first term is symmetric and 
the second skew-symmetric. Similarly it follows from (2.9) that 


d(dA) = 0 
holds for any 7-form field A. 


Act..a) Adz® A dx” A... A dr? 
dA, gAda® Adz” A 2 A ALË 


ab... dr” Adx® Adz’ A... AAE? +...4... 
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The operator d commutes with manifold maps, in the sense: if 
¢: M -> isa Ct (r > 2) map and A is a C* (k > 2) form field on .#’, 


then (by (2.7)) d(g*A) = $*(dA) 


(which is equivalent to the chain rule for partial derivatives). 

The operator d occurs naturally in the general form of Stokes’ 
theorem on a manifold. We first define integration of x-forms: let M 
be a compact, orientable n-dimensional manifold with boundary 24 
and let {f,} be a partition of unity for a finite oriented atlas {Y,, ġa}. 
Then if A is an n-form field on M, the integral of A over M is defined as 


f A= (nS feAye..n@vda?...da™, (2.10) 
M a J ¢a(®a) 

where A,,_,, are the components of A with respect to the local co- 
ordinates in the coordinate neighbourhood Y,, and the integrals on 
the right-hand side are ordinary multiple integrals over open sets 
Pala) of R”. Thus integration of forms on M is defined by mapping 
the form, by local coordinates, into R” and performing standard 
multiple integrals there, the existence of the partition of unity 
ensuring the global validity of this operation. 

The integral (2.10) is well-defined, since if one chose another atlas 
{p Wp} and partition of unity {gs} for this atlas, one would obtain 
the integral 

NPE gpAvy. nr dat dz... dam, 
B J Ypy p) 
where x are the corresponding local coordinates. Comparing these 
two quantities in the overlap (X, N ¥;) of coordinate neighbourhoods 
belonging to two atlases, the first expression can be written 


(2!})7° Xd L29pAr2 ...n AX dz? ... da”, 
a Bd bla hp) 
and the second can be written 


nP ES f FaGp Aye... n A dz? ... dx”. 
a g ¥p(Va ny Fy 
Comparing the transformation laws for the form A and the multiple 


integrals in R”, these expressions are equal at each point, so Í A is 
M 


independent of the atlas and partition of unity chosen. 
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Similarly, one can show that this integral is invariant under 
diffeomorphisms: 
Fas es 
a’ a 


if ¢ is a C” diffeomorphism (r > 1) from M to M’. 
Using the operator d, the generalized Stokes’ theorem can now be 
written in the form: if B is an (n — 1)-form field on æ, then 


f B-f dB, 
OM M 


which can be verified (see e.g. Spivak (1965)) from the definitions 
above; it is essentially a general form of the fundamental theorem of 
calculus. To perform the integral on the left, one has to define an 
orientation on the boundary 3 æ of 4. This is done as follows: if X, is 
a coordinate neighbourhood from the oriented atlas of Æ such that 
U, intersects 0M, then from the definition of 02, ¢,(Y, N OM) lies in 
the plane x! = 0 in R” and ¢,(Y, N M) lies in the lower half x! < 0. 
The coordinates (x?, x3, ..., x”) are then oriented coordinates in the 
neighbourhood Y, N aM of aM. It may be verified that this gives an 
oriented atlas on a4. 

The other type of differentiation defined naturally by the manifold 
structure is Lie differentiation. Consider any C” (r > 1) vector field X 
on M. By the fundamental theorem for systems of ordinary differential 
equations (Burkill (1956)) there is a unique maximal curve A(t) through 
each point p of æ such that A(0) = p and whose tangent vector at the 
point A(é) is the vector X]. If {xt} are local coordinates, so that the 
curve A(¢) has coordinates z‘(t) and the vector X has components Xt, 
then this curve is locally a solution of the set of differential equations 


dat/dt = X*(xi(t), ...,a%(t)). 


This curve is called the integral curve of X with initial point p. For each 
point g of M, there is an open neighbourhood Y of g and an € > 0 such 
that X defines a family of diffeomorphisms ¢,; Y-> M whenever 
|t| < c, obtained by taking each point p in Y a parameter distance t 
along the integral curves of X (in fact, the ¢, form a one-parameter 
local group of diffeomorphisms, as ¢,,, = ¢,0¢, = ¢,0¢, for 
lé|, Jsl, Jets] < €, so d_,=(¢,)- and ġo is the identity). This 
diffeomorphism maps each tensor field T at p of type (r,s) into 


Pix T| gp) 
The Lie derivative LyT of a tensor field T with respect to X is 
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defined to be minus the derivative with respect to £ of this family of 
tensor fields, evaluated at t = 0, i.e. 


LaTlp = lim {Tp ~ See Ty} 


From the properties of ¢,, it follows that 

(1) Ly preserves tensor type, i.e. if T is a tensor field of type (r, 8), 
then Ly T is also a tensor field of type (r, 8); 

(2) Lx maps tensors linearly and preserves contractions. 

As in ordinary calculus, one can prove Leibniz’ rule: 

(3) For arbitrary tensors S, T, Lx(S @ T) = LyS ® T+S @L,T. 

Direct from the definitions: 

(4) Ly f = Xf, where f is any function. 

Under the map ¢,, the point g = ¢_,(p) is mapped into p. Therefore 
¢ isa map from T, to Z,. Thus, by (2.6), 


(Pix Y)f\lp = Y(t lq 


If {a} are local coordinates in a neighbourhood of p, the coordinate 
components of ¢,, Y at p are 


(Dim Y)'lp = Pte Yl = Plz 
_ lhd) Yi. 


aa4(q) 
Now cee (a) = X| go» 
d agian) oxt 
therefore = (=m =—|, 
en N dcia) Jinn lp 
; d ðY: oxt 
so (Lx Y¥)' = — Gy (Pum YY = Gy l FG Y». (2.11) 


One can rewrite this in the form 
(Lx Y)f = X(¥f)- Y(Xf) 
for all C? functions f. We shall sometimes denote Ly Y by [X, Y], i.e. 
LyY = —LyX = [X, Y] = —[Y, X]. 


If the Lie derivative of two vector fields X, Y vanishes, the vector 
fields are said to commute. In this case, if one starts at a point p, goes 
a parameter distance £ along the integral curves of X and then a 
parameter distance s along the integral curves of Y, one arrives at the 
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same point as if one first went a distance s along the integral curves 
of Y and then a parameter distance ¢ along the integral curves of X 
(see figure 7). Thus the set of all points which can be reached along 
integral curves of X and Y from a given point p will then form an 
immersed two-dimensional submanifold through p. 


Jexlpıxip)) 
= Jex(Aev()) 


Ficure 7. The transformations generated by commuting vector fields X, Y 
move a point p to points ¢;x(p), fazl p) respectively. By successive applications 
of these transformations, p is moved to the points of a two-surface. 


The components of the Lie derivative of a one-form w may be found 

by contracting the relation 

Llw @ Y) = Lw @ Y+uH Q LxY 
(Lie derivative property (3)) to obtain 

Lxlw, Y) = (Lge, Y) + <w, Lz Y) 
(by property (2) of Lie derivatives), where X, Y are arbitrary O? 
vector fields, and then choosing Y as a basis vector E,. One finds the 
coordinate components (on choosing E; = 2/éx*) to be 

(Lro) = (Gt0,/8a*) Xi + w3 XIa) 
because (2.11) implies 

(Lx(8/éa*))? = — axtfact. 

Similarly, one can find the components of the Lie derivative of any 
C" (r > 1) tensor field T of type (r,s) by using Leibniz’ rule on 


Lx(T@E*®...@E*@E,®...@E,), 
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and then contracting on all positions. One finds the coordinate com- 
ponents to be 


(Lg DOs = (a7... dy of Oat) Xt — Jib... Asg aX%/eat 


— (all upper indices) + 7-4... aX*/dx¢ + (all lower indices). 
(2.12) 


Because of (2.7), any Lie derivative commutes with d, i.e. for any 
p-form field w, A(L_w) = Lq(deo). 


From these formulae, as well as from the geometrical interpretation, 
it follows that the Lie derivative Lx T|, of a tensor field T of type 
(r,8) depends not only on the direction of the vector field X at the 
point p, but also on the direction of X at neighbouring points. Thus 
the two differential operators defined by the manifold structure are 
too limited to serve as the generalization of the concept ofa partial 
derivative one needs in order to set up field equations for physical 
quantities on the manifold; d operates only on forms, while the 
ordinary partial derivative is a directional derivative depending only 
on a direction at the point in question, unlike the Lie derivative. One 
obtains such a generalized derivative, the covariant derivative, by 
introducing extra structure on the manifold. We do this in the next 
section. 


2.5 Covariant differentiation and the curvature tensor 
The extra structure we introduce is a (affine) connection on <M. 
A connection V at a point p of M is a rule which assigns to each vector 
field X at p a differential operator Vy which maps an arbitrary 
C" (r > 1) vector field Y into a vector field Vy Y, where: 

(1) VY is a tensor in the argument X, i.e. for any functions f, g, 
and C! vector fields X, Y, Z, 

Vizo Z a [VxZ + gVyZ; 


(this is equivalent to the requirement that the derivative Vx at p 
depends only on the direction of X at p); 
(2) VxY is linear in Y, i.e. for any C! vector fields Y, Zand a, fe R}, 


(3) for any C? function f and C! vector field Y, 
Vx(fY) = X(f)¥ +fVxY. 
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Then VxY is the covariant derivative (with respect to V) of Y in the 
direction X at p. By (1), we can define VY, the covariant derivative of Y, 
as that tensor field of type (1,1) which, when contracted with X, 
produces the vector Vz Y. Then we have 


(3) <> V(f¥) =df@Y +fVY. 


A Ct connection V on a C* manifold Æ (k > r+ 2) is a rule which 
assigns a connection V to each point such that if Y is a C’+1 vector field 
on M, then VY is a C” tensor field. 

Given any C™ vector basis {E,} and dual one-form basis {E%} on 
a neighbourhood %, we shall write the components of VY as Y?,,, so 


VY = Y2,, E°@E,. 
The connection is determined on Y by n? Cr functions F% defined by 
= (E+, Vg E) > VE, = l E°@E,. 
For any C! vector field Y, 
VY = V(Y°E,) = d¥Y°@E, + Yiye E°@E,. 
Thus the components of VY with respect to coordinate bases {8/2x°}, 
{dz*} are Y° p = a¥¢/a04T,, Y°. 
The transformation properties of the functions I™,, are determined by 
connection properties (1), (2), (3); for 
Tye = (EY, Vey Ec) = (Dra E”, Vostr De E.)) 

= 0, Dyt (E (De) + Do Te) 
ifE, = 0,4 E,, E” = O7, E“. One can rewrite this as 

Ee ve = O° (Ey (®y%) +F y? (o r be). 
In particular, if the bases are coordinate bases defined by coordinates 
{x9}, {x7}, the transformation law is 

, OLY ( Prt Ox? ae 

e T 
Because of the term £,,(®,%), the T*,, do not transform as the compo- 
nents of a tensor. However if VY and VY are covariant derivatives 
obtained from two different connections, then 

VY-VY = (Top — 1¥,,) YE QE, 


will be a tensor. Thus the difference terms (T4,,— fo.) will be the 
components of a tensor. 
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The definition of a covariant derivative can be extended to any 
C’ tensor field ifr > 1 by the rules (cf. the Lie derivative rules): 

(1) if Tis a Ct tensor field of type (q, 8), then VT is a C’—! tensor field 
of type (q, 8+ 1); 

(2) V is linear and commutes with contractions; 

(3) for arbitrary tensor fields S, T, Liebniz’ rule holds, i.e. 


V(S@T) = VS@T+S@OVT; 

(4) Vf = df for any function f. 

We write the components of VT as (Ve, D)e% g = Tei gn AS 
a consequence of (2) and (3), 

Vu, E° = — Ipa E”, 
where {E9} is the dual basis to {E,}, and methods similar to those used 
in deriving (2.12) show that the coordinate components of VT are 

Por d pp = OTD y oar 4 Ty, Tidy g 

+ (all upper indices) — I%,,74,,_,— (all lower indices). (2.13) 
As a particular example, the unit tensor E,@E*, which has compo- 
nents 6%,, has vanishing covariant derivative, and so the generalized 
unit tensors with components ô‘, da, ...d%, , dia, de, ... Onl, 
(p < 7) also have vanishing covariant derivatives. 

If T is a C* (r > 1) tensor field defined along a C” curve A(é), one can 
define DT /ét, the covariant derivative of T along A(t), as Vaat T where T 
is any C” tensor field extending T onto an open neighbourhood of A. 
DT/é is a Cr-1 tensor field defined along A(é), and is independent of 
the extension T. In terms of components, if X is the tangent vector 
to A(t), then DT*--4, Jat = Te- p;p X”. In particular one can choose 
local coordinates so that A(t) has the coordinates x(t), X* = dx/dt, 
and then for a vector field Y 

DY/at = aY2/at+14,, Y° Ax? fdt. (2.14) 

The tensor T is said to be parallelly transported along À if DT/a = 0. 
Given a curve A(é) with endpoints p, g, the theory of solutions of 
ordinary differential equations shows that if the connection V is at 
least C!~ one obtains a unique tensor at g by parallelly transferring 
any given tensor from p along A. Thus parallel transfer along A is a 
linear map from 7%(p) to 75(¢) which preserves all tensor products and 
tensor contractions, so in particular if one parallelly transfers a basis 
of vectors along a given curve from p to g, this determines an iso- 
morphism of 7, to T,. (If there are self-intersections in the curve, 
p and q could be the same point.) 
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A particular case is obtained by considering the covariant deriva- 
tive of the tangent vector itself along A. The curve A(é) is said to be 
a geodesic curve if 

VX = D/a 
CACIA 


is parallel to (3/2t),, i.e. if there is a pee f (perhaps zero) such that 
X°., X? = fX*, For such a curve, one can find a new parameter v(t) 


along the curve such that 
B (5 i 
wlw) ’ 


such a parameter is called an affine parameter. The associated tangent 
vector V = (ðļðv), is parallel to X but has its scale determined by 
V(v) = 1; it obeys the equations 
b 
VeV? = oe FE t Tap E = 0, (2.15) 
the second expression being the local coordinate expression obtainable 
from (2.14) applied to the vector V. The affine parameter of a geodesic 
curve is determined up to an additive and a multiplicative constant, 
i.e. up to transformations v’ = av+b where a, b are constants; the 
freedom of choice of b corresponds to the freedom to choose a new 
initial point A(0), the freedom of choice in a corresponding to the 
freedom to renormalize the vector V by a constant scale factor, 
= (1/a) V. The curve parametrized by any of these affine parameters 
is said to be a geodesic. 

Given a C” (r > 0) connection, the standard existence theorems for 
ordinary differential equations applied to (2.15) show that for any 
point p of and any vector X, at p, there exists a maximal geodesic 
Ax(v) in. with starting point p and initial direction X,, i.e. such that 
Ax(0) = p and (8/8v),|,.9 = Xp. Ifr > 1—, this geodesic is unique and 
depends continuously on p and X,.Ifr > 1, it depends differentiably 
on p and X,. This means that if r > 1, one can define a C” map exp: 
Tp >M, where for each X e Tp, exp (X) is the point in Æ a unit para- 
meter distance along the Bena Ax from p. This map may not be 
defined for all X e Tp, since the geodesic Ax(v) may not be defined for 
all v. If v does take all values, the geodesic A(v) will be said to be a 
complete geodesic. The manifold is said to be geodesically complete 
if all geodesics on Æ are complete, that is if exp is defined on all T, for 
every point p of M. 

Whether Æ is complete or not, the map exp, is of rank n at p. There- 
fore by the implicit function theorem (Spivak (1965)) there exists an 
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open neighbourhood .% of the origin in 7, and an open neighbourhood 
N, of p in M such that the map exp is a C” diffeomorphism of Wy 
onto 4. Such a neighbourhood J, is called a normal neighbourhood 
of p. Further, one can choose %, to be convex, i.e. to be such that any 
point g of ^; can be joined to any other point r in 4%, by a unique 
geodesic starting at g and totally contained in 1. Within a convex 
normal neighbourhood / one can define coordinates (x1, ..., £”) by 
choosing any point ge, choosing a basis {E,} of 7,, and defining the 
coordinates of the point r in. W by the relation r = exp (z*E,) (i.e. one 
assigns to r the coordinates, with respect to the basis {E,}, of the point 
exp™! (r) in 7,.) Then (8/a*)|, = E; and (by (2.15)) Tg|, = 0. Such 
coordinates will be called normal coordinates based on g. The existence 
of normal neighbourhoods has been used by Geroch (1968c) to prove 
that a connected C? Hausdorff manifold Æ with a C1 connection has 
a countable basis. Thus one may infer the property of paracompactness 
of a C8 manifold from the existence of a C1 connection on the manifold. 
The ‘normal’ local behaviour of geodesics in these neighbourhoods is 
in contrast to the behaviour of geodesics in the large in a general space, 
where on the one hand two arbitrary points cannot in general be 
joined by any geodesic, and on the other hand some of the geodesics 
through one point may converge to ‘focus’ at some other point. We 
shall later encounter examples of both types of behaviour. 

Given a C" connection V, one can define a C’~! tensor field T of 
type (1, 2) by the relation 


T(X, Y) = Vz Y¥—VyX— [X, Y], 


where X, Y are arbitrary C" vector fields. This tensor is called the 
torsion tensor. Using a coordinate basis, its components are 
Ty, = Ty, — My. 

We shall deal only with torsion-free connections, i.e. we shall assume 
T = 0. In this case, the coordinate components of the connection obey 
I, = Ik 80 such a connection is often called a symmetric connec- 
tion. A connection is torsion-free if and only if f,;; = f,,; for all func- 
tions f. From the geodesic equation (2.15) it follows that a torsion-free 
connection is completely determined by a knowledge of the geodesics 
on M. 

When the torsion vanishes, the covariant derivatives of arbitrary C1 
vector fields X, Y are related to their Lie derivative by 


[X, Y] = VxY—VyX <> (LxY} = Y", X? X" Y’, (2.16) 
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and for any C! tensor field T of type (r, s) one finds 
(Lx Prt g = Tord, Xk Pid, Xa, 
— (all upper indices) + 7-4, g X1,e+ (all lower indices). (2.17) 


One can also easily verify that the exterior derivative is related to the 
covariant derivative by 


dA = Aa.. adx? A dL? A.. A dze <> (d4)a...ca =(- )PAta...c: ab 


where A is any p-form. Thus equations involving the exterior deriva- 
tive or Lie derivative can always be expressed in terms of the co- 
variant derivative. However, because of their definitions, the Lie 
derivative and exterior derivative are independent of the connection. 
If one starts from a given point p and parallelly transfers a vector 
X, along a curve y that ends at p again, one will obtain a vector X’, 
which is in genera! different from X,; if one chooses a different curve 
y’, the new vector one obtains at p will in general be different from 
X, and X’,,. This non-integrability of parallel transfer corresponds to 
the fact that the covariant derivatives do not generally commute. The 
Riemann (curvature) tensor gives a measure of this non-commutation. 
Given C't! vector fields X, Y, Z, a C’-! vector field R(X, Y) Z is defined 
by a Cr connection V by 
R(X, Y)Z = Vx(VyZ) —Vy(Vx Z) — Vix v1Z. (2.18) 
Then R(X, Y)Z is linear in X, Y,Z and it may be verified that the 
value of R(X, Y)Z at p depends only on the values of X, Y, Z at p, i.e, 
it is a Cr-! tensor field of type (3,1). To write (2.18) in component 
form, we define the second covariant derivative VVZ of the vector Z 
as the covariant derivative V(VZ) of VZ; it has components 


Zeve = (Zeo) e 
Then (2.18) can be written 
Reya X Y’Zt T (2°, d Y4), X°- (2°, aX), Ye 
— 2°, (¥4, X°- Xt e Y°) 
= (22, ac— 2". ca) xey?4, 

where the Riemann tensor components R*,,, with respect to dual 
bases {E,}, {E°} are defined by R4,,, = (E%, R(E,, Ez) E). As X, Y are 
arbitrary vectors, Ze, PA Ze, ca = Rapa ZÈ (2.19) 
expresses the non-commutation of second covariant derivatives of Z 
in terms of the Riemann tensor. 
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Since 
Vx(n @Vy Z) = Ven @VyZ+n@VxVyZ 
=> (m, Vx Vy Z) = X(n, VyZ)) — (Vn, Vy Z) 
holds for any C? one-form field y and vector fields X, Y, Z, (2.18) 
implies 
Œ“, R(E,, Ea) E,) = E,((E*, Ve, E,)) — Eal E", Ve, Eo)) 
— (Vz, E*, Vg, Eb) + (Vg, E*, Ve, Eo) — (E*, Vie, e) Ep)- 
Choosing the bases as coordinate bases, one finds the expression 
Rey .g = OV gy/ 02° — OV 2,4] Ox? TnT gy DaT (2.20) 
for the coordinate components of the Riemann tensor, in terms of the 
coordinate components of the connection. 

It can be verified from these definitions that in addition to the 
symmetry Roa = — Rayga <> Royen = 0 (2.21a) 
the curvature tensor has the symmetry 

Pea, = 0 <> R'pea + Raye t Peay = 0. (2.21b) 

Similarly the first covariant derivatives of the Riemann tensor satisfy 
Bianchi’s identities 

Reed; = O<> Rapea; et Rapes; a + R'bae;c = 0. (2.22) 

It now turns out that parallel transfer of an arbitrary vector along 
an arbitrary closed curve is locally integrable (i.e. X’, is necessarily the 
same as X, for each pe æ) only if R%,,, = 0 at all points of ./; in this 
case we say that the connection is flat. 


By contracting the curvature tensor, one can define the Ricci tensor 
as the tensor of type (0, 2) with components 


Roa = Roa 


2.6 The metric 
A metric tensor £ at a point p eM is a symmetric tensor of type (0, 2) 
at p, so a C" metric on M is a C" symmetric tensor field g. The metric g 
at p assigns a ‘magnitude’ (|g(X,X)|}} to each vector XeZ, and 
defines the ‘cos angle’ ea 

å g(X,Y) 


(Ig(X, X) .g(¥, Y)[)* 


between any vectors X, Y e T, such that g(X, X) .g(Y, Y) + 0; vectors 
X, Y will be said to be orthogonal if g(X, Y) = 0. 
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The components of g with respect to a basis {E,} are 


Jar = g(Eq, E) ST g(Ep, Ea), 


i.e. the components are simply the scalar products of the basis vectors 
E,. If a coordinate basis {3/ôx°} is used, then 


É = Ja d Qd. (2.23) 


Tangent space magnitudes defined by the metric are related to 
magnitudes on the manifold by the definition: the path length between 
points p = y(a) and g = y(b) along a C°, piecewise C curve y(t) with 
tangent vector ð/ðt such that g(3/ðt, főt) has the same sign at all points 
along y(t), is the quantity 


L= Í ” (lg(a/at, a/at)])# dt. (2.24) 


We may symbolically express the relations (2.23), (2.24) in the form 


used in classical textbooks to represent the length of the ‘infinitesimal’ 
arc determined by the coordinate displacement zf —> qt + dat. 

The metric is said to be non-degenerate at p if there is no non-zero 
vector X e7, such that g(X, Y) = 0 for all vectors Ye Z,. In terms of 
components, the metric is non-degenerate if the matrix (g,,) of com- 
ponents of g is non-singular. We shall from now on always assume the 
metric tensor is non-degenerate. Then we can define a unique sym- 
metric tensor of type (2, 0) with components g” with respect to the 
basis {E,} dual to the basis {E°}, by the relations 

g” “Oe = 6%, 
i.e. the matrix (g2”) of components is the inverse of the matrix (g,,). 
It follows that the matrix (g*) is also non-singular, so the tensors 
g*, Jap Can be used to give an isomorphism between any covariant 
tensor argument and any contravariant argument, or to ‘raise and 
lower indices’. Thus, if X° are the components of a contravariant 
vector, then X, are the components of a uniquely associated covariant 
vector, where Xa = g,,X°, X° = g™%X,; similarly, to a tensor 7), of 
type (0, 2) we can associate unique tensors 7%, = gT, T° = g°°T.,,, 
Tab = gacgb4]) ,. We shall in general regard such associated covariant 
and contravariant tensors as representations of the same geometric 
object (so in particular, gag, Ôa? and g% may be thought of as representa- 
tions (with respect to dual bases) of the same geometric object g), 


38 DIFFERENTIAL GEOMETRY [2.6 


although in some cases where we have more than one metric we shall 
have to distinguish carefully which metric is used to raise or lower 
indices. 

The signature of g at p is the number of positive eigenvalues of the 
matrix (ga) at p, minus the number of negative ones. If g is non- 
degenerate and continuous, the signature will be constant on M; by 
suitable choice of the basis {E,}, the metric components can at any 
point p be brought to the form 

Ja = diag (+1, +1,..., +1, -1,...,—1), 
beeen arma? — “meen nome” 
in+s)terms }(n—s) terms 
where s is the signature of g and 7 is the dimension of æ. In this case 
the basis vectors {E,} form an orthonormal set at p, i.e. each is a unit 
vector orthogonal to every other basis vector. 

A metric whose signature is 7 is called a positive definite metric; for 

such a metric, g(X, X) = 0 > X = 0, and the canonical form is 
Jab = Giag(+1,..., +1). 
el 
n terms 
A positive definite metric is a ‘metric’ on the space, in the topological 
sense of the word. 

A metric whose signature is (n — 2) is called a Lorentz metric; the 

canonical form is 


Gop = diag (+1,..., +1, — 1). 
ee” 
(n — 1) terms 


With a Lorentz metric on Æ, the non-zero vectors at p can be divided 
into three classes: a vector Xef, being said to be timelike, null, or 
spacelike according to whether g(X, X) is negative, zero, or positive, 
respectively. The null vectors form a double cone in Z, which separates 
the timelike from the spacelike vectors (see figure 8). If X, Y are any 
two non-spacelike (i.e. timelike or null) vectors in the same half of the 
light cone at p, then g(X, Y) < 0, and equality can only hold if X and 
Y are parallel null vectors (i.e. if X = aY, g(X, X) = 0). 

Any paracompact C” manifold admits a C’-! positive definite metric 
(that is, one defined on the whole of 4). To see this, let {f,} be a parti- 
tion of unity for a locally finite atlas {Y,, 6,}. Then one can define g by 


g(X, Y) F DhaC(Pa)s X, (Da) Y), 


where ( , ) is the natural scalar product in Euclidean space R”; 
thus one uses the atlas to determine the metric by mapping the 
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Null cone 


Null vectors lie 
on the null cones 


Timelike vectors 


lie inside the 
E 


null cones ASE 
FEZ 


Spacelike vectors lie 
outside the null cones 
E,-; 


Hyperplane spanned by 


is sees Sno. 


Null cone 


Froure 8. The null cones defined by a Lorentz metric. 


Euclidean metric into æ. This is clearly not invariant under change of 
atlas, so there are many such positive definite metrics on æM. 

In contrast to this, a C" paracompact manifold admits a Ct! 
Lorentz metric if and only if it admits a non-vanishing Cr-! line 
element field; by a line element field is meant an assignment of a pair 
of equal and opposite vectors (X, — X) at each point p of <, i.e. a line 
element field is like a vector field but with undetermined sign. To see 
this, let be a C"-1 positive definite metric defined on the manifold. 
Then one can define a Lorentz metric g by 
IX, Y) G(X, Z) 

9(X, X) 


at each point p, where X is one of the pair (X, — X) at p. (Note that as 
X appears an even number of times, it does not matter whether X or 
—X is chosen.) Then g(X, X) = —9(X, X), and if Y, Z are orthogonal 
to X with respect to ĝ, they are also orthogonal to X with respect to 
g and gf Y,Z) = 9(Y, Z). Thus an orthonormal basis for & is also an 
orthonormal basis for g. As § is not unique, there are in fact many 
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Lorentz metrics on .@ if there is one. Conversely, if g is a given 
Lorentz metric, consider the equation gap, X? = A9,,X° where ĝ is any 
positive definite metric. This will have one negative and (n—1) 
positive eigenvalues. Thus the eigenvector field X corresponding to 
the negative eigenvalue will locally be a vector field determined up to 
a sign and a normalizing factor; one can normalize it by g,,X°X® = —1, 
so defining a line element field on M. 

In fact, any non-compact manifold admits a line element field, 
while a compact manifold does so if and only if its Euler invariant is 
zero (e.g. the torus T? does, but the sphere S? does not, admit a line 
element field). It will later turn out that a manifold can be a reasonable 
model of space-time only if it is non-compact, so there will exist many 
Lorentz metrics on M. 

So far, the metric tensor and connection have been introduced as 
separate structures on M. However given a metric g on Æ, there is 
a unique torsion-free connection on æ defined by the condition: the 
covariant derivative of g is zero, i.e. 

Gor; = 0. (2.25) 
With this connection, parallel transfer of vectors preserves scalar 
products defined by g, so in particular magnitudes of vectors are 
invariant. For example if jô is the tangent vector to a geodesic, then 
g(0/ét, lət) is constant along the geodesic. 

From (2.25) it follows that 


X(9(¥, Z)) = Vz(Q(¥, Z)) = Vx9(¥,Z)+9(VxY, Z) 

+9(Y, Vx Z) = 9(VxY, Z) +9(Y, Vx Z) 
holds for arbitrary C! vector fields X, Y, Z. Adding the similar expres- 
sion for Y(g(Z, X)) and subtracting that for Z(g(X, Y)) shows 

g(Z, Vx¥) = {-Z(g(X, Y)) + Y(g(Z, X)) + X(9(Y, Z)) 

Choosing X, Y, Z as basis vectors, one obtains the connection 
components Tave = glEa Vz, E.) = Jaa a 
in terms of the derivatives of the metric components g,, = g(E,, Ep), 
and the Lie derivatives of the basis vectors. In particular, on using 
a coordinate basis these Lie derivatives vanish, so one obtains the 
usual Christoffel relations 


Dave = HêJan/ L + Jacl — gnele} (2.26) 
for the coordinate components of the connection. 
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From now on we will assume that the connection on æ is the unique 
C'—1 torsion-free connection determined by the C” metric g. Using this 
connection, one can define normal coordinates (§2.5) in a neighbour- 
hood of a point q using an orthonormal basis of vectors at g. In these 
coordinates the components gap of g at g will be + Ôa and the compo- 
nents l% of the connection will vanish at g. By ‘normal coordinates’, 
we shall in future mean normal coordinates defined using an ortho- 
normal basis. 

The Riemann tensor of the connection defined by the metric is a 
C'-2 tensor with the symmetry 


Radea = 0<> Raye = — Ryaca (2.27a) 


in addition to the symmetries (2.21); as a consequence of (2.21) and 
(2.27a), the Riemann tensor is also symmetric in the pairs of indices 


{ab}, {ed}, i.e. Ree TA (2.278) 
This implies that the Ricci tensor is symmetric: 
Rap =— Rio- (2.27¢) 
The curvature scalar R is the contraction of the Ricci tensor: 
R = Roa = R49". 

With these symmetries, there are jyn?(n?—1) algebraically inde- 
pendent components of Rapa, where n is the dimension of M; 4n(n +1) 
of them can be represented by the components of the Ricci tensor. If 
n=1, Raa = 0; if n = 2 there is one independent component of 
Rascas Which is essentially the function R. If n = 3, the Ricci tensor 
completely determines the curvature tensor; if n > 3, the remaining 


components of the curvature tensor can be represented by the Weyl 
tensor Cavea, defined by 


2 


Corea E Rava tza 


2 
Vaa Ras + Goie Raa) + GF (aay aega 


As the last two terms on the right-hand side have the curvature tensor 
symmetries (2.21), (2.27), it follows that C,,,, also has these sym- 
metries. One can easily verify that in addition, 


C04 = 0, 


i.e. one can think of the Weyl tensor as that part of the curvature 
tensor such that all contractions vanish. 
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An alternative characterization of the Weyl tensor is given by the 
fact that it is a conformal invariant. The metrics g and § are said to 


be conformal if 8 =0% (2.28) 
for some non-zero suitably differentiable function Q. Then for any 
vectors X, Y, V, W at a point p, 

g(X,¥) _ 0X, Y) 

(V, W) 3V, W) 
so angles and ratios of magnitudes are preserved under conformal 


transformations; in particular, the null cone structure in 7, is pre- 
served by conformal transformations, since 


g(X,X) > 0, = 0, < 0=ĝ(X,X) > 0, =0, <0, 


respectively. As the metric components are related b 
p y p y 
9av = 79,9; ge? = Q-*92, 


the coordmate components of the connections defined by the metrics 
(2.28) are related by 


A a ea AQ an 
rs, = pet O41 (85555 + 8 FS Iet a) (2.29) 


Calculating the Riemann tensor of §, one finds 
Re, = Q-2 Rob a + dla, Od ah 
where ayi = AOHQ); 4.9% — (Q71), (O77), 99°484,; 


the covariant derivatives in this equation are those determined by the 
metric g. Then (assuming 7 > 2) 


Rog = OR? a + (n— 2) QHQ-)), aeg” — (n — 2) IOON), a097 8da 
and Ôa ea = Cea, 
the last equation expressing the fact that the Weyl tensor is con- 
formally invariant. These relations imply 

R = OR 2n —1) ON ag- (n— 1)(n—4) 0N, Q, 4g. (2.30) 


Having split the Riemann tensor into a part represented by the 
Ricci tensor and a part represented by the Weyl tensor, one can use 
the Bianchi identities (2.22) to obtain differential relations between 
the Ricci tensor and the Weyl tensor: contracting (2.22) one obtains 


R'yed;a = Roaze— Roc; a (2.31) 
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and contracting again one obtains 
Re ca $R; e 


From the definition of the Weyl tensor, one can (if n > 3) rewrite 
(2.31) in the form 


n—3 1 
C'e; a = 2723 (Fue:0~ 3-H Ioa È; a) : (2.32) 


If n < 4, (2.31) contain all the information in the Bianchi identities 
(2.22), so if n = 4, (2.32) are equivalent to these identities. 

A diffeomorphism ¢:. M-» M will be said to be an isometry if it 
carries the metric into itself, that is, if the mapped metric ¢, g is equal 
to g at every point. Then the map ¢,:7Z,~—> Typ preserves scalar 
products, as 


g(X, Y)|p = $a glx X, Ox Y)| ¢@ = 9(p+ X, $+Y)| dlp) 
If the local one-parameter group of diffeomorphisms ¢, generated 


by a vector field K is a group of isometries (i.e. for each t, the trans- 
formation ¢, is an isometry) we call the vector field K a Killing vector 
field. The Lie derivative of the metric with respect to K is 
eee | 
Ixg = lim; (8—$1%8) = 9, 
since g = ¢,%& for] each t. But from (2.17), Legas = 2Kia,y, 80 & 
Killing vector field K satisfies Killing’s equation 
Kasot+ Ko; = 0. (2.33) 


Conversely, if K is a vector field which satisfies Killing’s equation, 
then Lgg = 0, so 


td 
breBlp— Blt f p GraBlpa 
0 
td 
= lp +f ae (Pr + Ps x É)s=0 [pdt 
0 


=8lp+ i ($e There) 


t 
= t-f Êr x (Legler) di’ = glp- 


Thus K is a Killing vector field if and only if it satisfies Killing’s equa- 
tion. Then one can locally choose coordinates2z* = (x,t) (v = 1ton-—1) 


at’ 


Pp 
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such that K@ = ax*/ét = 6*,; in these coordinates Killing’s equation 
taken the forin Jarl a = 0<> Jap = Ial). 

A general space will not have any symmetries, and so will not admit 
any Killing vector fields. However a special space may admit r 
linearly independent Killing vector fields K, (a = 1,...,7). It can be 
shown that the set of all Killing vector fields on such a space forms a 
Lie algebra of dimension r over R, with the algebra product given by 
the Lie bracket [ , ] (see (2.16)), where 0 < r < 4n(n+1). (The 
upper limit may be lessened if the metric is degenerate.) The local 
group of diffeomorphisms generated by these vector fields is an 
r-dimensional Lie group of isometries of the manifold æ. The full 
group of isometries of Æ may include some discrete isometries (such 
as reflections in a plane) which are not generated by Killing vector 
fields; the symmetry properties of the space are completely charac- 
terized by this full group of isometries. 


2.7 Hypersurfaces 

If F is an (n — 1)-dimensional manifold and 6: S—>M is an imbedding, 
the image O(S) of S is said to be a hypersurface in M. If pe SY, the 
image of J, in Tap under the map 6, will be a (n — 1)-dimensional plane 
through the origin. Thus there will be some non-zero form nef * gp 
such that for any vector Xe Tp, <n, 6, X} = 0. The form n is unique 
up to a sign and a normalizing factor, and if O(S) is given locally by 
the equation f = 0 where df + 0 then n may be taken locally as df. 
If OIS) is two-sided in Æ, one can choose n to be a nowhere zero 
one-form field on O(S). This will be the situation if S and M are both 
orientable manifolds. In this case, the choice of a direction of n will 
relate the orientations of O(S) and of M: if {xt} are local coordinates 
from the oriented atlas of Æ such that locally O(S) has the equation 
x = 0 and n = adz! where « > 0, then (z?,...,2") are oriented local 
coordinates for OS). 

If g is a metric on Æ, the imbedding will induce a metric 0*g on S, 
where if X,Ye7Z,, 0*9(X, Y)|, = 9(@xX, 64 Y) |). This metric is 
sometimes called the first fundamental form of S. If g is positive 
definite the metric 0*g will be positive definite, while if g is Lorentz, 
6*g will be 

(a) Lorentz if gna% > 0 (in this case, OS) will be said to be a 
timelike hypersurface), i 
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(b) degenerate if gnan, = 0 (in this case, O(S) will be said to be a 
null hypersurface), 

(c) positive definite if g*°n,, < 0 (in this case, O(S) will be said to 
be a spacelike hypersurface). 

To see this, consider the vector N? = n,g*. This will be orthogonal 
to all the vectors tangent to O(S), i.e. to all vectors in the subspace 
H = 6,(Z,) in Ty. Suppose first that N does not itself lie in this 
subspace. Then if (E2,...,E,) are a basis for Tp, (N, @x(Ez), .--, 8x(E_)) 
will be linearly independent and so will be a basis for Tap. The compo- 
nents of g with respect to this basis will be 

= e N) 0 ) = Ge N) 0 ) 

Fab \ O JOE), Ox(E,)) 0 gE, Ep) 
As the metric g is assumed to be non-degenerate, this shows that 
g(N, N) + 0. If g is positive definite, g(N, N) must be positive and so 
the induced metric 6*g must also be positive definite. If g is Lorentz 
and g(N, N) = gnam, < 0, then 6*g must be positive definite since 
the matrix of the components of g has only one negative eigenvalue. 
Similarly if g(N, N) = g2°n, 7”, > 0, then 6*g will be a Lorentz metric. 
Now suppose that N is tangent to O(S). Then there is some non-zero 
vector XeTp such that 6,(X) = N. But 9(N,6,Y) = 0 for all Y e, 
which implies 6* 9(X, Y) = 0. Thus 6*g is degenerate. Also, taking 
Y to be X, g(N, N) = g®nan = 0. 

If gnan, + 0, one can normalize the normal form n to have unit 
magnitude, ie. gnan, = +1. In this case the map 6*:7*,,)>7*, 
will be one-one on the (n— 1)-dimensional subspace H*,,) of T* ap 
consisting of all forms w at (p) such that g*°n,w, = 0, because 
6*n = 0 and n does not lie in H*. Therefore the inverse (9*)— will be 
a map 6, of 7*, onto H*g,), and so into T * gp) 

This map can be extended in the usual way to a map of covariant 
tensors on S to covariant tensors on O(S) in M; as there already is 
a map 0, of contravariant tensors on F to O(S), one can extend 6, to 
a map §, of arbitrary tensors on / to (SY). This map has the property 
that 6,T has zero contraction with n on all indices, i.e. 

(6,7), dna =0 and (6,2), ag ne =0 
for any tensor TETS). 

The tensor h on 6(S) is defined by h = ĝ,(0*g). In terms of the 
normalized form n (remember g®n,n, = 1), 


hav = Jab F NaN 
since this implies 6*h = 0*g and hkapg”n, = 0. 
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The tensor h4, = gh, is a projection operator, i.e. h2,h®, = h°, It 
projects a vector X € Typ into its part lying in the subspace H = 6,(7,) 
of Tap tangent to OS), 


Xe = he, X? + nn, X’, 


where the second term represents the part of X orthogonal to O(S). 

Also h*, projects a form wé7'*y,, into its part lying in the subspace 
* . 

H ap) Wa = ha Wp + Ng nt. 

Similarly one can project any tensor T €7%(6(p)) into its part in 


H5(O(p)) = Hyp ®--- Q Hyg QH im... OL hp 
amen, acme” 
r factors s factors 


i.e. its part which is orthogonal to n on all indices. 

The map 6, is one-one from T, to Hap. Therefore one can define 
a map ĝ* from Typ to T, by first projecting with h4, into Hyp and then 
using the inverse (6), —1. As one already has a map 6* of forms on O(S) 
to forms on F, one can extend the definition of 6* to a map 6* of 
tensors of any type on O(S) to tensors on S. This map has the property 
that 6*(6,T) = T for any tensor TeZ"(p) and 6,(6*T) = T for any 
tensor T €H'(6(p)). We shall identify tensors on S with tensors in 
H; on O(S) if they correspond under the maps 6,, 6*. In particular, 
h can then be regarded as the induced metric on O(S). 

If fi is any extension of the unit normal n onto an open neighbour- 
hood of O(S) then the tensor x defined on AS) by 


z dz 
Xap = Mahr Ne; a 


is called the second fundamental form of S. It is independent of the 
extension, since the projections by h% restrict the covariant deriva- 
tives to directions tangent to 6(). Locally the field ñ can be expressed 
in the form fi = adf where f and @ are functions on Æ and f = 0 on 
OLS). Therefore Xap must be symmetric, since fap = f,,andf,,h% = 
The induced metric h = 6*g on S defines a connection on S. We 

shall denote covariant differentiation with respect to this connection 
by a double stroke, ||. For any tensor T e H5, ' 


Fob, ane = Teh tmh we heih", see Wah", 


where T is any extension of T to a neighbourhood of O(S). This 
definition is independent of the extension, as the hs restrict the 
covariant differentiation to directions tangential to O(S). To see this 
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is the correct formula, one has only to show that the covariant deriva- 
tive of the induced metric is zero and that the torsion vanishes. This 
follows because 

havie = (Ger + HM), gh ghh, ho, = 0, 


and Jia = hah af eo = Kahf ge = Sita- 


The curvature tensor R’¢,,4 of the induced metric h can be related 
to the curvature tensor R^ on O(S) and the second fundamental 
form x as follows. If Y eZ is a vector field on O(S), then 


Rya Y? = VY ae— Yea: 
Now 


Vac = (Y adie = (Y%.ph9h4,), pho yh tah*, 
= Ve, g ho Wah, F Ye eT phahh", F Ye, M4, h hight, 
and Ye, eha = (YR), pha- VR, pha = Y Pe hg, 
since Yen, = 0 on 6(S), therefore 
Re ycg Y? = (Regus h* hk hla + Xoa X'e F XreX“a) Y’. 
Since this holds for all Ye H, 
Ry .g = Ry gph" hh ho ha t XoXo F Xa Xoe (2.34) 
This is known as Gauss’ equation. 
Contracting this equation on a and c and multiplying by ho, one 
obtains the curvature scalar R’ of the induced metric: 
R’ = RF Rann” + (X°a)? F xX Xap: (2.35) 


One can derive another relation between the second fundamental 
form and the curvature tensor Rpa on O(S) by subtracting the 


cneNeerere (x° ali = (71, ahta); eho 
and (Xo)ia T (7°, gh? ,h4,), ph ah 
finding Xira — Xone = Reynthy. (2.36) 


This is known as Codacci’s equation. 


2.8 The volume element and Gauss’ theorem 
If {E*} is a basis of one-forms, one can form from it the n-form 


e= nE AEA... A E”. 
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If {E“}, related to {E*} by E” = 0%, E4, is another basis, the n-form 
e’ defined by this basis will be related to e by 
€ = det (®*,)e, 


so this form is not unique. However, one can use the existence of the 
metric to define (in a given basis) the form 


where g = det (gap). This form has components 

Nad... = N! |g]? tia 5% ... 0%. 
The transformation law for g will just cancel the determinant, 
det (D7), provided that det (©@’,) > 0. Therefore if Æ is orientable 
the n-forms y defined by coordinate bases of an oriented atlas will be 
identical, i.e. given an orientation of Æ, one can define a unique 


n-form field y, the canonical n-form, on M. 
The contravariant antisymmetric tensor 


i = gregh glk 


has components 
gtd = (— jinn! |g] dla, 8%... 84, 


where s is the signature of g (so $(n—s) is the number of negative 
eigenvalues of the matrix of metric components (g,,)). Therefore these 
tensors satisfy the relations 


C indana PAA = (— n-an! Oa O7 eee 64). (2.37) 


The Christoffel relations imply that the covariant derivatives of 
Vab... a and yè- 4 with respect to the connection defined by the metric 


vanish, i.e. b.d 
ner ie O= Yab...dse 


Using the canonical n-form, one can define the volume (with respect 
to the metric g) of an n-dimensional submanifold Y as = f Y. 
Je 


Thus y) can be regarded as a positive definite volume measure on <M. 
We shall often use it in this sense, and shall denote it by dv. Note that 
d is not meant to represent the exterior differential operator here; dv 
is simply a measure on Æ. If f is a function on M, one can define its 
integral over Y with respect to this volume measure as 


[fae = =; [ fn. 
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With respect to local oriented coordinates {x°}, this can be expressed 
as the multiple integral 


f figli dz de®... dz”, 
K 


which is invariant under a change of coordinates. 
If X is a vector field on Æ, its contraction with y will be an (n — 1)- 
form field X .ņ, where 
(X. 1)o...a = XMap...a- 
This (n—1)-form may be integrated over any (n-— 1)-dimensional 
compact orientable submanifold “. We write this integral as 


1 
fx do, = gon,» 


where the canonical form y is regarded as defining a measure-valued 
form do, on the submanifold ¥. If the orientation of Y is given by 
the direction of the normal form n,, then do, can be expressed as 
Nado where do is a positive definite volume measure on the sub- 
manifold ¥. The volume measure dø is not unique unless the normal 
Nna is normalized. If n, is normalized to unit magnitude in a metric g 
on M, i.e. n,n, g® = + 1, then do is equal to the volume measure on Y 
defined by the induced metric on Y (to see this, simply choose an 
orthonormal basis with n,g® as one of the basis vectors). 

Using the canonical form, one can derive Gauss’ formula from 
Stokes’ theorem: for any compact n-dimensional submanifold Y of M, 


a Daaka INE S l 
ESZ aaa Ae nay hm. 


(d(x N))a...de = (— i (X hga... a);e) 
=(- ee Og +++ ta oY. Nge..t X? su 


Bu 


1 
=(- ae yt a... deNgs...t Xo, 


= Na...deOtg ++ 54,84 X9.,, 

= Nha... gen i 

on using relation (2.37) twice. Therefore 

Xe do, =Í X9. dv 
% 


ow 
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holds for any vector field X; this is Gauss’ theorem. Note that the 
orientation on Y for which this theorem is valid is that given by the 
normal form y such that <n, X} is positive if X is a vector which points 
out of Y. If the metric g is such that gnan, is negative, the vector 
gn, will point into %. 


2.9 Fibre bundles 


Some of the geometrical properties of a manifold can be most 
easily examined by constructing a manifold called a fibre bundle, 
which is locally a direct product of Æ and a suitable space. In this 
section we shall give the definition of a fibre bundle and shall consider 
four examples that will be used later: the tangent bundle 7'(.#@), the 
tensor bundle TZ( æ), the bundle of linear frames or bases L(.#), and 
the bundle of orthonormal frames O( M). 

A Ck bundle over a C° (s > k) manifold æ is a C* manifold £ and 
a Ck surjective map 7: E > M. The manifold @ is called the total space, 
M is called the base space and 7 the projection. Where no confusion 
can arise, we will denote the bundle simply by &. In general, the 
inverse image 7—1(p) of a point pe æ need not be homeomorphic to 
n1(q) for another point qe æ. The simplest example of a bundle is 
a product bundle (M x sf, M, 7) where & is some manifold and the 
projection 7 is defined by 7(p, v) = p for allpe.#, vess. For example, 
if one chooses æ as the circle S! and <£ as the real line R!, one con- 
structs the cylinder C? as a product bundle over S1. 

A bundle which is locally a product bundle is called a fibre bundle. 
Thus a bundle is a fibre bundle with fibre F if there exists a neighbour- 
hood Y of each point g of æ such that 7—1(%) is isomorphic with Y x F, 
in the sense that for each point pe% there is a diffeomorphism ¢,, of 
np) onto F such that the map y defined by y(u) = (m(u), Pago) is 
a diffeomorphism Y: 7-(%)>&Wx F. Since M is paracompact, we 
can choose a locally finite covering of by such open sets %,. If 
U, and Up are two members of such a covering, the map 


(pa, pn) o (Pp, aot) 


is a diffeomorphism of F onto itself for each pe(Y, N Up). The inverse 
images 7~'(p) of points pe M are therefore necessarily all diffeo- 
morphic to F (and so to each other). For example, the Möbius strip 
is a fibre bundle over S! with fibre Rt; we need two open sets Y, Y, 
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to give a covering by sets of the form %, x R!. This example shows that 
if a manifold is locally the direct product of two other manifolds, it is 
nevertheless not, in general, a product manifold; it is for this reason 
that the concept of a fibre bundle is so useful. 
The tangent bundle T( M) is the fibre bundle over a C* manifold æ 
obtained by giving the set & = UT its natural manifold structure 
pe 


and its natural projection into æ. Thus the projection 7 maps each 
point of T, into p. The manifold structure in & is defined by local 
coordinates {z4} in the following way. Let {xt} be local coordinates in 
an open set Y of M. Then any vector V eT, (for any pe) can be 
expressed as V = V‘d/éz*|,. The coordinates {24} are defined in 
nm (%) by {24} = {xt, V°}. On choosing a covering of Æ by coordinate 
neighbourhoods Y,, the corresponding charts define a C*—! atlas on & 
which turn it into a C*—! manifold (of dimension n?); to check this, one 
needs only note that in any overlap (Y, N Yp) the coordinates {x*,} of 
a point are C* functions of the coordinates {xt} of the point, and the 
components {V@,} of a vector field are C*! functions of the compo- 
nents {V,} of the vector field. Thus in 7-(%, N.Yp), the coordinates 
{24,} are Ck) functions of the coordinates {244}. 

The fibre 7—(p) is Z}, and so is a vector space of dimension n. This 
vector space structure is preserved by the map ¢,, p: Tp >R”, which 
is given by $a, p(u) = V%(u), i.e. Ja, p maps a vector at p into its com- 
ponents with respect to the coordinates {x*,}. If {x%,} are another set 
of local coordinates then the map (¢,, ,)0(¢,,p—*) is a linear map of 
R” onto itself. Thus it is an element of the general linear group 
GL(n, R) (the group of all non-singular n x n matrices). 

The bundle of tensors of type (7,8) over Æ, denoted by 7%(-#), is 


defined in a very similar way. One forms the set € = U Ti(p), defines 
PEM 


the projection 7 as mapping each point in 7%(p) into p, and, for any 
coordinate neighbourhood Y in Æ, assigns local coordinates {24} to 
nU) by {24} = {xt, 74>, 4} where {x*} are the coordinates of the 
point p and {72-b a} are the coordinate components of T (that is, 
T = Teb, ,0/éz*@®...@dz4|,,). This turns £ into a C*-1 manifold of 
dimension n’+#+!; any point u in Ti( æ) corresponds to a unique 
tensor T of type (r, s) at 7(u). 

The bundle of linear frames (or bases) L( M) is a C*— fibre bundle 
defined as follows: the total space & consists of all bases at all points 
of æ, that is all sets of non-zero linearly independent n-tuples of 
vectors {E,}, E, E Tp, for each p E K (a runs from 1 ton). The projection 
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7 is the natural one which maps a basis at a point p to the point p. If 
{2°} are local coordinates in an open set Y € M, then 
{24} = {2*, HY, HA", ...,E,™ 
are local coordinates in 7—(%),-where E, is the jth components of the 
vector E, with respect to the coordinate bases 0/éx*. The general 
linear group GL(n, R) acts on L(.#) in the following way: if {E,} is 
a basis at pe M, then AcGL(n, R) maps u = {p, E,} to 
A(u) = {p, Aa Ep}. 

When there is a metric g of signature s on Æ, one can define a sub- 
bundle of L(.#), the bundle of orthonormal frames O(.#), which con- 
sists of orthonormal bases (with respect to g) at all points of <M. 
O( M) is acted on by the subgroup O(}(n+ 8), $(n—8)) of GL(n, R). 
This consists of the non-singular real matrices A,, such that 

Aas GreAde = Faas 
where Gye is the matrix 
ding (44, +1,.., +1, —1, —1,..., — Í). 
(n +s) terms §(n—s) terms 
It maps (p, Ea) EO( M) to (pP, Ag, E,) EO( K). In the case of a Lorentz 
metric (i.e. 8 = n— 2), the group O(n — 1, 1) is called the n-dimensional 
Lorentz group. 

A C" cross-section of a bundle is a C” map ©: M —> & such that 70 ® 
is the identity map on M; thus a cross-section is a C” assignment to 
each point p of Æ of an element ®(p) of the fibre 7—1(p). A cross- 
section of the tangent bundle T( 4) is a vector field on M; a cross- 
section of T7(#) is a tensor field of type (r, 8) on æ; a cross-section of 
L(#) is a set of n non-zero vector fields {E,} which are linearly inde- 
pendent at each point, and a cross-section of O( Æ) is a set of ortho- 
normal vector fields on Æ. 

Since the zero vectors and tensors define cross-sections in T( 4) and 
T;(4), these fibre bundles will always admit cross-sections. If æ is 
orientable and non-compact, or is compact with vanishing Euler 
number, there will exist nowhere zero vector fields, and hence cross- 
sections of T( Æ) which are nowhere zero. The bundles L(.#) and 
O(-#) may or may not admit cross-sections; for example L(S*) does 
not, but L(R”) does. If L( 4) admits a cross-section, æ is said to be 
parallelizable. R. P. Geroch has shown (1968c) that a non-compact 
four-dimensional Lorentz manifold .W admits a spinor structure if 
and only if it is parallelizable. 
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One can describe a connection on æ in an elegant geometrical way 
in terms of the fibre bundle L( æ). A connection on Æ may be regarded 
as a rule for parallelly transporting vectors along any curve y(t) in M. 
Thus if {E,} is a basis at a point p = y(t), i.e. {p, E,} is a point u in 
L(K), one can obtain a unique basis at any other point y(t), i.e. a 
unique point F(t) in the fibre 7—1(y(t)), by parallelly transporting {E,} 
along y(t). Therefore there is a unique curve F(t) in L(.@), called the 
lift of y(t), such that: 

(1) Plte) = u, 

(2) a(F(t)) = (0), 

(3) the basis represented by the point F(t) is parallelly transported 
along the curve y(t) in Æ. 

In terms of the local coordinates {z4}, the curve 7(¢) is given by 
{x(y(t)), H,,*(¢)}, where 


GE (Om gpa Al) _ 
Sat + Lyi Tyg = 0. 


Consider the tangent space 71,(L(.@)) to the fibre bundle L(.#) at 
the point u. This has a coordinate basis {@/2z4| ,}. The n-dimensional 
subspace spanned by the tangent vectors {(2/ét);»)| ,} to the lifts of all 
curves y(t) through p is called the horizontal subspace H, of T,(L(.@)). 
In terms of local coordinates, 

(2) _ dax%(y(t)) @ dE„i ô 


at di axe dt dB, i 


¥ 


dx*(y(t)) (2 l 
-2h (i-ar CA 


so a coordinate basis of H, is {@/éx* — E,,/T*,, 0/@#,,}. Thus the con- 
nection in determines the horizontalsubspacesin the tangent spaces 
at each point of L( Æ). Conversely, a connection in Æ may be defined 
by giving an n-dimensional subspace of 7 (L(4)) for each we L(A) 
with the properties: i 

(1) If AEGL(n, Rk), then the map 4y: T(L(M))—> Ta LM)) 
maps the horizontal subspace H, into Haw; 

(2) H,, contains no non-zero vector belonging to the vertical sub- 
space V,. 

Here, the vertical subspace V, is defined as the 7?-dimensional 
subspace of 7 (L(4)) spanned by the vectors tangent to curves in the 
fibre 7-1(7(u)); in terms of local coordinates, V, is spanned by the 
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vectors {2/0L,,*}. Property (2) implies that 7, is the direct sum of H, 
and K, 

The projection map 7: L(.@)->.@ induces a surjective linear map 
Ty: F(L(M)) > Tray), such that 7,(V,) = 0 and 7, restricted to H, 
is 1-1 onto Za Thus the inverse 7,,— is a linear map of Zaal M) 
onto H,„. Therefore for any vector Xe 7,,(.@) and point ue7—1(p), there 
is a unique vector X e H,„, called the horizontal lift of X, such that 
74 (K) = X. Given a curve y(t) in Æ, and an initial point u in 7-(y(tp)), 
one can construct a unique curve Y(t) in L( 4), where F(t) is the curve 
through u whose tangent vector is the horizontal lift of the tangent 
vector of y(t) in Æ. Thus knowing the horizontal subspaces at each 
point in L(.#), one can define parallel propagation of bases along any 
curve y(t) in .@. One can then define the covariant derivative along 
y(t) of any tensor field T by taking the ordinary derivatives with 
respect to £, of the components of T with respect to a parallelly 
propagated basis. 

If there is a metric g on Æ whose covariant derivative is zero, then 
orthonormal frames are parallelly propagated into orthonormal 
frames. Thus the horizontal subspaces are tangent to O( 4) in L( 4), 
and define a connection in O(.#). 

Similarly a connection on æ defines n-dimensional horizontal sub- 
spaces in the tangent spaces to the bundles T( 4) and 7%(.@), by 
parallel propagation of vectors and tensors. These horizontal sub- 
spaces have coordinate bases 


a a 
oie Yr 
gaT VT azy) 


(a (27. al, + (all upper indices) 


: a 
— Fia...b r ee i pares 
pab, alee — (all lower indices) Tee -) 


respectively. As with L( æ), 7, maps these horizontal subspaces 

one—one onto 7),,)(.@); thus again 7, can be inverted to give a unique 

horizontal lift Ke 7, of any vector Xe Txw. In the particular case of, 
T( M), u itself corresponds to a unique vector We7_,,,(.@), and so 

there is an intrinsic horizontal vector field W defined on 7( 4) by the 

connection. In terms of local coordinates {2*, V°}, 


$ a a 
= — — Pept — 
w re( VT azy): 
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This vector field may be interpreted as follows: the integral curve of W 
through u = (p, X)e T( æ) is the horizontal lift of the geodesic in æ 
with tangent vector X at p. Thus the vector field W represents all 
geodesics on æ. In particular, the family of all geodesics through 
peM is the family of integral curves of W through the fibre 
mup) © T(K); the curves in Æ have self intersections at least at p, 
but the curves in 7(-@) are non-intersecting everywhere. 


3 
General Relativity 


In order to discuss the occurrence of singularities and the possible 
breakdown of General Relativity, it is important to have a precise 
atatement of the theory and to indicate to what extent it is unique. 
We shall therofore present the theory na n number of portalates nhowt 
a mathematical model for space-time. 

In § 3.1 we introduce the mathematical model and in § 3.2 the first 
two postulates, local causality and local energy conservation. These 
postulates are common to both Special and General Relativity, and 
thus may be regarded as tested by the many experiments that have 
been performed to check the former. In § 3.3 we derive the equations 
of the matter fields and obtain the energy-momentum tensor from a 
Lagrangian. 

The third postulate, the field equations, is given in § 3.4. This is not 
so well established experimentally as the first two postulates, but we 
shall see that any alternative equations would seem to have one or 
more undesirable properties, or else require the existence of extra 
fields which have not yet been detected experimentally. 


3.1 The space-time manifold 


The mathematical model we shall use for space-time, i.e. the collection 
of all events, is a pair (4, g) where Æ is a connected four-dimensional 
Hausdorff C% manifold and g is a Lorentz metric (i.e. a metric of 
signature +2) on æM. 

Two models (.@,g) and (.4’, 8’) will be taken to be equivalent if 
they are isometric, that is if there is a diffeomorphism 0: M >M’ 
which carries the metric g into the metric g’, i.e. 6,8 = g’. Strictly 
speaking then, the model for space-time is not just one pair (4, g) 
but a whole equivalence class of all pairs ( 4’, 8’) which are equivalent 
to (.4,8). We shall normally work with just one representative mem- 
ber (Æ, g) of the equivalence class, but the fact that this pair is defined 
only up to equivalence is important in some situations, in particular 
in the discussion of the Cauchy problem in chapter 7. 

[56] 
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The manifold æ is taken to be connected since we would have no 
knowledge of any disconnected component. It istaken to be Hausdorff 
since this seems to accord with normal experience. However in 
chapter 5 we shall consider an example in which one might dispense 
with this condition. Together with the existence of a Lorentz metric, 
the Hausdorff condition implies that Æ is paracompact (Geroch 
(1968c)). 

A manifold corresponds naturally to our intuitive ideas of the con- 
tinuity of space and time. So far this continuity has been established 
for distances down to about 10-%cm by experiments on pion scat- 
tering (Foley ef al. (1967)). It may be difficult to extend this to much 
amallor lengths as to do so would require a particle of such high onorgy 
that several other particles might be created and confuse the oxpori- 
ment. Thus it may be that a manifold model for space-time is inap- 
propriate for distances less than 10-%cm and that we should use 
theories in which space-time has some other structure on this scale. 
However such breakdowns of the manifold picture would not be 
expected to affect General Relativity until the typical gravitational 
length scale became of that order. This would happen when the density 
became about 10° gm cm-%, which is a condition so extreme as to be 
completely beyond our present knowledge. Nevertheless, by adopting 
a manifold model for space-time, and making certain other reasonable 
assumptions, we shall show in chapters 8-10 that some breakdowns 
of General Relativity must occur. It may be the field equations that 
go wrong, or it may be that quantization of the metric is needed, or it 
may be a breakdown of the manifold structure itself that occurs. 

The metric g enables the non-zero vectors at a point pe æ to be 
divided into three classes: a non-zero vector Xe 7, being said to be 
timelike, spacelike or null according to whether g(X, X) is negative, 
positive or zero respectively (cf. figure 5). 

The order of differentiability, r, of the metric ought to be sufficient 
for the field equations to be defined. They can be defined in a distribu- 
tional sense if the metric coordinate components ga, and g are con- 
tinuous and have locally square integrable generalized first derivatives 
with respect to the local coordinates. (A set of functions f,, on R” are 
said to be the generalized derivatives of a function f on R” if, for any 
Cœ function y on R” with compact support, 


ffawna = — f rapiens ara. 
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However this condition is too weak, since it guarantees neither the 
existence nor the uniqueness of geodesics, for which a C?- metric is 
required. (A C?~ metric is one for which the first coordinate derivatives 
of the metric coordinate components satisfy a local Lipschitz condi- 
tion, see § 2.1.) We shall in fact assume for most of the book that the 
metric is at least C*. This allows the field equations (which involve the 
second derivatives of the metric) to be defined at every point. In § 8.4 
we shall weaken the condition on the metric to C2- and show that this 
does not affect the results on the occurrence of singularities. 

In chapter 7, we use a different kind of differentiability condition 
in order to show that the time development of the field equations is 
determined by suitable initial conditions. We require there that the 
metric components and their generalized first derivatives up to order 
m(m > 4) are locally square integrable. This would certainly be true if 
the metric were C. 

In fact, the order of differentiability of the metric is probably not 
physically significant. Since one can never measure the metric exactly, 
but only with some margin of error, one could never determine that 
there was an actual discontinuity in its derivatives of any order. Thus 
one can always represent one’s measurements by a C? metric. 

If the metric is assumed to be C”, the atlas of the manifold must be 
Cr+1, However, one can always find an analytic subatlas in any C* atlas 
(s > 1) (Whitney (1936); cf. Munkres (1954)). Thus it is no restriction 
to assume from the start that the atlas is analytic, even though one 
could physically determine only a Ct atlas if the metric were C”. 

We have to impose some condition on our model (.#,§) to ensure 
that it includes all the non-singular points of space-time. We shall say 
that the C” pair (4',$') is a C’-extension of (,§) if there is an iso- 
metric C” imbedding p: M->.M’. If there were such an extension 
(4, 8’) we should have to regard points of æ’ as also being points of 
space-time. We therefore require that the model (4,8) is C’- 
inextendible, that is there is no C” extension ( æ’, $’) of (4, g) where 
L(A) does not equal æ’. 

As an example of a pair (.#,, £,) which is not inextendible, consider 
two-dimensional Euclidean space with the x-axis removed between 
x, = — 1 and x, = +1. The obvious way to extend this would simply 
be to replace the missing points, but one could also extend it by taking 
another copy (Ma 82) of the space, and identifying the bottom side 
of the ~,-axis for |x,| < 1 with the top side of the x,-axis for |x_| < 1, 
and also identifying the top side of the z -axis for |z,| < 1 with the 
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bottom side of the x-axis for |z| < 1. The resultant space (#3, gs) is 
inextendible but not complete as we have left out the points 2, = + 1, 
y, = 0. We cannot put these points back in because we were perverse 
enough to extend the top and bottom sides of the x-axis on different 
sheets. If however one takes the subset Y of Æ, defined by 1 < x, < 2, 
—1 < y, < 1, then one could extend the pair (Y,¢,]4,) and put back 
the point x, = 1, y, = 0. This motivates a rather stronger definition of 
inextendibility: a pair (4, g) is said to be C*-locally inextendible if 
there is no open set Y € M with non-compact closure in Æ, such that 
the pair (X, g|) has an extension (@’, 8’) in which the closure of the 
image of Y is compact. 


3.2 The matter fields 


There will be various fields on Æ, such as the electromagnetic field, the 
neutrino field, etc., which describe the matter content of space-time. 
These fields will obey equations which can be expressed as relations 
between tensors on Æ in which al] derivatives with respect to position 
are covariant derivatives with respect to the symmetric connection 
defined by the metric g. This is so because the only relations defined 
by a manifold structure are tensor relations, and the only connec- 
tion defined so far is that given by the metric. If there were another 
connection on æ, the difference between the two connections would 
be a tensor and could be regarded as another physical field. Similarly 
another metric on æ could be regarded as a further physical field. 
(The equations of the matter fields are sometimes expressed as 
relations between spinors on Æ. We do not deal with such relations 
in this book, as they are not needed for the problems we wish to 
consider. In fact, all spinor equations can be replaced by rather more 
complicated tensor equations; see e.g. Ruse (1937).) 

The theory one obtains depends on what matter fields one incorpo- 
rates in it. One should of course include all such fields which have been 
experimentally observed, but one might postulate the existence of as 
yet undetected fields. Thus for example Brans and Dicke (Dicke 
(1964), appendix 7) postulate the existence of a long range scalar field 
which is weakly coupled to the trace of the energy-momentum tensor. 
In the form given in Dicke (1964) appendix 2, the Brans—Dicke theory 
can be regarded simply as General Relativity with an extra scalar 
field. Whether this scalar field has been experimentally detected or 
not is at present under dispute. 
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We shall denote the matter fields included in the theory by 
Wipt 4, where the subscript (i) numbers the fields considered. The 
following two postulates on the nature of the equations obeyed by the 
Yip... ¢ are common to both the Special and the General Theories 


of Relativity. 


Postulate (a): Local causality 

The equations governing the matter fields must be such that if X is 
a convex normal neighbourhood and p and q are points in Y then a 
signal can be sent in Y between p and q if and only if p and g can be 
joined by a C? curve lying entirely in X, whose tangent vector is every- 
where non-zero and is either timelike or null; we shall call such a curve, 
non-spacelike. (Our formulation of relativity excludes the possibility 
of particles such as tachyons, which move on spacelike curves.) 
Whether the signal is sent from p to g or from q to p will depend on the 
direction of time in X. The problem of whether a consistent direction 
of time can be assigned at all points of space-time will be considered 
in §6.2. 

A more precise statement of this postulate can be given in terms of 
the Cauchy problem of the matter fields. Let p e be such that every 
non-spacelike curve through p intersects the spacelike surface x‘ = 0 
within X. Let F be the set of points in the surface xt = 0 which can be 
reached by non-spacelike curves in X from p. Then we require that the 
values of the matter fields at p must be uniquely determined by the 
values of the fields and their derivatives up to some finite order on F, 
and that they are not uniquely determined by the values on any 
proper subset of F to which it can be continuously retracted. (For 
a fuller discussion of the Cauchy problem, see chapter 7.) 

It is this postulate which sets the metric g apart from the other 
fields on Æ and gives it its distinctive geometrical character. If {x°} are 
normal coordinates in Y about p, it is intuitively fairly obvious (and 
is proved in chapter 4) that the points which can be reached from p by 
non-spacelike curves in X are those whose coordinates satisfy 


(2:3)? + (2°)? + (2°)? — (x°)? < 0. 


The boundary of these points is formed by the image of the null cone 
of p under the exponential map, that is the set of all null geodesics 
through p. Thus by observing which points can communicate with p, 
one can determine the null cone N, in T,. Once N, is known, the metric 
at p may be determined up to a conformal factor. This may be seen as 
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follows: let X, Y eZ, be respectively timelike and spacelike vectors. 
The equation 


g(X +AY, X+AY) = g(X, X) + 2Ag(X, Y)+A29(¥, Y) 
=0 


will have two real roots A, and A, as g(X, X) < 0 and g(Y, Y) > 0. If 
N, is known, À, and A, may be determined. But 


AyAz = g(X, X)/g(Y, Y). 


Thus the ratio of the magnitudes of a timelike vector and a spacelike 
vector may be found from the null cone. Then if W and Z are any two 
non-null vectors at p, 


g(W, Z) = 3(9(W, W) +g(Z, Z)-g(W+Z,W+Z)). 


Each of the magnitudes on the right-hand side may be compared with 
the magnitude of either X or Y, and so g(W, Z)/g(X, X) may be found. 
(If W+Z is null, the corresponding expression involving W + 2Z 
could be used.) Thus observation of local causality enables one to 
measure the metric up to a conformal factor. In practice this measure- 
ment is performed most conveniently using the experimental fact that 
no signal has been observed to travel faster than electromagnetic 
radiation. This means that light must travel on null geodesics. This 
however is a consequence of the particular equations the electro- 
magnetic field obeys, not of the theory of relativity itself. Causality 
will be considered further in chapter 6. Among other results, it will be 
shown that causal relations may be used to determine the topological 
structure of æ. The conformal factor in the metric may be determined 
using postulate (b) below; thus all the elements of the theory will be 
physically observable. 


Postulate (b): Local conservation of energy and momentum 


The equations governing the matter fields are such that there exists 
a symmetric tensor 7, called the energy-momentum tensor, which 
depends on the fields, their covariant derivatives, and the metric, and 
which has the properties: 

(i) Z7% vanishes on an open set Y if and only if all the matter fields 
vanish on X, 

(ii) 7°? obeys the equation 


To, = 0, (3.1) 
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Condition (i) expresses the principle that all fields have energy. One 
might possibly object to the ‘only if’ on the grounds that there might 
be two non-zero fields, one of whose energy-momentum tensor exactly 
cancelled that of the other. This possibility is related to that of the 
existence of negative energy which will be discussed in § 3.3. 

If the metric admits a Killing vector field K, equations (3.1) can be 
integrated to give a conservation law. To see this, define P” to be the 
vector whose components are Pe = 7°K,. Then, 


Pez = T?, Kot TK; 


The first term is zero by the conservation equations, and the second 
vanishes as 7° is symmetric and 2K(q,, = Iggay = 0, since K is a 
Killing vector. Thus if 2 is a compact orientable region with boundary 
22, Gauss’ theorem (§2.7) shows 


02 2 


This may be interpreted as saying that the total flux over a closed 
surface of the K-component of energy-momentum is zero. 

When the metric is flat, as it is in the Special Theory of Relativity, 
one may choose coordinates {x°} in which the components of the metric 
are Jab = Ea Ĉap (NO summation) where ôa, is the Kronecker delta and 
e, is — 1 if a= 4 and is +1 if a = 1,2,3. Then the following are 
Killing vectors: = ajéa= (a = 1, 2, 3, 4) 


(these generate four translations) and 


ð ð : 
M = la*m} — ex? rz (no summation; a, £ = 1, 2, 3, 4) 
(these generate six ‘rotations’ in space-time). These isometries form 
the ten-parameter Lie group of isometries of flat space-time known as 
the inhomogeneous Lorentz group. One may use them to define ten 
vectors A and a which will obey (3.2). We may think of rf as repre- 


senting the fow of energy and P, P, P as the flow of the three compo- 


nents of linear momentum. The P can be interpreted as the flow of 
ap 


angular momentum. 

If the metric is not flat there will not, in general, be any Killing 
vectors and so the above integral conservation laws will not hold. How- 
ever, in a suitable neighbourhood of a point g one may introduce 
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normal coordinates {x°}. Then at g the components gap of the metric are 
ĉa Ôa» (nO summation), and the components I*,, of the connection are 
zero. One may take a neighbourhood 2 of q in which the ga, and Iepe 
differ-from their values at q by an arbitrarily small amount; then the 
La; and x a;b Will not exactly vanish in 2, but will in this neigh- 
a a, 


bourhood differ from zero by an arbitrarily small amount. Thus 
f Pèdo, and f Pdo, 
32a 29 af 


will still be zero in the first approximation; that is to say, one still has 
approximate conservation of energy, momentum and angular 
momentum in a small region of space-time. Using this it can be shown 
that a small isolated body moves approximately on a timelike geodesic 
curve independent of its internal constitution provided that the energy 
density of matter in it is non-negative (for an account of the motion of 
a small body in relativity, see Dixon (1970)). This may be thought of 
as Galileo’s principle that all bodies fall equally fast. In Newtonian 
terms one would say that the inertial mass (the m in F = ma) and the 
passive gravitational mass (the mass acted on by a gravitational field) 
are equal for all bodies. This has been verified to a high order of 
accuracy in experiments by Eétvos and by Dicke (1964). 

Postulate (a) enables one to measure the metric up to a conformal 
factor at each point. Using postulate (b) one may relate these factors 
at different points, for the conservation equations 7%, , = 0 would not 
in general hold for a connection derived from a metric 8 = 07g. One 
way of doing this would be to observe the paths of small ‘test’ particles 
and so to determine the timelike geodesic curves. Then if y(t) is such a 
curve with tangent vector K = (jt), one has from (2.29) 


A 


D Ke = D ke4 20710, KK*— OUK Go) 9°00, a. 

Since y(t) is a geodesic with respect to the space-time metric g, 
Ke(D/at) K” = 0. Thus 

Ô 


b 
Oa 


Kh = — (K°K 9,3) Kbgale (log Q), re (3.3) 
Knowing the conformal structure, one can choose a metric & which 
represents the conformal equivalence class of metrics and can evaluate 
the left-hand side of (3.3) for any test particle. Then the right-hand side 
of (3.3) determines (log Q).,, up to the addition of a multiple of K°9,,. 
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By considering another curve y'(t) whose tangent vector K’¢ is not 
parallel to K“, one can find (log Q)., and so can determine Q every- 
where up to a constant multiplying factor. This constant factor 
specifies one’s units of measurement, and so can be chosen arbitrarily. 

This is, of course, not the way one measures the conformal factor in 
practice; one makes use of the fact that there exist a large number of 
similar systems (such as the electronic states of atoms) whose internal 
motions define a number of events along the timelike curve which 
represents their position in space-time. The intervals between these 
events seem to be independent of their past history in the sense that 
the intervals measured by two nearby systems correspond. If one can 
effectively isolate them against external matter fields (so they must 
move on geodesic curves) and if one assumes their internal motion is 
independent of the curvature of space-time, then the only thing it can 
depend on is the metric. Thus the arc-length between two successive 
events on a curve must be the same for each pair of successive events 
on any such curve. If one takes this arc-length as one’s unit of measure- 
ment, one can determine the conformal factor at any point of space- 
time. 

In fact it may not be possible to isolate a system from external 
matter fields. Thus for example in the Brans—Dicke theory there is 
a scalar field which is non-zero everywhere. However the conformal 
factor can still be determined by the requirement that the conserva- 
tion equation T,, = 0 should hold. Thus knowledge of the energy- 
momentum tensor Tp, determines the conformal factor. 


3.3 Lagrangian formulation 


The conditions (i) and (ii) of postulate (b) do not tell one how to con- 
struct the energy-momentum tensor for a given set of fields, or whether 
it is unique. In practice one relies heavily on one’s intuitive knowledge 
of what energy and momentum are. However, there is a definite and 
unique formula for the energy-momentum tensor in the case that the 
equations of the fields can be derived from a Lagrangian. 

Let L be the Lagrangian which is some scalar function of the fields 
Fott.. a their first covariant derivatives, and the metric. One 
obtains the equations of the fields by requiring that the action 


=f Ldv 
2 
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be stationary under variations of the fields in the interior of a compact 
four-dimensional region 2. By a variation of the fields Y =t.. ain 2 
we mean a one-parameter family of fields ¥(y(u,7) where we (—e,€) 
and re M, such that 

(i) Fo(0,7) = Yol), 

(ii) Pep(u, 7) = Yol) when reM-2. 


We denote E olu, 7)/eul,-0 by Ae. 
Then 
a aL 
Ou = wee AY tO 
Cul eo zÍ, (r wed 
ðL 
te a AO ea) dv, 


where Vip*®,_a,- are the components of the covariant derivatives 
of Yg. But AF o te...a;e) = (AF o te..a); e thus the second term 
can be expressed as 


aL a...d 
zÍ, (r e AFo ona) se 


ôL ) | 
- (E) ree 
(w= se 2 ean 


The first term in this expression can be written as 


f av= f Ordon 


where Q is a vector whose components are 


ðL 
E A N C S R 
g > OV a P d;e i cia 
This integral is zero as condition (ii) is the statement that A‘¥;, vanish 
at the boundary 22. Thus in order that 3l /ôu| „o should vanish for 
all variations on all volumes 2, it is necessary and sufficient that the 
Euler-Lagrange equations, 


ðL ðL 
OF a (a), ai ca 


hold for all ¿. These are the equations of the fields. 
We obtain the energy-momentum tensor from the Lagrangian by 
considering the change in the action induced by a change in the metric. 
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Suppose a variation g,,(u,7) leaves the fields W*-°,.._ a unchanged 
but alters the components g,, of the metric. Then 


al oL oL 
Du ion -Í (z IF, aae SAPE cadie) +a m dv 
a(dv) 
+) L Agape (3.5 
fs Gan ua ( ) 


The last term arises because the volume measure dv depends on the 
metric, and so will vary when the metric is varied. To evaluate this 
term, recall that dv is in fact the four-form (4!)-!y whose compo- 
nents are Yarea = (—9)#4! dia! 8p? 6,2 da, where g = det (Jap). Therefore 


a O A 868 


Get 
m a A HIA Au AAAA Bat 
= 49° Narca: 
a(de) 
Th = dv. 
i Oar ty” 


The first term in (3.5) arises because A(‘¥*-®,.. a) Will not neces- 
sarily be zero even though AY)*--°,_ , is, since the variation in the 
metric willinduce a variation in the components Tse of the connection. 
As the difference between two connections transforms like a tensor, 
AT“, may be regarded as the components of a tensor. They are related 
to the variation in the components of the metric by 


AT, = gH (Aga); c+ (Aga); ob (Aoc); ab 


(The easiest way to derive this formula is to note that since itis a tensor 
relation, it must be valid in any coordinate system. In particular, one 
could choose normal coordinates about a point p. For these coordinates 
the components I¢,, and the coordinate derivatives of the components 
Ja» Vanish at p. The formula een can then be verified to hold at p.) 
Using this relation, AY()*°...4,, may be expressed in terms of 
(Aec); a and the usual integration by parts employed to give an inte- 
grand involving Aga only. Thus we may write @Z/du as 


5] (TAg,.) dv, 
2 Jy 


where 7% are the components of a symmetric tensor which is taken 
to be the energy-momentum tensor of the fields. (See Rosenfeld (1940) 
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for the relation between this tensor and the so-called canonical energy- 
momentum tensor.) 

This energy-momentum tensor satisfies the conservation equations 
as a consequence of the field equations obeyed by the ‘Y,,°--®,__ 4. For 
suppose one has a diffeomorphism ø: ->æ which is the identity 
everywhere except in the interior of 2. Then, by the invariance of 
integrals under a differential map, 


1 1 1 
I= fre = a Í, In = Zi i In = a Í, ¢*(Ly). 
ae al. (In —$*(Lm)) = 0. 


If the diffeomorphism ¢ is generated by a vector field X (non-zero only 
in the interior of 2) it follows that 


oe 
Š i Lx(Lm) = 0. 
But 


1 ðL ob 4 
=| Lx(Ln) = E E 
al x(Zm) pa Al (aa), 
x Ix Yatt, awt f Te? Lxgas dv. 
9 


The first term vanishes as a consequence of the field equations. In the 
second term, Lxgab = 2X iq; ,). Thus 


Í (T®Lyga) dv = 2 f (TX); o- T% p Xa)dv. 
g go 


The first contribution may be transformed into an integral over the 
boundary of 2 which vanishes as X is zero there. Since the second 
term must therefore be zero for arbitrary X, it follows that 7°, , = 

We shall now give as examples Lagrangians for some fields which 
will be of interest later. 


Example 1: A scalar field y 
This can represent, for example, the 7°-meson. The Lagrangian is 


1m? 


L=- Wb." —5 xv 
where m, fi are constants. The Euler-Lagrange equations (3.4) are 


2 
Wag” -FY =0. 
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The energy-momentum tensor is 


Toy = Y;a; b- boos (V: eV; ag +55 av’): (3.6) 


Example 2: The electromagnetic field 
This is described by a one-form A, called the potential, which is defined 
up to the addition of a gradient of a scalar function. The Lagrangian is 


1 
L=- Ten Fun Feag”g"*, 


where the electromagnetic field tensor F is defined as 2dA, i.e. 
Fo = 2App, a Varying A,, the Euler-Lagrange equations (3.4) are 


Fav; c9” =0. 


This and Fa; a = 0 (which is the equation dF = d(dA) = 0) are the 
Maxwell equations for the source-free electromagnetic field. The 
energy-momentum tensor is 


1 
Tas = a (Foc Foa 9°? — 2900 Fey Fagg”). (3.7) 


Example 3: A charged scalar field 


This is really a combination of two real scalar fields y, and ys. These 
are combined into a complex scalar field y = ~%,+iy,, which could 
represent, for example, 7+ and 7— mesons. The total Lagrangian of the 
scalar field and electromagnetic field is 


2 1 
L= “WW ia tied WoT aiel P Fe yy- Toz Ter Tag "g, 


where e is a constant and 7 is the complex conjugate of y. Varying 
Y, Y and A, independently, one obtains 


Wag- TA +ied,g(2y,,+ied, y) tieda .g%Y = 0, 
and its complex conjugate, and 
E Foie” iF. ied P) +i, tieda y) = 
The energy-momentum tensor is 
Tas = HY, aot Via) + H-v,cieA,W+Y,,ieA yp 
+¥,qieA,p—y,pied Y) + Pukas” +A, AYI + Loup. 
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Example 4: An isentropic perfect fluid 

The technique here is rather different. The fluid is described by a 
function p, called the density, and a congruence of timelike curves, 
called the flow lines. By a congruence of curves, is meant a family of 
curves, one through each point of Æ. If 2 isa sufficiently small com- 
pact region, one can represent a congruence by a diffeomorphism 
y: [a,b]x W+Q where [a,b] is some closed interval of R' and / is 
some three-dimensional manifold with boundary. The curves are said 
to be timelike if their tangent vector W = (d/é),, tE [a,b], is timelike 
everywhere, The tangent vector V is defined by V = (—g(W, W))?W, 
so g(V, V) = — 1, and the fluid current vector is defined by j = pV. It 
is required that this is conserved, i.e. j°,, = 0. The behaviour of the 
fluid is determined by prescribing the elastic potential (or internal 
energy) e as a function of p. The Lagrangian is taken to be 


L =—p(i+e) 


and the action J is required to be stationary when the flow lines are 
varied and p is adjusted to keep j° conserved. A variation of the flow 
lines is a differentiable map y: (—6,6) x [a,b] x W—> 2 such that 


y(0, [a, b], N) = y([a, b], N) 
and y(u, [a,b], M) = yl[a,b], V) on M-22, (ue(-—ô,ð)). 


Then it follows that AW = Lg W where the vector K is K = (@/0u),. 
This vector may be thought of as representing the displacement, under 
the variation, of a point of the flow line. It follows that 


AV? = Ve p Kè- Ke, Ve — V°V°K,,. Ve. 
Using the fact that A(j*,,) = 0 = (Aj*),,, one has 
(AP); a V*+ Ap V°; a +P; a AVe +P’); a = 0. 
Substituting for A V° and integrating along the flow lines, one finds 
Ap = (PE®); o+ PEKo; V° V°. 


Therefore the variation of the action integral is 


al =e b bye d(pe) 
Bu = [,{ox );b+PKo; V va (1+ SPO))av. 
Integrating by parts, 


2 = Lede 2) so) rr) 


u=0 


u=0 
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where Ve = V,, V°. If this is zero for all K, it follows that 
(n+p) V2 = ~p; a(g + VV"), 
where 4 = p(ite) is the energy density and p = p%(de/dp) is the 
pressure. Thus V2, the acceleration of the flow lines, is given by the 
pressure gradient orthogonal to the flow lines. 
To obtain the energy-momentum tensor one varies the metric. The 


calculations may be simplified by noting that the conservation of the 
current may be expressed as 


Given the flow lines, the conservation equations determine 7* uniquely 
at each point on a flow line in terms of its initial value at some given 
point on the same flow line. Therefore (./ — g) ĵ® is unchanged when the 
metric is varied. But 


p? = ITUN -—9)3* (¥-9)7°) Jabs 


80 2pAp = (JJ? -F5-9°) Aga» 
and thus Tod = farore = Vey? +p? T 
= (p +p) VeV? + pg”. (3.8) 


We shall call any matter whose energy-momentum tensor is of the 
above form (whether or not it is derived from a Lagrangian) a perfect 
fluid. From the energy and momentum conservation equations (3.1) 
applied to (3.8) one finds 
H:a V" + (+p) V°; a = 9, (3.9) 

(4+ p) Ve + (g+ VeV?)p., = 0. (3.10) 
These are the same as the equations derived from the Lagrangian. We 
shall call a perfect fluid isentropic if the pressure p is a function of the 
energy density x only. In this case one can introduce a conserved 
density p and an internal energy ¢ and derive the equations and the 
energy-momentum tensor from a Lagrangian. 

One may also give the fluid a conserved electric charge e (i.e. 

Je, „ = 0 where J = e V is the electric current). The Lagrangian for 
the charged fluid and the electromagnetic field is 


1 
La Toz Fav Fag"? — p(t +6) -4 “Aa. 
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The last term gives the interaction between the fluid and the field. 
Then varying A, the flow lines and the metric respectively, one finds 


Fo, y = 4nJ*, 
(utp) Ve = —p.,(9% + VeV») +F Je, 


Ted = (utp) VV? + pga + (Fë, Fo — hg Rog Fet), 


3.4 The field equations 


So far, the metric g has not been specified. In the Special Theory of 
Relativity, which does not include gravitational effects, it is taken to 
be flat. One might think that one could include gravitation by keeping 
the metric flat and by introducing an extra field on space-time. How- 
ever, experiments have shown that light rays travelling near the sun 
are deflected. Since light rays are null geodesics, this shows that the 
space-time metric cannot be flat or even conformal to a flat metric. 
One therefore has to give some prescription for the curvature of 
space-time. It turns out that this prescription can be chosen so as to 
reproduce the results of Newtonian gravitation theory in the limit of 
small slowly varying curvature. It is therefore not necessary to intro- 
duce an extra field to describe gravitation. This is not to say that there 
could not be an additional field that produced part of the gravitational 
effects. Such a scalar field has been suggested by Jordan (1955), and 
Brans and Dicke (see Dicke (1964)). However, as mentioned before, 
such an additional field could be regarded as simply another matter 
field and included in the total energy-momentum tensor. We therefore 
adopt the view that the gravitational field is represented by the 
space-time metric itself. The problem then becomes one of finding 
field equations to relate the metric to the distribution of matter. 

These equations should be tensor equations involving the matter 
only through its energy-momentum tensor, i.e. should not distinguish 
between two different matter fields which have the same distribution 
of energy and momentum. This can be regarded as a generalization of 
the Newtonian principle that the active gravitational mass of a body 
(the mass producing a gravitational field) is equal to the passive gravi- 
tational mass (the mass acted on by the gravitational field). This has 
been verified experimentally by Kreuzer (1968). 

To determine what the field equations should be, we shall consider 
the Newtonian limit. Since the Newtonian gravitational field equation 
does not involve time, the correspondence with Newtonian theory 
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should be made in a metric which is static. By a static metric is meant 
a metric which admits a timelike Killing vector field K which is 
orthogonal to a family of spacelike surfaces. These surfaces may be 
regarded as surfaces of constant time and may be labelled by the 
parameter t£. We define the unit timelike vector V as f-'K, where 
f?=—K*K,. Then Ve p=- Ve W, where Ve = Ve p V? = f-f,,9% 
represents the departure from geodesity of the integral curves of V 
(which are of course also integral curves of K). Note that Ve V, = 0. 

These integral curves define the static frame of reference, that is to 
say, the space-time metric seems to be independent of time to a 
particle whose history is one of these curves. A particle released from 
rest and following a geodesic would appear to have an initial accelera- 
tion of —V with respect to the static frame. If f differs only slightly 
from unity the initial acceleration of a freely moving particle released 
from rest is approximately minus the gradient of f. This suggests that 
one should regard f—1 as the quantity analogous to the Newtonian 
gravitational potential. 

One can derive an equation for this potential by considering the 
divergence of Ve: 

Veg a (V°., V»); a = V4. bsa Vos are Va 

= Rg, VOV? + (V°, a); p V? + (K VP)? = Rap VeVe. 

But Ve a= SS: og”); a= -SS af 09 +I; bag” 
and J.a Vey? = —f,, V%,, V8 = ~S If af; 09”, 
so one finds S; alg + V2V") = fRy, VEV. 
The term on the left is the Laplacian of f with respect to the induced 
metric in the three-surface {t = constant}. If the metric is almost flat, 
this will correspond to the Newtonian Laplacian of the potential. 
One would therefore obtain agreement with Newtonian theory in the 
limit of a weak field (i.e. when f ~ 1) if the term on the right is equal 
to 47G times the matter density plus terms which are small in the weak 
field limit. 

This will be the case if there is a relation of the form 

Ray = Kav» (3.11) 

where K,, is a tensorial function of the energy-momentum tensor and 
the metric, which is such that (47G)-1K,, VeV’ is equal to the matter 


density plus terms which are small in the Newtonian limit. We shall 
for the moment assume a relation of this form. 
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Since R,, satisfies the contracted Bianchi identities R,°,, = $R. a 
(3.11) implies Ka Y A (3.12) 


This shows that the apparently natural equation K „ = 4nGT wẹ cannot 
be correct, since (3.12) and the conservation equations 7,°., = 0 
would imply T, a = 0. For a perfect fluid, for example, this would mean 
that u— 3p was constant throughout space-time, which is clearly not 
satisfied by a general fluid. 

In fact in general, the only first order identities satisfied by the 
energy-momentum tensor are the conservation equations. From this 
it follows that the only tensorial function K,, of the energy-momentum 
tensor and the metric which obeys the identities (3.12) for all energy- 
momentum tensors, is 


Kw = k(Tas— T gab) + Agab» (3.13) 


where x and A are constants. The values of these constants can be 
determined from the Newtonian limit. Consider a perfect fluid with 
energy density » and pressure p whose flow lines are the integral curves 
of the Killing vector (i.e. the fluid is at rest in the static frame). The 
energy-momentum tensor is given by (3.8). Putting this in (3.13) and 
(3.11), one finds 


Í; alg” + V°V") = f (Ẹru + 3p) — A). (3.14) 


In the Newtonian limit the pressure p is normally very small compared 
to the energy density #. (We are using units in which the speed of 
light is unity. In units in which the speed of light is c, the expression 
p+ 3p should be replaced by u + 3p/c*.) One would therefore obtain 
approximate agreement with Newtonian theory if x = 87G and if |A| 
is very small. We shall use units of mass in which G = 1. In these units, 
a mass of 10% gm corresponds to a length of 1cm. Sandage’s (1961, 
1968) observations of distant galaxies place limits on |A| of the order 
of 10-8 cm-?; we shall normally take A to be zero, but shall bear in 
mind the possibility of other values. 

One may then integrate (3.14) over a compact region F of the three- 
surface {t = constant} and transform the left-hand side into an integral 
of the gradient of f over the bounding two-surface aF : 


[fami apn do = ff, aalgr+Ve¥") do 
F F 


T Í Í; alg? + Ve y») dry, 
OF 
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where do is the volume element of the three-surface {t = constant} in 
the induced metric, and d7, is the surface element of the two-surface 
aF in the three-surface. This gives the analogue of the Newtonian 
formula for the total mass contained within a two-surface. There are 
however two important differences from the Newtonian case: 

(i) a factor f appears in the integral on the right-hand side. This 
means that matter placed in a region where f is considerably less than 
one (a large negative Newtonian potential) makes a smaller contribu- 
tion to the total mass than does the same matter in a region where f is 
almost one (small negative Newtonian potential); 

(ii) the pressure contributes to the total mass. This means that in 
some circumstances it can actually assist rather than prevent gravita- 
tional collapse. 


The egnetions Rap F. 87 (Tuv J $79 an) + AGap 
are called the Einstein equations and are often written in the equivalent 
form (Bas— $2Gan) + Agar = STs. (3.15) 


Since both sides are symmetric, these form a set of ten coupled non- 
linear partial differential equations in the metric and its first and 
second derivatives. However the covariant divergence of each side 
vanishes identically, that is, 


(R — }.Rg% + Ag); = 0 
and T?.,=0 


hold independent of the field equations. Thus the field equations really 
provide only six independent differential equations for the metric. 
This is in fact the correct number of equations to determine the space— 
time, since four of the ten components of the metric can be given 
arbitrary values by use of the four degrees of freedom to make co- 
ordinate transformations. Another way of looking at this is that two 
metrics é, and g, on a manifold Æ define the same space-time if there 
is a diffeomorphism @ which takes £, into $,. Therefore the field equa- 
tions should define the metric only up to an equivalence class under 
diffeomorphisms, and there are four degrees of freedom to make 
diffeomorphisms. 

We shall consider the Cauchy problem for the Einstein equations 
in chapter 7, and shal] show that, together with the equations for the 
matter fields, they are sufficient to determine the evolution of space- 
time given suitable initial conditions, and that they satisfy the 
causality postulate (a). 


3.4] THE FIELD EQUATIONS 75 


The Einstein equations can be derived by requiring that the action 
I -Í (4(R-2A)+ L)dv (3.16) 
2 


be stationary under variations of g,,, where L is the matter Lagrangian 
and A a suitable constant. For 


A((R— 2A) dv) = ((R— 2A) 49%Ag,, + Rap AgJ” +9@AR,,) dv. 
The last term can be written 
9” AR, dv = g?((AT as); e — (AT ac); b) dv 
= (AT "pg — AT 4,4 9°), «dv. 
Thus it may be transformed into an integral over the boundary 22, 
which vanishes as AT,, vanishes on the boundary. Therefore 


or 
File T [p AAR-Alg?—R™) +47} Agd0, (3.17) 


and so if @Z/@u vanishes for all Ag,,, one obtains the Einstein equations 
on setting A = (167r)-}. 

One might ask whether varying an action derived from some other 
scalar combination of the metric and curvature tensors might not give 
areasonable alternative set ofequations. However the curvature scalar 
is the only such scalar linear in second derivatives of the metric tensor; 
so only in this case can one transform away a surface integral and be 
left with an equation involving only second derivatives of the metric. 
If one tried any other scalar such as Rap, R® or Rapea R9? one would 
obtain an equation involving fourth derivatives of the metric tensor. 
This would seem objectionable, as all other equations of physics are 
first or second order. If the field equations were fourth order, it would 
be necessary to specify not only the initial values of the metric and its 
first derivatives, but also the second and third derivatives, in order to 
determine the evolution of the metric. 

We shall assume the field equations do not involve derivatives of 
the metric higher than the second. If these field equations are derived 
from a Lagrangian, then the action must have the form (3.16). One 
could however obtain a system of equations other than the Einstein 
equations, if one restricted the form of the variations Aga, for which 
the action was required to be stationary. 

For example, one could restrict the metric to be conformal to a flat 
metric, i.e. assume Jan = hap, 
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where 7,,, is a flat metric as in Special Relativity. Then 
Aga = 207 ANG, 
and the action will be stationary if 
{(AQR—A)g— Re) + T}A0g,, = 0 
for all AQ, that is if R+ A-T = 4A. 
From (2.30), 
R = — 60-30, 9% = — 60710, peg” + 120-70, , Q, a97, 


where | denotes covariant differentiation with respect to the flat 
metric 7,,- If the metric is static, Q will be constant along the integral 
curves of the Killing vector K (it will be independent of the time £). 
The magnitude of K will be proportional to Q. Therefore 


Salg” + Ve Ve) f- = Q, adlg + vey) Q-1 
= — $R + 20-90,,,Q,,9g% —- 0-710, V2, V? 


ae $k +f faf; 9. 


Thus the Laplacian of f will be equal to — $È plus a term proportional 
to the square of the gradient of f. This last term may be neglected in 
a weak field. From the field equations, —}R will be equal to 
44-17 — 3A. For a perfect fluid, T = — p + 3p. One will therefore get 
agreement with Newtonian theory if A issmall or zeroand A~! = — 247. 

This theory in which the metric is restricted to be conformally flat 
is known as the Nordström theory. It can be reformulated as a theory 
in which the metric is the flat metric y) and in which the gravitational 
interaction is represented by an additional scalar field ¢. As men- 
tioned before, this sort of theory would be inconsistent with the 
observed deflection of light by massive objects, and it would not 
account for the measured advance of the perihelion of Mercury. 

One could in fact obtain the observed deflection of light and the 
advance of the perihelion of Mercury if the metric was restricted to be 


of the form Jab = Qha + W, Wp) 


where W, is an arbitrary one-form field. This would give the Newtonian 
limit in a static metric in which W, was parallel to the timelike Killing 
vector. There could however also be other static metrics where W, was 
not parallel to the Killing vector and these would not give the 
Newtonian limit. Further this restriction on the form of the metric 
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seems rather artificial. It appears more natural not to restrict the 
metric, apart from requiring that it be Lorentzian. 
We therefore adopt as our third postulate, 


Postulate (c): Field equations 
Einstein’s field equations (3.15) hold on <Æ. 

The predictions of these field equations agree, within the experimen- 
tal errors, with the observations that have been made so far on the 
deflection of light and the advance of the perihelion of Mercury, 
though the question of whether there exists a long range scalar field 
which ought to be included in the energy-momentum tensor remains 
open at the present time. 


4 
The physical significance of curvature 


In this chapter we consider the effect of space-time curvature on 
families of timelike and null curves. These could represent flow lines 
of fluids or the histories of photons. In §4.1 and §4.2 we derive the 
formulae for the rate of change of vorticity, shear and expansion of 
such families of curves; the equation for the rate of change of expan- 
sion (Raychaudhuri’s equation) plays a central role in the proofs of 
the singularity theorems of chapter 8. In §4.3 we discuss the general 
inequalities on the energy-momentum tensor which imply that the 
gravitational effect of matter is always to tend to cause convergence of 
timelike and of null curves. A consequence of these energy conditions 
is, as is seen in §4.4, that conjugate or focal points will occur in families 
of non-rotating timelike or null geodesics in general space-times. In 
§4.5 it is shown that the existence of conjugate points implies the 
existence of variations of curves between two points which take a null 
geodesic into a timelike curve, or a timelike geodesic into a longer 
timelike curve. 


4.1 Timelike curves 


In chapter 3 we saw that if the metric was static there was a relation 
between the magnitude of the timelike Killing vector and the 
Newtonian potential. One was able to tell whether a body was in a 
gravitational field by whether, if released from rest, it would accelerate 
with respect to the static frame defined by the Killing vector. However, 
in general, space-time will not have any Killing vectors. Thus one will 
not have any special frame against which to measure acceleration; the 
best one can do is to take two bodies close together and measure their’ 
relative acceleration. This will enable one to measure the gradient of 
the gravitational field. If one thinks of the metric as being analogous 
to the Newtonian potential, the gradient of the Newtonian field would 
correspond to the second derivatives of the metric. These are described 
by the Riemann tensor. Thus one would expect that the relative 
[78] 
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acceleration of two neighbouring bodies would be related to some 
components of the Riemann tensor. 

In order to investigate this relation more precisely we shall examine 
the behaviour of a congruence of timelike curves with timelike unit 
tangent vector V (g(V, V) = —1). These curves could represent the 
histories of small test particles, in which case they would be geodesics, 
or they might represent the flow lines of a fluid. If this were a perfect 


fluid, then by (3.10) (u+p) Ve = —p.,h®, (4.1) 


where V4= Vea, V? is the acceleration of the flow lines and 
he, = 6%, + VeV, is the tensor which projects a vector X€7; into its 
component in the subspace H, of 7, orthogonal to V. One may also 
think of h,, as the metric in H, (cf. §2.7). 

Suppose A(t) is a curve with tangent vector Z = (@/@),. Then one 
may construct a family A(t, s) of curves by moving each point of the 
curve A(t) a distance s along the integral curves of V. If one now defines 
Z as (0/0t) e,» it follows from the definition of the Lie derivative (see 
§2.4) that LyZ = 0 or in other words that 


Aue = Ve, Z. (4.2) 


One may interpret Z as representing the separation of points equal 
distances from some arbitrary initial points along two neighbouring 
curves. If one adds a multiple of V to Z then this vector will represent 
the separation of points on the same two curves but at different 
distances along the curves. It is really only the separation of neigh- 
bouring curves that one is interested in, not the separation of particu- 
lar points on these curves. One is thus concerned only with Z modulo 
a component parallel to V, i.e. only with the projection of Z at each 
point q into the space Q, consisting of equivalence classes of vectors 
which differ only by addition of a multiple of V. This space can be 
represented as the subspace H, of T, consisting of vectors orthogonal 
to V. The projection of Z into H, will be denoted by ‚Z° = h¢, Z°. In 
the case of a fluid one can regard ,Z as the distance between two 

neighbouring particles of the fluid as measured in their rest frame. 
From (4.2) it follows that 
D 


135 (,2*) = Ve, p 2°. (4.3) 


This gives the rate of change of the separation of two infinitesimally 


80 PHYSICAL SIGNIFICANCE OF CURVATURE [4.1 


neighbouring curves as measured in H,. Operating again with D/és 
and projecting into H,, one finds 


he bs AUA cg 1 e) = he, ( V? eaZ V? + Ve Ve a Vp Ze Ve 
+ Vo, VeVe, gZ,V8+ V, he, Zt, a V°). 


Changing the order of the derivatives in the first term and using (4.2), 
this reduces to 

ha, P (» = z) = — Raa ZeVVe+ he, V., Ze+ VeV, Z. (4.4) 

ba \ cpg bed a: b” sen bih. (4. 
This equation, known as the deviation or Jacobi equation, gives the 
relative acceleration, i.e. the second time derivative of the separation, 
of two infinitesimally neighbouring curves as measured in H,. We 
see that this depends only on the Riemann tensor if the curves are 
geodesics. 

In Newtonian theory, the acceleration of each particle is given by 
the gradient of the potential ® and therefore the relative acceleration 
of two particles with separation Z° is ®,,,Z°. Thus the Riemann 
tensor term Rasa VV? is analogous to the Newtonian ®, ,,. The effect 
of this ‘tidal force’ term can be seen, for example, by considering a 
sphere of particles freely falling towards the earth. Each particle 
moves on a straight line through the centre of the earth but those 
nearer the earth fall faster than those further away. This means that 
the sphere does not remain a sphere but is distorted into an ellipsoid 
with the same volume. 

In order to investigate the deviation equation further we shall 
introduce dual orthonormal bases E,, E,, E., E, and E, E?, E’, Et of 
T, and T* at some point q on an integral curve y(s) of V, with E4 = V. 
One would like to propagate them along y(s) to obtain similar such 
bases at each point of y(s). However, if one parallelly propagates them 
along (8) (i.e. so that D/@s of each vector is zero) E, will not remain 
equal to V, and E,, E,, E, will not remain orthogonal to V, unless 
y(s) is a geodesic. We therefore introduce a new derivative along 
y(s) called the Fermi derivative Dy/és. This is defined for a vector 
field X along +(s) by: 


DX DX D DV 
“Bae (Kay) V9 VI 
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It has the a 
(i joe aa = E = Dif (6) is a geodesic; 


(iii) if X and Y are vector fields along y(s) such that 


DeX _ 9 _De¥ 
ês Tas 


then g(X, Y) is constant along y(8); 
(iv) if X is a vector field along y(s) orthogonal to V then 
DrX_ (DX 
“és (=). 
(This last property shows that the Fermi derivative is a natural 
generalization of the derivative D/és.) 

Thus, if one propagates an orthonormal basis of T, along y(s) so that 
the Fermi derivative of each basis vector is zero, one Obtains an 
orthonormal basis at each point of y(s), with E, = V. The vectors 
E,, E, E, may be interpreted as giving a non-rotating set of axes 
along y(s). These could be realized physically by small gyroscopes 
pointing in the direction of each vector. 

The definition of the Fermi derivative along y(s) can be extended 
from vector fields to arbitrary tensor fields by the usual rules: 

(i) D,/és is a linear mapping of tensor fields of type (r, s) along y(s) 
to tensor fields of gi f s), which commutes with contractions; 


(i) PEKEL) = DeL, 


(iii) Ds de? where f is a function. 


From these rules it follows that the dual basis E1, E?, E?, E4 of 7*, is 
also Fermi-propagated along y(s). Using Fermi derivatives, (4.3) and 
(4.4) may be written as: 


D z 
35 12" = F*,,,2, (4.5) 
or Z° = — Rea Ze VOVE +h, Vo, Zet VV, Z. (4.6) 


One may express these equations in terms of the Fermi-propagated 
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dual bases, As 1Z is orthogonal to V it will have components with 
respect to E,, E,, E; only. Thus it may be expressed as Z*E, where we 
adopt the convention that Greek indices take the values 1, 2, 3 only. 
Then (4.5) and (4.6) can be written in terms of ordinary derivatives: 


d 

— Ja — Va B 

z2 V2, g2., (4.7) 
d? 
Jaz = (Rop + Ve, p+ V2V,) ZA (4.8) 


where V*, , are the components of V?,, for which a = a and b = f. As 
the components Z* obey the first order linear ordinary differential 
equation (4.7), they can be expressed in terms of their values at some 


point g py: Za(8) = Agg(8) ZA» (4.9) 


where A, ¢(s) is a 3 x 3 matrix which is the unit matrix at q and satisfies 
d 
qj aple) = Va; y AyAl8)- (4.10) 


In the case of a fluid the matrix A,,can be regarded as representing the 
shape and orientation of a small element of fluid which is spherical at g. 
This matrix can be written as 


Aap = Oas Sag (4.11) 


where O,, is an orthogonal matrix with positive determinant and Sag 
is a symmetric matrix. These will both be chosen to be the unit matrix 
atq. The matrix O,,, may be thought of as representing therotation that 
neighbouring curves have undergone with respect to the Fermi- 
propagated basis while S,, represents the separation of these curves 
from y(s). The determinant of S8,,, which equals the determinant of 
Aap may be thought of as representing the three-volume of the 
element of the surface orthogonal to y(s) marked out by the neigh- 
bouring curves. 

At q where A,, is the unit matrix, dO,,/ds is antisymmetric and 
dS,,/ds is symmetric. Thus the rate of rotation of neighbouring curves 
at gis given by the antisymmetric part of V,, p while the rate of change 
of their separation from (a) is given by the symmetric part of V, , 
and the rate of change of volume is given by tho trace of V, p. We 
therefore dofino the vorticity tonsor as 


Way = igo hy? Vie; d)» (4.12) 
the expansion tensor as 
Onn = ho hr? Vi, as (4.13) 


4.1] TIMELIKE CURVES 83 


and the volume expansion as 
6 = 6,,h® = V,, ph = V°, a (4.14) 
We further define the shear tensor as the trace free part of 6,,, 
Can = Gan — Far, (4.15) 
and the vorticity vector as 
wt = pyk wea = 4H, Vo a- (4.16) 
The covariant derivative of the vector V may be expressed in terms of 
pee paes; Va; b = Gan + Tar + fOhan — Va Vo. (4.17) 


This decomposition of the gradient of the fluid velocity vector is 
directly analogous to that in Newtonian hydrodynamics. 

In the Fermi-propagated orthonormal basis the vorticity and 
expansion can be expressed in terms of the matrix A,, and its inverse 
A-1: 


d 
Wag = -A7 a Jg Aa (4.18) 
0, = 47 a A 4.19 
ap = A yag Ar (4.19) 
d 
d= (det A) (det A). (4.20) 


From the deviation equation (4.8) it follows that 


d? 
Jaat 5S (— Raya + Va; y+ Va Vy) 4ye (4.21) 
This equation enables one to calculate the propagation of the vorticity, 
shear and expansion along the integral curves of V if one knows the 
Riemann tensor. 
Multiplying by A-',, and taking the antisymmetric part, one 

obtains : 

d 

ds e2 = UW ta ply + Vas p- (4.22) 


Thus the propagation of vorticity depends on the antisymmetric 
gradient of the acceleration but not the ‘tidal force’. Another form of 
tho above equation is 


g e 
Gq Arety Aap) => Aya Vy: 014p- (4.23) 
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Therefore Aya Aap is a constant matrix if the curves are geodesics; 
in particular, if the curves are geodesics and the vorticity vanishes at 
one point on a curve, it will vanish at all points on the curve. If the 
curves are the flow lines of a perfect fluid it follows from (4.1) that 


1 dp 
Va; pl = aap eds" 


If the fluid is isentropic, this implies the conservation law: 


WA,,W,3 Ag, = constant, (4.24) 
dp 
where log W = | ——. 
U+p 


This conservation law is the relativistic form of the Newtonian 
vorticity conservation law. In the geodesic or pressure-free case, this 
takes the usual form that the magnitude of the vorticity vector is 
inversely proportional to the area of a cross-section orthogonal to the 
vorticity vector of an element of the fluid. When the pressure is non- 
zero, there is an extra relativistic effect arising from the fact that 
compression of the fluid does work on the fluid and therefore increases 
the mass and so the inertia of an element of the fluid (cf. (3.9)). This 
means that the vorticity of a fluid increases less under compression 
than would otherwise be expected. 

Multiplying (4.21) by A71,, and taking the symmetric part, one 
finds d 
ds Oap = Raspa = Vay Oy p— Gay O,p+ Va; A + V, Vy. (4.25) 


(This equation and (4.23) can be expressed in terms of a general, non- 
orthonormal, non-Fermi-propagated basis by replacing the ordinary 
derivatives with Fermi derivatives and projecting everything into the 
subspace orthogonal to V.) 
The trace of (4.25) is 
d 

i 0 = — Ry, VV? + 2u* — 202—404 V2, , (4.26) 
where 2u? = WaW > 0, 


20? = CT > 0. 


This equation, which was discovered by Landau and independently by 
Raychaudhuri, will be of great importance later. From it one sees that 
vorticity induces expansion as might be expected by analogy with 
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centrifugal force while shear induces contraction. By the field equa- 
tions, the term R, VeV? = 47(u+ 3p) for a perfect fluid whose flow 
lines have tangent vectors Ve. Thus one would expect this term also 
to induce contraction. We shall give a general discussion of the sign 
of this term in §4.3. 

The trace-free part of (4.25) is 


Dy 
as 
— $0 gy + hig’ ht Vics a) — bhal 20? — 20? + V2, + hgh), (4.27) 


where Cayca is the Weyl tensor. Since this tensor is trace-free it does not 
enter directly in the expansion equation (4.26). However since the 
term — 2o? occurs on the right of the expansion equation, the Weyl 
tensor produces convergence indirectly by inducing shear. The 
Riemann tensor can be expressed in terms of the Weyl tensor and the 
Ricci tensor: 


Rasca = Carea— Gotan — GoteHan a— FRG arv- 
The Ricci tensor is given by the Einstein equations: 
Ray — Gav + Agay = 877 yy. 
Thus the Wey] tensor is that part of the curvature which is not deter- 
mined locally by the matter distribution. However it cannot be 


entirely arbitrary as the Riemann tensor must satisfy the Bianchi 
identities: 


San = — Caoa VOVE + fha hy? Reg — Wac4 — Fac 


Rartea; el = 0 
These can be rewritten as 
Cated, q = Jor, (4.28) 
where Joe = Rda: t 4 AgdbR: a), (4.29) 
These equations are rather similar to Maxwell’s equations in electro- 
dynamics: Foe , = Je, 


where F% is the electromagnetic field tensor and J¢ is the source 
current. Thus in a sense one could regard the Bianchi identities (4.28) 
as field equations for the Wey] tensor giving that part of the curvature 
at a point that depends on the matter distribution at other points. 
(This approach has been used to analyse the behaviour of gravitational 
radiation in papers by Newman and Penrose (1962), Newman and 
Unti (1962) and Hawking (1966a).) 
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4.2 Null curves 


The Riemann tensor will affect the rate of change of separation of null 
curves as well as that of timelike curves. For simplicity, we shall con- 
sider only null geudesics. These could represent the histories of 
photons; the effect of the Riemann tensor will be to distort or focus 
small bundles of light rays. 

To investigate this, we consider the deviation equation for a congru- 
ence of null geodesics with tangent vector K (g(K, K) = 0). There are 
two important differences between this case and that of the timelike 
curves considered in the previous section. First, one could normalize 
the tangent vector V to the timelike curves by requiring g(V, V) = — 1. 
In effect this means that one parametrized the curves by the arc- 
length s. However this is clearly impossible with null curves as they 
have zero arc-lengths. The best one can do is to choose an affine 
parameter v; then the tangent vector K will obey 


D a a b 
5, Kt = KeK’ = 0. 


However one could multiply v by a function f which was constant 
along each curve. Then fv would be another affine parameter and the 
corresponding tangent vector would be f—'K. Thus, given the curves as 
point sets in the manifold, the tangent vector is only really unique up 
to a constant factor along each curve. The second difference is that 
Q,, the quotient of T, by K, isnot now isomorphic to H, the subspace of 
T orthogonal to K, since H, includes the vector K itselfasg(K, K) = 0. 
In fact as will be shown below, one is not really interested in the whole 
of Q, but only in the subspace S, consisting of equivalence classes of 
vectors in H, which differ only by a multiple of K. In the case of light 
rays, one can regard an element of S, as representing the separation 
between two neighbouring light rays which were emitted at the same 
time by a source. 

As before we introduce dual bases E,, E,, E,, E, and Et, E?, E’, E4 
of T, and Tf at some point g on a curve y(v). However we will not 
choose them to be orthonormal. We take E, equal to K, E, to be some 
other null vector L having unit negative scalar product with E, 
(g(Es, Es) = 0, g(E,, E,) = —1) and E, and E, to be unit spacelike 
vectors, orthogonal to each other and to E, and E, 


(9(E,, E) = g(Ez E) = 1, 9(E,,E,) = 9(E,, Es) = g(E,, E,) = 0, ete.). 
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Note that because of the non-orthonormal character of the basis, the 
form E? is in fact equal to the form — K%%,, and Et is — Laga. It can 
be seen that E,, E, and E, constitute a basis for H, while the projec- 
tions into Q, of E,, E, and E, form a basis of Q,, and the projections of 
E, and E, form a basis of S,. We shall normally not distinguish between 
a vector Z and its projection into Q, or S,. We shall call a basis having 
the properties of E, E, E, E, above, pseudo-orthonormal. By 
parallelly transporting them along the geodesic y(v) one obtains a 
pseudo-orthonormal basis at each point of y(v). 

Wo use this basis to analyse the deviation equation for null gco- 
desics. If Z is the vector representing the separation of corresponding 
points on neighbouring curves, one has, as before: 


IxZ = 0, 
so 2 Ze = K". 2° (4.30) 
dv i 
D? 
and TZ = — R’ pa ZK’ K’. (4.31) 


In the pseudo-orthonormal basis K*,, will be zero as K is geodesic. 
Therefore one can express the 1, 2 and 3 components of (4.30) as a 
system of ordinary differential equations: 


d 
— Ja — a f 
Ww” Ke, ,Z?, 


where as before Greek indices take the values 1, 2, 3. This shows that 
the projection of Z into the space Q, obeys a propagation equation 
which involves only this projection, and not the component of Z 
parallel to K. Further K*,, = 0 since (K°g,,K°),, = 0. This implies 
that Z? = —Z¢K, is constant along the geodesic +(v). This can be 
interpreted as saying that light rays emitted from the same source at 
different times maintain a constant separation in time. As this is the 
case, one is more interested in the behaviour of neighbouring null 
geodesics which have purely spatial separations, i.e. one is interested 
in vectors Z for which Z3 = 0. The projections of such vectors will 
then lie in the subspace S, and will obey the equation 


d 

YM — Km n 

EPA K”, „Z", 
where m, n take the values 1, 2 only. This is similar to (4.7) for the 
timelike case, except that now one is dealing only with a two- 


dimensional space of connecting vectors Z. 
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As in the previous section, one can express Z™ in terms of their 


values at some point g: A 
Z™(v) mes Anal) Zo 


where 7.) is a 2x 2 matrix which satisfies 


d > n 

To frl) gx Km; p Aprl), (4.32) 
d? ~ PN 
Jy Aml) = — Raps Apa): (4.33) 


As before we call the antisymmetric part of K,,,,, the vorticity Onn», 
the symmetric part the rate of separation Ôn and the trace the 
expansion 6. We also define the shear ĉn as the trace-free part of 6,,,,,. 
They obey similar equations to the analogous quantities in the 
previous section: 4 


T Oma = — 90 mn + 20pm Onl ps (4.34) 


Žo = — Ra K*K® + 20? — 26% — 462, (4.35) 
d 
dv Ô mn i oe Cana = bô mn a, Finn nn ga Omp Opn + Smn( G2 6). (4.36) 


Equation (4.35) is the analogue of the Raychaudhuri equation for 
timelike geodesics. One sees again that vorticity causes expansion 
while shear causes contraction. We shall show in the next section that 
the Ricci tensor term — R,,K°K® will normally be negative, and so 
cause focussing. As before the Weyl tensor does not affect the expan- 
sion directly but causes distortion which in turn causes contraction 
(cf. Penrose (1966)). 


43 Energy conditions 


In the actual universe the energy-momentum tensor will be made up 
of contributions from a large number of different matter fields. It 
would therefore be impossibly complicated to describe the exact 
energy-momentum tensor even if one knew the precise form of the. 
contribution of each field and the equations of motion governing it. 
In fact, one has little idea of the behaviour of matter under extreme 
conditions of density and pressure. Thus it might seem that one has 
little hope of predicting the occurrence of singularities in the universe 
from the Einstein equations as one does not know the right-hand side 
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of the equations. However there are certain inequalities which it is 
physically reasonable to assume for the energy-momentum tensor. 
These will be discussed in this section. It turns out that in many 
circumstances these are sufficient to prove the occurrence of singu- 
larities, independent of the exact form of the energy-momentum 
tensor. 

The first of these inequalities is: 


The weak energy condition 


The energy-momentum tensor at each pe. obeys the inequality 
Tap WW’ > 0 for any timelike vector We 7,. By continuity this will 
then also be true for any null vector W eT}. 

To an observer whose world-line at p has unit tangent vector V, the 
local energy density appears to be Ta, V°V°. Thus this assumption is 
equivalent to saying that the energy density as measured by any 
observer is non-negative. This would seem very reasonable physically. 
To investigate further the significance of this assumption we use the 
fact that one may express the components 7° of the energy- 
momentum tensor at p with respect to an orthonormal basis E,, E,, 
E,, E,, (E, timelike) in one of four canonical forms. 


Type I. Pi 
0 


Pe 
Tab = 
P3 


H 
This is the general case in which the energy-momentum tensor has a 
timelike eigenvector E,. This eigenvector is unique unless y= — P, 
(a = 1,2,3). The eigenvalue 4 represents the energy-density as 
measured by an observer whose world-line at p has unit tangent 
vector E, and the eigenvalues p, (& = 1, 2, 3) represent the principal 
pressures in the three spacelike directions E,. This is the form of the 
energy-momentum for all observed fields with non-zero rest mass and 
also for all zero rest mass fields except in special cases when it is type IT. 
Type II. P 0 
0 


Tab — 0 P 


90 PHYSICAL SIGNIFICANCE OF CURVATURE [4.3 


This is the special case in which the energy-momentum tensor has 
a double null eigenvector (E; + E,). The only observed occurrence of 
this form is for zero rest-mass fields when they represent radiation all 
of which is travelling in the direction E + E,. In this case p,, p, and x 
are Zero. 


Type III. 


Ta = 


cocoons 


0 0 
-v 1 
1 0 
1 v 
This is the special case in which the energy-momentum tensor has 


a triple null eigenvector (E; + E,). There are no observed fields which 
have energy-momentum tensors of this form. 


Type IV. 


This is the general case in which the energy-momentum tensor has no 
timelike or null eigenvector. There are no observed fields which have 
energy-momentum tensors of this form. 

For type I, the weak energy condition will hold if u > 0, u+p, > 0 
(a = 1, 2, 3). For type II it will hold if p, > 0,9, > 0, K > 0, v = +1. 
These inequalities are very reasonable requirements and are satisfied 
by all experimentally detected fields. The condition will not hold for 
the physically unrealized types III and IV. 

The condition will also hold forthe scalar field ¢ postulated by Brans 
and Dicke and by Dicke (see Dicke (1964)). This field is required to be 
positive everywhere. It has an energy-momentum tensor of the form 
(3.6) where now m = 0. The energy-tensor of the other fields is ¢ times 
what it would have been had the scalar field not existed. 

The condition will not hold for the ‘C’-field proposed by Hoyle and - 
Narlikar (1963). This again is a scalar field with m zero, only this time 
the energy-momentum tensor has the opposite sign and so the energy 
density is negative. This allows the simultaneous creation of quanta of 
positive energy fields and of the negative energy C-field. This process 
occurs in the steady-state model of the universe suggested by Hoyle 


4.3] ENERGY CONDITIONS 91 


and Narlikar in which, as particles move apart due to the general 
expansion of the universe, new matter is continually being created to 
keep the average density constant. There is, however, a quantum 
mechanical difficulty associated with such a process. For even if the 
cross-section for the process were very small, the infinite phase space 
available to the positive and negative energy quanta would seem to 
result in an infinite number of such pairs being produced in a finite 
region of space-time. 

Such a catastrophe could not occur if the weak energy condition 
held. If a slightly stronger condition holds then creation is impossible 
in the sense that space-time must remain empty if it is empty at one 
time and no matter comes in from infinity. Conversely, matter present 
at one time cannot disappear and so must be present at another time. 
The condition is 


The dominant energy condition 
For every timelike W,, T°’W,W, > 0, and TW, is a non-spacelike 
vector. 

This may be interpreted as saying that to any observer the local 
energy density appears non-negative and the local energy flow vector 
is non-spacelike. An equivalent statement is that in any orthonormal 
basis the energy dominates the other components of 7,,,, i.e. 


T° > |T] for each a, b. 


This holds for type I if u > 0, ~y < Pa <p (a = 1,2,3) and for 
type II if v= +1, k > 0, 0 <p, <x (i = 1,2). In other words, the 
dominant energy condition is the weak energy condition with the 
additional requirement that the pressure should not exceed the energy 
density. This holds for all known forms of matter and there is in fact 
good reason for believing that this should be the case in all situations. 
For the speed of sound waves travelling in the E, direction is dp,/dyu 
(adiabatic) times the speed of light. Thus dp,/dz must be less than or 
equal to one, as by postulate (a) in § 3.2 no signal can propagate faster 
than light. It follows that p, < x, since, for every known form of 
matter, the pressures are small when the density is small. (Bludman 
and Ruderman (1968, 1970) have shown that there might be fields for 
which mass renormalization could lead to pressure being greater than 
the density. We feel, however, that this probably indicates a failure of 
renormalization theory rather than that such a situation would occur.) 
Now consider the situation depicted in figure 9 in which there is a C? 
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Surfaces {¢ = constant} 


t increases 


mY 


( 
FIGURE 9. A compact region Y of space-time with past and future non-timelike 
boundaries (2%),, (8%), and timelike boundary (2%);. The part of Y lying to 
the past of the surface H(t’) (defined by t = t’) is Y(t’). 


a), 


function t whose gradient is everywhere timelike. (It will be shown in 
§6.4 that such a function will exist provided space-time is not on the 
verge of violating causality.) The boundary @@% of the compact region 
U consists of a part (@%),, whose normal form n is non-spacelike and 
such that 7,t.,g” is positive, a part (2%), whose normal form n is non- 
spacelike and such that n,t,,g is negative, and a remaining part 
(8%), (which may be empty). The sign of the normal form n is given by 
the requirement that (n, X) be positive for all vectors X which point 
out of Y (cf. § 2.8), X(t) denotes the surface t = t’ and Y(t’) denotes 
the region of X for which t < t’. For later use in § 7.4 we shall establish 
an inequality which holds not only for the energy-momentum tensor 
T but also for any symmetric tensor S® which satisfies the dominant 
energy condition. Applied to the energy-momentum tensor this 
inequality will show that 7% vanishes everywhere on % if it vanishes 
on (8%), and on the initial surface (@%),. 


Lemma 4.3.1 
There is some positive constant P such that for any tensor S% which’ 
satisfies the dominant energy condition and vanishes on (8%), 


f St. do, < -f St. doy 
HWY (8%), 


t t 
+P f ( f sett, ado) + f ( f S, ado) ar’. 
AUN CACADE 4 
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Consider the volume integral 


I(t) = f (St, ,).,dv = f St. p AV +Í S pt adw. 
CZO) C10) an 
By Gauss’ theorem this can be transformed into an integral over the 


boundary of (t): 
I(t) -Í Sèt, doy. 
eat) 


The boundary of Y(t) will consist of Y(t) n 3Y and Wn X(t). Since 
S2 is zero on (8%),, 


I(t) = f + Í y f ; 
ULL NA (IK) UL) N (IK), Un WU) 


By the dominant energy condition, S%t,, is a non-spacelike vector 
such that Set. „t.p > 0. As the normal form to (2%), is non-spacelike 
and such that n,t.,g% < 0, the second term on the right will be non- 
negative. Thus 


f St, „do, < — f Sèt, do, 
ane a(n (8%), ’ 


+f (SE, ap +S, ot.) dv. 
ut) 


Since X is compact there will be some upper bound to the components 
of t. ,, in any orthonormal basis whose timelike vector is in the direc- 
tion of t, a. Thus there will be some P > 0 such that on %, 


St, ., < PS*t, gt, 


for any S% which obeys the dominant energy condition. The volume 
integral over (t) can be decomposed into a surface integral over 
H(t’) n Y followed by an integral with respect to t’: 


t 
f (PS*#, atp + S%,,t,,) dv = f If (PS*t,,, +S. ,) dra) dt’, 
a(t) im een ae 
where do, is the surface element of #(¢’). Thus 
f St, ado, < — Í Sot, do, 
ELOLE J RDN (0%) 


t t 
+Pf (f Saa) S*,ado,)ar. 0 
sey nae wey” 


As an immediate consequence of this result one has: 
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The conservation theorem 


If the energy-momentum tensor obeys the dominant energy condition 
and is zero on (2%), and on the initial surface (@%),, then it is zero 
everywhere on X. 


Let x(t) = f Tèt, at; dv 
a(t) 


t 
= Í ( f Tt, ado) dt’ > 0. 
HUN 


Then the above lemma gives da/dt < Px. But for sufficiently early 
values of t, #(¢) will not intersect Y and so x will vanish. Thus x will 
vanish for all £ which implies that 7% is zero on %. oO 


From the conservation theorem it follows that if the energy— 
momentum tensor vanishes on a set , then it also vanishes on the 


FIGURE 10. The future Cauchy development DHS) of a spacelike set S. 


future Cauchy development DHS), which is defined as the set of all 
points through which every past-directed non-spacelike curve inter- 
sects F (figure 10) (cf. § 6.5). For if g is any point of DHS), the region 
of DHS) to the past of g is compact (proposition 6.6.6) and may be 
taken as X. This result may be interpreted as saying that the 
dominant energy condition implies that matter cannot travel faster 
than light. 

For our consideration of singularities, the importance of the weak. 
energy condition is that it implies that matter always has a converging 
(or more strictly nondiverging) effect on congruences of null geodesics. 
If the vorticity vanishes, the expansion ĝ obeys the equation: 


d A 
50 = -Ra KK? 26—40. 
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Thus in this case 6 will monotonically decrease along the null geodesic 
if Ra, WEW’ > 0 for any null vector W. We shall call this the null 
convergence condition. From the Einstein equations, 


Rap — hap R + Agan = 87T iy, 


it follows that this condition is implied by the weak energy condition, 
independent of the value of A. 

From (4.26) it can be seen that the expansion 6 of a timelike geodesic 
congruence with zero vorticity will monotonically decrease along a 
geodesic if Rap W*W® > 0 for any timelike vector W. We shall call this 
the timelike convergence condition. By the Einstein equation, this condi- 
tion will be satisfied if the energy-momentum tensor obeys the 
inequality, 1 
T, WoW? > wow, (AP — = A). 

This will hold for type I if 
1 
H+P, 20, p+ p,—-Z A> 0, 
and for type II if 
v=+i, x20, p, 20, pp2O0 and Pit Pez 2 0. 

We shall say that the energy-momentum tensor satisfies the strong 
energy condition if it obeys the above inequality for A = 0. This is a 
stricter requirement than the weak energy condition but it is still 
physically reasonable for the total energy~momentum tensor. For the 
general case, type I, it would be violated only by a negative energy 
density or a large negative pressure (e.g. for a perfect fluid with density 
1 gm cm it can only be violated if p < — 1015 atmospheres). It holds 
for the electromagnetic field and for the scalar field with m zero (in 


particular, it holds for the scalar field of Brans and Dicke). For 
m non-zero, the energy-momentum tensor of a scalar field has the 


fi 3.3): 
ee § ) Tab = P;a $b- Hal; c H;ag” + meg’). 
Thus if W° is a unit timelike vector 
2 
Ta WW? 4W, WD = (p,a W°- 5 oe e (4.37) 


which may be negative. However by the equation of the scalar field 


1m? 2 b 
3 RP = pag. 
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Inserting this in (4.37) and integrating over a region X, one obtains 


zl (92+ 220) Gap; do i | h,ag” doy, 
2Jæ 2 Jox 


The first term will be non-negative since g+2W?W?® is a positive 
definite metric and the second term will be small compared to the first 
if the region % is large compared to the wavelength h/m. For 7 mesons, 
which may be described classically by a scalar field with 
m = 6x 10-%gm, this wavelength is 3 x 10-13 cm. Thus although the 
energy-momentum tensor of 7 mesons may not satisfy the strong 
energy condition at every point, this should not affect the convergence 
of timelike geodesics over distances greater than 10-12 cm. This might 
possibly lead to a breakdown of the singularity theorems in chapter 8 
when the radius of curvature of space-time becomes less than 10-2 cm 
but such a curvature would be so extreme that it might well count as 
a singularity (§10.2). 


4.4 Conjugate points 


In §4.1 we saw that the components of the vector which represented 
the separation between a curve y(s) and a neighbouring curve in a 
congruence of timelike geodesics, satisfied the Jacobi equation: 


2 
ao =—RuygZ? (a, = 1,2,3). (4.38) 


A solution of this equation will be called a Jacobi field along y(s). Since 
a solution may be specified by giving the values of Z% and dZ4/ds at 
some point on y(s) there will be six independent Jacobi fields along 
y(s). There will be three independent Jacobi fields which vanish at 
some point q of y(s). They may be expressed as: 


d 
Zes) = Angle) F; Za 
d2 
where Tp leals) = — Rasya Ayl), (4.39) 


and A,,,(s) is a 3 x 3 matrix which vanishes at g. These Jacobi fields 
may be thought of as representing the separation of neighbouring 
geodesics through g. As before one may define the vorticity, shear and 
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expansion of the Jacobi fields along y(s) which vanish at g: 
a A 


Wap = Ames aly? (4.40) 
d 
Tap = Angor 46.29, (4.41) 
d 
0 = (det A)" (det A). (4.42) 


These will obey the equations derived in §4.1, with V,, = 0. In particular 
1 d d 
Aya Wy Aap = 2 (4,2 Jre -Ayp ds Aya) 


will be constant along y(s). But it vanishes at g where 4,p is zero. 
Thus w, will be zero wherever 4,, is non-singular. 

We shall say that a point p on y(s) is conjugate to q along y(s) if there 
is a Jacobi field along +(s), not identically zero, which vanishes at 
q and p. One may think of p as a point where infinitesimally neigh- 
bouring geodesics through q intersect. (Note, however, that it may be 
only infinitesimally neighbouring geodesics which intersect at p; there 
need not be two distinct geodesics from q passing through p.) The 
Jacobi fields along y(s) which vanish at g are described by the matrix 
Aap. Thusa point pis conjugate to galong y(s) ifand only if 4,,,issingu- 
lar at p. The expansion @ is defined as (det A)~1d (det A)/ds. Since A,» 
obeys (4.39) where F,4,,i8 finite, d (det A)/ds will be finite. Thus a point 
p will be conjugate to g along +(s) if 0 becomes infinite there. The con- 
verse will also be true since 6 = d log (det A)/ds and 4,, can be singular 
only at isolated points or else it would be singular everywhere. 


Proposition 4.4.1 

If at some point y(s1) (sı > 0), the expansion 0 has a negative value 
6, < 0 and if Ra VeV? > 0 everywhere then there will be a point 
conjugate to g along y(s) between +(s,) and y(s, + (3/—6,)), provided 
that y(s) can be extended to this parameter value. (This may not be 
possible if space-time is geodesically incomplete. In chapter 8 we 
shall interpret such incompleteness as evidence of the existence of a 
singularity.) 


The expansion 6 of the matrix 4,, obeys the Raychaudhuri equation 
(4.26): d 


—ĝ = — ayb 2 2 
J = Ra VeVe- 20% 36 
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where we have used the fact that the vorticity is zero. All the terms on 
the right-hand side are negative. Thus for s > s, 


3 
EROTETAAN 


So 6 will become infinite and there will be a point conjugate to q for 
some value of s between s, and 8, +(3/~6,). O 


In other words, if the timelike convergence condition holds and if the 
neighbouring geodesics from g start converging on y(s), then some 
infinitesimally neighbouring geodesic will intersect y(s) providing that 
y(s) can be extended to large enough values of the parameter s. 


Proposition 4.4.2 

If Ra VeV’ > Oandifat some point p = y(s,) the tidal force Rapea V°V4 
is non zero, there will be values s, and s such that g = y(s,) and 
r = y(s,) will be conjugate along y(s), providing that y(s) can be 
extended to these values. 


A solution of (4.39) along y(s) is uniquely determined by the values of 
A,,anddA,,,/ds atp. Consider the set P consisting of all such solutions 
for which 4,,|, = ĉap (d4,,4/ds)|, is symmetric with trace |, < 0. 
For each solution in P there will be some s, > s, for which A,,(83) is 
singular, since either 6|, < 0, in which case this follows from the 
previous result, or 6|, = 0, in which case (do.,,/ds)|,, is non-zero which 
will then cause o? to be positive and so cause 6 to become negative for 
8 > 8,. The members of the set P are in one-one correspondence with 
the space S of all symmetric 3 x 3 matrices with non-positive trace 
(i.e. with the values of d4,,/ds)|,,). There is thus a map 7 from $ 
to y(s) which assigns to each initial value (d4,./ds)|,, the point on y(s) 
where A,, first becomes singular. The map 7 is continuous. Further if 
any component of (d4,,/ds)|,, is very large, the corresponding point 
on y(s) will lie near p, since in the limit the term R,4,4 in (4.39) becomes 
irrelevant and the solution resembles the flat space case. Thus there is 
some C > Oandsome s, > s, such that if any component of (d4,,,/ds)|,, 
is greater than C, the corresponding point on y(s) will be before y(s4). ` 
However the subspace of S consisting of all matrices all of whose com- 
ponents are less than or equal to C, is compact. This shows that there 
is some s; > 8, such that 7(8) is contained in the segment from (s,) to 
y(s,). Consider now a point r = y(s,) where s, > ss- If there is no point 
conjugate to r between r and p, the Jacobi fields which are zero at r 
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must have an expansion 8 which is positive at p (otherwise they would 
be in the set P which represents all families of Jacobi fields with zero 
vorticity which have non-positive expansion at p). It follows from the 
previous result that there is then a point g = (Sp) (So < 8,) which is 
conjugate to r along y(s). O 


In a physically realistic solution (though not necessarily in an exact 
one with a high degree of symmetry), one would expect every timelike 
geodesic to encounter some matter or some gravitational radiation and 
so to contain some point where Rasca V? V4 was non-zero. Thus it would 
be reasonable to assume that in such a solution every timelike geodesic 
would contain pairs of conjugate points, provided that it could be 
extended sufficiently far in both directions. 

We shall also consider the congruence of timelike geodesics normal 
to a spacelike three-surface, X. By a spacelike three-surface, X, we 
mean an imbedded three-dimensional submanifold defined locally by 
f = 0 where f is a C? function and g”f,, f;ẹ < 0 when f = 0. We define 
N, the unit normal vector to #, by Ne = (~g**f.,f,,)~49%f.q and the 
second fundamental tensor x of # by Xap = ha°h,? N,,4, where 
hab = Jap + NaN, is called the first fundamental tensor (or induced 
metric tensor) of # (cf. §2.7). It follows from the definition that y is 
symmetric. The congruence of timelike geodesics orthogonal to # will 
consist of the timelike geodesics whose unit tangent vector V equals 
the unit normal N at # Then one has: 


Varo = Xa at X. (4.43) 


The vector Z which represents the separation of a neighbouring 
geodesic normal to # from a geodesic y(s) normal to 3%, will obey the 
Jacobi equation (4.38). At a point g on y(s) at # it will satisfy the 
initial condition: d 

LZ = Xap. (4.44) 


We shall express the Jacobi fields along +(s) which satisfy the above 
condition as 2 (8) = Azg(s) ZA 


d? 
where eret] = — Rays dyp (4.45) 


and at g, A,, is the unit matrix and 


d 
Gynt = Nay Ayp- (4.46) 
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We shall say that a point p on y(s) is conjugate to # along y(s) if there 
is a Jacobi field along +(s) not identically zero, which satisfies the 
initial conditions (4.44) at g and vanishes at p. In other words, p is 
conjugate to # along y(s) if and only if 4,, is singular at p. One may 
think of p as being a point where neighbouring geodesics normal to 7” 
intersect. As before 4,, will be singular where and only where the 
expansion 6 becomes infinite. At q, the initial value of 4 awy 4p will 
be zero, therefore w,, will be zero on y(s). The initial value of 6 will 


be Yang”. 


Proposition 4.4.3 

If Ras V2V° > 0 and yx,,g% < 0, there will be a point conjugate to 77 
along y(s) within a distance 3/( — Xang”) from #, provided that +(s) 
can be extended that far. 


This may be proved using the Raychaudhuri equation (4.26) as in 
proposition 4.4.1. O 


We shall call a solution of the equation: 


dz 

Ja = — Emina Z” (m,n = 1,2) 
along a null geodesic y(v), a Jacobi field along y(v). The components 
Z™ could be thought of as the components, with respect to the basis E, 
and E,, of a vector in the space S, at each point g. We shall say that 
pis conjugate to q along the null geodesic +(v) if there is a Jacobi field 
along y(v), not identically zero, which vanishes at q and p. If Z is 
a vector connecting neighbouring null geodesics which pass through q, 
the component Z will be zero everywhere. Thus p can be thought of 
as a point where infinitesimally neighbouring geodesics through g 
intersect. Representing the Jacobi fields along y(v) which vanish at q 


~ 


by the 2 x 2 matrix Amn 
- d 
Zm(v) z Amn Ty Zle 


One has as before: Âm Â Aza = 0, 80 the vorticity of the Jacobi fields 

which are zero at p vanishes. Also p will be conjugate to g along y(v)’ 
if and only if | : 
6 = (det Aydt A) 


becomes infinite at p. Analogous to proposition 4.4.1, we have: 
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Proposition 4.4.4 

If R,,K°K® > 0 everywhere and if at some point y(v,) the expansion 8 
has the negative value 6, < 0, then there will be a point conjugate 
to g along y(v) between y(v,) and y(v, + (2/— 0,)) provided that y(v) 
can be extended that far. 


The expansion 6 of the matrix Ên obeys (4.35): 
d A 
E0 = -Ra KeK- 26% 30%, 
and so the proof proceeds as before. O 


Proposition 4.4.5 

If Ry, K°K’ > 0 everywhere and if at p = y(v,), K°K* Ki Ry caeK py is 
non-zero, there will be v, and v, such that g = y(v,) and r = y(v_) will 
be conjugate along y(v) provided y(v) can be extended to these values. 


If K°K*K,, RejcateK 7) 18 non zero then so is Emana The proof is then 
similar to that of proposition 4.4.2. O 


As in the timelike case, this condition will be satisfied for a null 
geodesic which passes through some matter provided that the matter 
is not pure radiation (energy-momentum tensor type II of §4.3) and 
moving in the direction of the geodesic tangent vector K. It will be 
satisfied in empty space if the null geodesic contains some point where 
the Wey] tensor is non-zero and where K does not lie in one of the 
directions (there are at most four such directions) at that point for 
which K¢K*K,,.C,)cateKy, = 0. It therefore seems reasonable to assume 
that in a physically realistic solution every timelike or null geodesic 
will contain a point at which K¢K°K;,, Rayay,K yp is not zero. We shall 
say that a space-time satisfying this condition satisfies the generic 
condition. 

Similarly we may also consider the null geodesics orthogonal to 
a spacelike two-surface S. By a spacelike two-surface S, we mean an 
imbedded two-dimensional submanifold defined locally by f, = 0, 
fo = 0 where f, and f, are C? functions such that when f; = 0, f = 0 
then f1;a and fz; a are non-vanishing and not parallel and 


(fi:a+Hfo:a) (fizo t+ Afe;e)g” =0 


for two distinct real values x, and 4, of x. Then any vector lying in the 
two-surface is necessarily spacelike. We shall define N, and N,2, the 
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two null vectors normal to S, as proportional to g”(f,.5+ 1 fe:,) and 
9° (fis6 +H2fe:,) respectively, and normalize them so that 


NEN? Jas = — 1. 


One can complete the pseudo-orthonormal basis by introducing two 
spacelike unit vectors Y,° and Y,* orthogonal to each other and to N° 
and N. We define the two null second fundamental tensors of Y as: 


nXab = — Nac; al¥i Yia +Y Yaa) (Y, Yio + Yot Ya), 


where n takes the values 1, 2. The tensors ,¥,,, and ¥ap are symmetric. 

There will be two families of null geodesics normal to S corre- 
sponding to the two null normals N, and N£. Consider the family 
whose tangent vector K equals N, at S. We may fix our pseudo- 
orthogonal basis E,, E,, E;, E, by taking E, = Y,, E, = Y,, E = Nj, 
E, = N, at S and parallelly propagating along the null geodesics. 
The projection into the space S, of the vector Z representing the 
separation of neighbouring null geodesics from the null geodesic y(v) 
will satisfy (4.30) and the initial conditions 


— gr = 2Xmn Zn (4.47) 


at q on y(v) at S. As before the vorticity of these fields will be zero. 
The initial value of the expansion Ô will be 27,,9%. Analogous to 
proposition 4.4.3 we have: 


Proposition 4.4.6 

If R,,K°K® > 0 everywhere and ,¥,,g” is negative there will be a 
point conjugate to S along y(v) within an affine distance 2/(— 27.9%) 
from J. oO 


From their definition, the existence of conjugate points implies the 
existence of self-intersections or caustics in families of geodesics. A 
further significance of conjugate points will be discussed in the next 
section. ‘ 


4.5 Variation of arc-length 


In this section we consider timelike and non-spacelike curves which 
are piecewise C? but which may have points at which their tangent 
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vector is discontinuous. We shall require that at such points the two 
tangent vectors 
> 2 Sa 1, 
a) 


that is, thcy point into the same half of the null cone. 


ð 


fi] 
F | and — 


atl, 


satisfy g G 


Proposition 4.5.1 

Let Y be a convex normal coordinate neighbourhood about g. Then the 
points which can be reached from g by timelike (respectively non- 
spacelike) curves in Y are those of the form exp, (X), XefT, where 
g(X, X) < 0 (respectively < 0). (Here, and for the rest of this section, 
we consider the map exp to be restricted to the neighbourhood of the 
origin in 7, which is diffeomorphic to Y under exp,.) 


In other words, the null geodesics from g form the boundary of the 
region in Y which can be reached from g by timelike or non-spacelike 
curves in X. This is fairly obvious intuitively but because it is funda- 
mental to the concept of causality we shall prove it rigorously. We 
first establish the following lemma: 


Lemma 4.5.2 

In X the timelike geodesics through q are orthogonal to the three- 
surfaces of constant a (o < 0) where the value of o at pe X is defined 
' to be Gexpg7 P, exp >p). 


The proof is based on the fact that the vector representing the separa- 
tion of points equal distances along neighbouring geodesics remains 
orthogonal to the geodesics if it is so initially. More precisely, let X(t) 
denote a curve in 7, where g(X(t), X(t)) = — 1. One must show that 
the corresponding curves A(t) = exp,(8 9 X(t)) (so constant) in Y, where 
defined, are orthogonal to the timelike geodesics y(s) = exp,(sX (to) 
(tg constant). Thus in terms of the two-surface æ defined by 
x(s,) = exp,(sX(f)), one must prove that 


ô ð 
(E); G) =° 
(see figure 11). Now 


è (a #)_ (Da a 3 D2 
z9 (3x a) 7 INe a a) TIN Da 
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Geodesic 


Surface ¢ = constant 
(0 =—s*) 


Null Null cone 


cone 


Ficure 11. In a normal neighbourhood, surfaces at constant distance from g 
are orthogonal to the geodesics through q. 


The first term on the right is zero as 2/@s is the unit tangent vector to 
the timelike geodesics from g. In the second term one has from the 
definition of the Lie derivative that 


De_De 
as at at as" 
f] ð 2 2o D2 12 ð ð 
Tio alea) (5 az)" salao aTe 


Therefore g(/ðs, 2/2t) is independent of s. But at s = 0, (2/4), = 7 
Thus g(3/2s, 3/2) is identically zero. 


Proof of proposition 4.5.1. Let C, denote the set of all timelike vectors 
at g. These constitute the interior of a solid cone in 7, with vertex at 
the origin. Let y(t) be a timelike curve in Y from g to p and let F(t) be 
the piecewise C? curve in 7, defined by Y(t) = exp,“(y(t)). Then 
identifying the tangent space to 7, with T, itself, one has 


(2/26), lo = (8/8)5(,. 
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Therefore at q, (2/2); will be timelike. This shows that the curve ¥(t) 
will enter the region C,. But exp, (C,) is the region of Y on which ø is 
negative and in which by the previous lemma the surfaces of constant 
g are spacelike. Thus o must monotonically decrease along y(t) since 
(2/2t), being timelike can never be tangent to the surfaces of constant o 
and since at any non-differentiable point of y(t) the two tangent 
vectors point into the same half of the null cone. Therefore p € exp,(C,) 
which completes the proof for timelike curves. To prove that a non- 
spacelike curve y(t) remains in exp, (C,), one performs a small varia- 
tion of y(t) which makes it into a timelike curve. Let Y be a vector 
field on 7, such that in Y the induced vector field exp,,(Y) is every- 
where timelike and such that 9(Y, (/é),|,) < 0. For each e > 0 let 
Air, €) be the curve T, starting at the origin such that the tangent 
vector (8/@r), equals (2/2);|,-, +€¥|s¢,2- Then B(r,e) depends differ- 
entiably on r and e. For each e > 0, exp, (A(r,€)) is a timelike curve 
in X and so is contained in exp, (C,). Thus the non-spacelike curve 


exp, (A(r, 0)) = y(r) is contained in exp, (C,) = exp, (C,). Oo 
Corollary 

If pe@ can be reached from g by a non-spacelike curve but not by a 
timelike curve, then p lies on a null geodesic from g. Oo 


The length of a non-spacelike curve y(t) from q to p is 


rvan = ['[-9(3, a) a 


where the integral is taken over the differentiable sections of the curve. 

In a positive definite metric one may seek the shortest curve between 
two points but in a Lorentz metric there will not be any shortest curve 
as any curve can be deformed into a null curve which has zero length. 
However, in certain cases there will be a longest non-spacelike curve 
between two points or between a point and a spacelike three-surface. 
We deal first with the situation when the two points are close together. 
We shall then derive necessary conditions in the general case when the 
two points are not close. The sufficient condition in this case will be 
dealt with in §6.7. 


Proposition 4.5.3 

Let g and p lie in a convex normal neighbourhood X. Then, if g and p 
can be joined by a non-spacelike curve in Y, the longest such curve 
is the unique non-spacelike geodesic curve in Y from q to p. Moreover, 
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defining p(q, p) as the length of this curve if it exists, and as zero 
otherwise, p(q, p) is a continuous function on Y x X. 


By the definition of convex normal neighbourhoods (§2.5), there is 
a unique geodesic y(t) in Y with y(0) = g, y(1) = p. Since this geodesic 
depends differentiably on its endpoints, the function 


via) ~J,o((a), (@),) 


will be differentiable on Y x X. (This function o is the same as that 
in lemma 4.5.2.) Thus p(q,) will be continuous on Y x & since it 
equals [—o(g,p)}* if e < 0 and is zero otherwise. It now remains to 
show that if g and p can be joined by a timelike curve in Y then the 
timelike geodesic y between them is the longest such curve. Let a(s, t) 
be exp, (sX(£)) as before where g(X(é), X(é)) = — 1. If A(t) is a time- 
like curve in Y from q to p, it can be represented as A(t) = a(f(é), t). 


Then 2 =f ê Ş 3) 

3), 7 ( al at a 
Since the two vectors on the right are mutually orthogonal by lemma 
4.5.2. and since g((8/@s),,, (8/2s),) = — 1, this gives 


«(9)-())=-worea(),(@)) >on 


the equality holding if and only if (8/2), = 0 and hence if and only if 
À is a geodesic curve. Thus 


L(A, g, p) < fi '(t)dt = plg, p), 


the equality holding if and only if A is the unique geodesic curve in Y 
from g to p. a 


We shall now consider the case where g and p are not necessarily 
contained in a convex normal neighbourhood X. By considering small 
variations we shal] derive necessary conditions for a timelike curve 
y(t) from q to p to be the longest such curve from q to p. A variation a 
of y(t) is a C}- map a: (—€,€) x [0,t,]->.# such that 

(1) a(0,t) = y(t); 

(2) there is a subdivision 0 = t, < t3... < t, = tp of [0, tp] such that 
a is C? on each (—e,€) x [ty t41]; 

(3) a(u, 0) = q, a(u, ty) =P; 

(4) for each constant u, æ(u, t) is a timelike curve. 
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The vector (2/8),|,.o Will be called the variation vector Z. Con- 
versely, given a continuous, piecewise O? vector field Z along y(t) 
vanishing at g and p, we may define a variation « for which Z will 
be the variation vector by: 


alu, t) = exp, (uZ|,), 
where u e (—e,€) for some € > 0 and r = y(t). 


Lemma 4.5.4 
The variation of the length from g to p under « is 


a El Ra-r- ae Bol. 


where f? = g(8/0t, 2/@) is the magnitude of the tangent vector and 
Lf- d/é] is the discontinuity at one of the singular points of y(t). 


We have: 

EA 
-z fo H Z) a 
spear 


-afee ERA 


Integrating the first term by parts one has the required formula. O 


ôL 
ðu 


i 


One may simplify the formula by choosing the parameter ¢ to be the 
arc-length s. Then g(2/2t, a/at) = — 1. We shall denote by V the unit 
tangent vector 33s. One has: 


aL 


ou 


where V = DV/2s is the acceleration. From this one sees again that a 
necessary condition for y(t) to be the longest curve from qg to p is that 
it should be an unbroken geodesic curve as otherwise one could choose 
a variation which would yield a longer curve. 

One may also consider a timelike curve y(t) from a spacelike three- 
surface # to a point p. A variation « of this curve is defined as before 
except that condition (3) is replaced by: 

(3) a(u, 0) lies on #, a(u,t,) = p 
Thus at # the variation vector Z = 0/@u lies in X. 


n=l flit: 


="5' [U gZ, Vds + E gZ V) 
i=l J im? 


u=0 
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Lemma 4.5.5 
ƏL n—l flsas n-1 
Bu 7 x JV, Z) ds + x g(Z, [V]) + g(Z, V) s=- 
u=0 i=l]J t i=2 


The proof is as for lemma 4.5.4. o 
From this one sees that a necessary condition for y(t) to be the longest 
curve from 3% to p is that it is an unbroken geodesic curve orthogonal 
to H. 

We have seen that, under a variation a, the first derivative of the 
length of a timelike geodesic curve is zero. To proceed further we shall 
calculate the second derivative. We define a two-parameter variation 
a of a geodesic curve y(t) from q to p as a C1 map: 

a: (— Er, €) X ( — Ex, E2) X [0, tp] > M 
such that 

(1) «(0, 0,t) = y(t); 

(2) there is a subdivision 0 = t, < t, <... <t, = tp of [0,t,] such 
that æ is C? on each 

(— E1 €1) X (— Eg €2) X [ti ti]; 


(3) A(t, a0) =g, (Ug, Ug tp) = P; 
(4) for all constant Uy, Ug, &(U,, Ug £) is a timelike curve. 
-0 


We define 
fi] 
Z,=(— 
i (a) afn =0 


2, = (r) face 


as the two variation vectors. Conversely given two continuous, piece- 
wise C? vector fields Z, and Z, along y(t) one may define a variation 
for which they will be the variation vectors, by: 


a(uy, Ue, t) = exp, (uZ: + Ug Ze), 
= y(t). 
Lemma 4.5.6 
Under the two-parameter variation of the geodesic curve y(t), the 
second derivative of the length will be: 


2L n-1 flipi 
Fuz dun lt eÈ f, (z fa a(Ze+9(V, Za) V)-R(V, Z4) V)) as 


ig = (z. È (Zp +9(V, Za) v). 
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By lemma 4.5.4, one has: 


S E Oaarnls ef) 


du, 
Therefore 
ika =| (es de ; (A ‘ane = (3) al) 
-z fo (22 -AR 
-a (in) (a) a+" (ssa) a+" i)a) 


+25 (Feta al) + (amo a): 


The first and third terms vanish as y(t) is an unbroken geodesic curve. 
In the second term one can write: 


3 ə3\ð Da 
= -R (a m) A+ a 


-alal alaa 
In the fourth term: 


Z|” ij- [mit varo a)i: 


Then taking t to be the arc-length s, one obtains the required result. O 


Although it is not immediately obvious from the appearance of the 
expression, one knows from its definition that it is symmetric in the 
two variation vector fields Z, and Z,. One sees that it only depends on 
the projections of Z, and Z, into the space orthogonal to V. Thus we 
can confine our attention to variations a whose variation vectors are 
orthogonal to V. We shall define T, to be the (infinite-dimensional) 
vector space consisting of all continuous, piecewise C? vector fields 
along y(t) orthogonal to V and vanishing at g and p. Then #L/du, ðu 
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will be a symmetric map of T, x T, to R'. One may think of it as 
a symmetric tensor on T, and write it as: 


eL 
manze “Ya Tr 


L(Z,, Zo) = 


One may also calculate the second derivative of the length from #7 
to p of a geodesic curve y(t) normal to #. One proceeds as before 
except that one endpoint of y(t) is allowed to vary over # instead of 
being fixed. 


Lemma 4.5.7 
The second derivative of the length of y(t) from # to p is: 
2L n—-l Pty D? 
a e e CGN i 


n-l D D 
+ 29 (z. lz zal) +g (z. ZA oe tee Za) 


where Z, and Z, have been taken orthogonal to V and 7(Z,, Zo) is the 
second fundamental tensor of 3. 


The first two terms are as for lemma 4.5.6. The extra terms are: 
D f] f] D @ a 
_ pened C Sa = frig f| =—— —— — 
Bu? (= f Al, fg (= Bu,’ AN, 


i) (5a eT (oa Pe 


ð ə 
89{— = < \g[— = 
+f (z a at (as z) 
The second term vanishes as @/@u, is orthogonal to 3/2t. If one takes 
t to be the arc-length s, then 0/0 will be equal to the unit normal N 
at Æ. Since the endpoint of y(t) is restricted to varying over HW, 2/0u, 
will always be orthogonal to N. Thus 


D ə ð ô ô D ð ð 

(azan N) = 39 (Bay)~9 (amr) -alaaa 2 
We shall say that a timelike geodesic curve y(t) from q to p is maximal 
if L(Z,,Z,) is negative semi-definite. In other words, if y(t) is not 
maximal there is a small variation « which yields a longer curve from 
p to q. Similarly we shall say that a timelike geodesic curve from #7 
to p normal to # is maximal if L(Z,,Z,) is negative semi-definite, 
so if y(t) is not maximal there is a small variation which yields a longer 
curve from # to p. 
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Proposition 4.5.8 
A timelike geodesic curve y(t) from g to p is maxima) if and only if 
there is no point conjugate to q along y(t) in (q, p). 


Suppose there is no conjugate point in (g, p). Then introduce a Fermi- 
propagated orthonormal basis along y(t). The Jacobi fields along y(t) 
which vanish at g will be represented by a matrix A,,(t) which will be 
non-singular in (g, p), but which will be singular at g and possibly at p. 
Since conjugate points are isolated, d(log det A)/ds will be infinite 
where A,, is singular. Thus a C°, piecewise C? vector field Zef, 
can be expressed in [g, p] as 


Ze = A,, WA, 
where W7 is O°, piecewise C? on [g, p]. Then, 


8p d2 
UZ, = E |” Aug We 55 Aas WP) Rey Aye W°) ds 
+EAng W |F; (das W| 


d yat A 


= lim È "Aa welaz A ee 


oa. 
60+ € ds *"ds 


W "ds 
+ZA,,WA,,|-— We 
af aè | ds 


d 
=-z[” OU: £w +W(s, Aapa 
dy 


-Ahs de“ 


ims 
(We take the limit because the second derivative of W? may not be 
defined at g.) But 

d 

(TrA Aces Š Aas) = 2A, play Ays = 0. 


Therefore L(Z,Z) < 0. 

Conversely, suppose there is a point r € (g, p) conjugate to g along 
y(t). Let W be the Jacobi field along y which vanishes at g and r. 
Let K eT, be such that 


Koga = W° =-1 at r. 
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Extend W to p by putting it zero in [r, p]. Let Z be eK +e-~1W, where 
€ is some constant. Then 


L(Z, Z) = L(K, K) + 2L(K, W) + 2e2L(W, W) = e?L(K, K) + 2. 
Thus by taking e small enough, L(Z, Z) may be made positive. o 


One may obtain similar results for the case of a timelike geodesic 
curve y(t) orthogonal to #, from # to p. 


Proposition 4.5.9 
A timelike geodesic curve y(t) from # to p is maximal if and only if 
there is no point in (#, q) conjugate to # along y. (m) 


We shall also consider variations of a non-spacelike curve y(t) from q 
to p. We shall be interested in the circumstances under which it is 
possible to find a variation a of y(t) which makes g(3Jôt, 2/2) negative 
everywhere, or in other words, yields a timelike curve from q to p. 
Under a variation a: 


Z(o(.8))~u(BS-8)-w( Bg 
-13(o(6-8))-m(.B2). as 


In order to obtain a timelike curve from q to p, one requires this to be 
less than or equal to zero everywhere on y(t). 


Proposition 4.5.10 
If p and g are joined by a non-spacelike curve y(t) which is not a null 
geodesic they can also be joined by a timelike curve. 


If y(t) is not a null geodesic curve from p to g, there must be some point 
at which the tangent vector is discontinuous, or there must be some 
open interval on which the acceleration vector (D/ét) (2/2) is non-zero 
and not parallel to 2/ét. Consider first the case where there are no 
discontinuities. One has 


Dé a\_ 12 a aij 0 

Tawa) zata) 
This shows that (D/ôt) (2/é) is a spacelike vector where it is non-zero 
and not parallel to 2/ét. Let W be a C? timelike vector field along y(t) 
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such that g(W, 2/a) < 0. Then one will obtain a timelike curve from 
p to g under the variation whose variation vector is 


Da 
t 
with coe f e(1— dyat)dt, 
te 
where a= Da Dé 
= ON bt oe Bt d) * 


and y is a C? non-negative function on [p, g] such that y, = y, = O and 


Í : e(1 — ya?) dt = 0. 


te 

Suppose now there is some subdivision t, < t, < t < ... < t, such that 
the tangent vector @/a is continuous on each segment [t,,¢,,,]- If 
a segment [t;, t;,,] is not a null geodesic curve, it can be varied to give 
a timelike curve between its endpoints. Thus one has only to show 
that one can obtain a timelike curve from a non-spacelike curve y(t) 
made up of null geodesic segments whose tangent vectors are not 
parallel at points of discontinuity y(t;). The parameter ¢ can be taken 
to be an affine parameter on each segment [f,, t41]. The discontinuity 
[2/ét]|,, will be a spacelike vector, as it is the difference between two 
non-parallel null vectors in the same half of the null cone. Thus one 
can find a C? vector field W along [t,_,, ¢,,,] such that g(W, 2/at) < Oon 
[ti t] and g(W, @/at) > 0 on [¢,,é,,,]. Then a timelike curve between 
y(t,_1) and y(é;,1) will be obtained from the variation with variation 
vector field Z =xW, where x = c~\(t,,,—4,) (t—t,_,) for tia StS ta 
anda = c7\(t,—t;_,) (t44,—t) fort; < t < hi1 wherec = —g(W, 8/2). O 
Thus if y(t) is not a geodesic curve, it can be varied to give a timelike 
curve. If it is a geodesic curve, the parameter t may be taken to be an 
affine parameter. One then sees that a necessary, but not sufficient, 
condition for a variation to yield a timelike curve is that the variation 
vector 8/0u should be orthogonal to the tangent vector 0/a everywhere 
on y(t), since otherwise (2/0) g(2/2u, 2/8) would be positive somewhere 
on y(t). For such a variation the first derivative (8/8u) g(3/ðt, 2/2) will 
be zero and so one will have to examine the second derivative. 
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We shall therefore consider a two-parameter variation a of a null 
geodesic y(t) from g to p. The variation æa will be defined as before 
except that, for the reason given above, we shall restrict ourselves to 
variations whose variation vectors 

ô a 
oa at a 9 
are orthogonal to the tangent vector jat on y(t). 

It is not convenient to study the behaviour of L under such a varia- 
tion since (—g(3/ôt, 2/a))* is not differentiable when g(2/ét, 8/at) = 0. 
Instead we shall consider the variation in: 


n-1 fun (9 ð 
aa- 9(5 zi) d 


Clearly a necessary but not sufficient condition that a variation a of 
y(t) should yield a timelike curve from g to p is that A should become 
positive. 

One has 


1 (2 2N- of ee \\ a ff. P2 
2 Bug Ou, \9 \ae a) ) T Bu, a0\9 (du? a) ) ~ Bug \9 (Dn H at 


maa (o a)) -0 (err la 


and so 


1 aA a 3 a\a 
aamke fol lax ae, E ac) a) ® 
ð fD ô 
+2g (= E zl) (4.49) 

This formula is very similar to that for the variation of the length of 
a timelike curve. It can be seen that the variation of A is zero for a 
variation vector proportional to the tangent vector 0/dt since 2/2 is 
null and R(@/ét, a/at) (2/2) = 0 as the Riemann tensor is anti- 
symmetric. Such a variation would be equivalent to simply repara- 
metrizing y(t). Thus if one wants a variation which will give a timelike 
curve one need consider only the projection of the variation vector into 
the space S, at each point g of y(t). In other words, introducing a 
pseudo-orthonormal basis E,, E,, E}, E, along y(t) with E, = ô/ôt, the 
variation of A will depend only on the components Z of the variation 
vector (m = 1, 2). 
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Proposition 4.5.11 

If there is no point in [g, p] conjugate to g along y(t) then d2A/du?|u-0 
will be negative for any variation a of y(t) whose variation vector 
2/éu|,,-9 is orthogonal to the tangent vector 0/a on y(t) and is not every- 
where zero or proportional to 2/@. In other words, if there is no point 
in [g, p] conjugate to g then there is no small variation of y(t) which 
gives a timelike curve from g to p. 


The proof is similar to that for proposition 4.5.8, using instead the 
2x 2 matrix Amn of §4.2. (m) 


Proposition 4.5.12 
If there is a point 7 in (q, p) conjugate to g along y(t) then there will be 
a variation of y(t) which will give a timelike curve from g to p. 


The proof is a bit finicky since one has to show that the tangent vector 
becomes timelike everywhere. Let W™ be the components in the space 
S (see §4.2) of the Jacobi field which vanishes at g and r. It obeys 


d2 
d W™ = — Riana W”, 


where for convenience ¢ has been taken to be an affine parameter. 
Since W™ will be at least C? and since dAW™/dt is not zero at q andr, 
one can write W™ = f W where P is a unit vector and f and Ware C°. 
Then a 
A d2 A A A 

where k= W”ap W"+ Rman WW”. 

Let x €[r, p] be such that Wis not zero in [r, x]. Let k, be the minimum 
value of k in [r,x]. Let a > 0 be such that a?+h, > 0 and let 
b = {—f(e* — 1)~}],. Then the field 


Zm = {blest —1) +f} Pr 
will vanish at g and x and will satisfy 


2 
zm (2+ Rm2") >0 in (g,z). 


We shall choose a variation a(u,t) of y(t) from q to x such that the 
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components in S of its variation vector 8/du|,,.. equals Z” and such 


(a Ct Ju=0 
satisfies 
a —et for O0<t<h,, 
D ð 2 ð ð 
ESNEA as Se = — fi t, < t <$., 
1e i 5) toa i all, e(t—43t,) for Ht, it, 


e(t, —t) for it, StS bz, 


where t, is the value of ¢ at x, and e > 0 but less than the least value of 
Zm (d2Z™/dt? + Rang Z") in the range }, <t < }t,. Then by (4.49) 
(22/Ou*) g(2/at, @/at) will be negative everywhere in [g,x] and so for 
sufficiently small u, æ will give a timelike curve from g to x. If one joins 
this curve to thesection of y from z to p, one will obtain a non-spacelike 
curve from g to p which is not a null geodesic curve. Thus there will 
be a variation of this curve which gives a timelike curve from q to p. O 


By similar methods one can prove: 


Proposition 4.5.13 

If y(t) is a null geodesic curve orthogonal to a spacelike two-surface S 
from F to p and if there is no point in [Y, p] conjugate to S along y, 
then no small variation of y can give a timelike curve from ¥ to p . O 


Proposition 4.5.14 
If there is a point in (%,) conjugate to S along p, then there is a 
variation of y which gives a timelike curve from ¥ to p. o 


These results on variations of timelike and non-spacelike curves will 
be used in chapter 8 to show the non-existence of longest geodesics. 


5 
Exact solutions 


Any space-time metric can in a sense be regarded as satisfying 
Einstein’s field equations 


Ray — $ Rgas + Adan = 877, (5.1) 


(where we use the units of chapter 3), because, having determined the 
left-hand side of (5.1) from the metric tensor of the space-time 
(4, g), one can define Ta as the right-hand side of (5.1). The matter 
tensor so defined will in general have unreasonable physical properties; 
the solution will be reasonable only if the matter content is reasonable. 

We shall mean by an exact solution of Einstein’s equations, a space— 
time (.#,8) in which the field equations are satisfied with 7, the 
energy-momentum tensor of some specified form of matter which 
obeys postulate (a) (‘local causality’) of chapter 3, and one of the 
energy conditions of §4.3. In particular, one may look for exact 
solutions for empty space (Ta = 0), for an electromagnetic field (Typ 
has the form (3.7)), for a perfect fluid (7), has the form (3.8)), or for 
a space containing an electromagnetic field and a perfect fluid. 
Because of the complexity of the field equations, one cannot find 
exact solutions except in spaces of rather high symmetry. Exact 
solutions are also idealized in that any region of space-time is likely to 
contain many forms of matter, while one can obtain exact solutions 
only for rather simple matter content. Nevertheless, exact solutions 
give an idea of the qualitative features that can arise in General 
Relativity, and so of possible properties of realistic solutions of the field 
equations. The examples we give will show many types of behaviour 
which will be of interest in later chapters. We shall discuss solutions 
with particular reference to their global properties. Many of these 
global properties have only recently been discovered, although the 
solutions have heen known in a local form for some time. 

In §5.1 and § 5.2 we consider the simplest Lorentz metrics: those of 
constant curvature. The spatially isotropic and homogeneous cosmo- 
logical models are described in § 5.3, and their simplest anisotropic 

[117] 
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generalizations are discussed in § 5.4. It is shown that all such simple 
models will have a singular origin provided that A does not take large 
positive values. The spherically symmetric metrics which describe 
the field outside a massive charged or neutral body are examined in 
§5.5, and the axially symmetric metrics describing the field outside 
a special class of massive rotating bodies are described in § 5.6. It is 
shown that some of the apparent singularities are simply due to a bad 
choice of coordinates. In §5.7 we describe the Gédel universe and in 
§ 5.8 the Taub-NUT solutions. These probably do not represent the 
actual universe but they are of interest because of their pathological 
global properties. Finally some other exact solutions of interest are 
mentioned in § 5.9. 


5.1 Minkowski space-time 

Minkowski space-time (.4,y) is the simplest empty space-time in 
General Relativity, and is in fact the space-time of Special Relativity. 
Mathematically, it is the manifold R* with a flat Lorentz metric y. 
In terms of the natural coordinates (x1, x2, x3, xt) on R4, the metric y 
can be expressed in the form 


ds? = — (dx*)? + (dx!)? + (dx?)? + (dx?}?. (5.2) 


If one uses spherical polar coordinates (t,r,6,¢) where x‘ = t, 
x = rcos0, x? = rsin@cos¢, x! = rsin@sing, the metric takes the 


oo ds? = — dé? + dr? +7? (d6? + sin? @ d¢?). (5.3) 


This metric is apparently singular for r = 0 and sin@ = 0; however 
this is because the coordinates used are not admissible coordinates at 
these points. To obtain regular coordinate neighbourhoods one has to 
restrict the coordinates, e.g. to the ranges 0<r<œ,0<80<7, 
0 < ¢ < 27. One needs two such coordinate neighbourhoods to cover 
the whole of Minkowski space. 

An alternative coordinate system is given by choosing advanced 
and retarded null coordinates v, w defined by v =t+r, w=t—r 
(=v > w). The metric becomes 


ds? = — dvdw+}(v—w)? (dé? + sin? 6 d¢*), (5.4) 


where -œ < v < œ, —œ < w < œ. The absence in the metric of 
terms in dv?, dw? corresponds to the fact that the surfaces {w = con- 
stant}, {v = constant} are null (i.e. w,,w;,9% = 0 = ,,0.,9%); see 
figure 12. 
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t w = constant 


w = constant 


t = constant 


v = constant 


v = constant 


1 
1 
RC 
r = constant 


(i) (ii) 
FicursE 12. Minkowski space. The null coordinate v(w) may be thought of as 
incoming (outgoing) spherical waves travelling at the speed of light; they are 
advanced (retarded) time coordinates. The intersection of a surface 
{v = constant} with a surface {w = constant} is a two-sphere. 
(i) The v, w coordinate surfaces (one coordinate is suppressed). 
(ii) The (t, 7) plane; each point represents a two-sphere of radius r. 


In a coordinate system in which the metric takes the form (5.2), the 
geodesics have the form x*(v) = btv + c° where b° and cë are constants. 
Thus the exponential map exp,: T, >. is given by 

x (exp, X) = X*+x%(p), 
where X° are the components of X with respect to the coordinate basis 
{0/ax%} of T,. Since exp is one-one and onto, it is a diffeomorphism 
between T7, and æ. Thus any two points of Æ can be joined by a 
unique geodesic curve. As exp is defined everywhere on 7, for all p, 
(%,n) is geodesically complete. 

For a spacelike three-surface S, the future (past) Cauchy develop- 
ment DHS) (D-(S)) is defined as the set of all points ge æ such that 
each past-directed (future-directed) inextendible non-spacelike curve 
through g intersects S, cf. §6.5. If DHS) U D-(S) = M, i.e. if every 
inextendible non-spacelike curve in Æ intersects S, then S is said 
to be a Cauchy surface. In Minkowski space-time, the surfaces 
{xt = constant} are a family of Cauchy surfaces which cover the whole 
of M. One can however find inextendible spacelike surfaces which are 
not Cauchy surfaces; for example the surfaces 


Sy: {— (1°)? + (21)? + (2?)? + (2°)? = o = constant}, 
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where < 0, xê < 0, are spacelike surfaces which lie entirely inside the 
past null cone of the origin O, and so are not Cauchy surfaces (see 
figure 13). In fact the future Cauchy development of % is the region 
bounded by & and the past light cone of the origin. By lemma 4.5.2, 
the timelike geodesics through the origin O are orthogonal to the 
surfaces Z. If reDt(“)uUD-(LX) then the timelike geodesic 
through r and O is the longest timelike curve between r and /,. If 


Null 
geodesic 


Future null 
coneiot O Uniformly 
__ accelerating 
timelike 


curve 


Surface 
{xt = constant} 


Past null So 
cone of O 


FIGURE 13. A Cauchy surface {xt = constant} in Minkowski space-time, and 
spacelike surfaces S, S, which are not Cauchy surfaces. The normal geodesics 
to the surfaces Y,, Sy all intersect at O. 


however r does not lie in DHS) u D-(.%) there is no longest timelike 
curve between r and &: either r lies in the region g > 0, in which case 
there is no timelike geodesic through r orthogonal to £, or r lies in 
the region o < 0, xt > 0, in which case there is a timelike geodesic 
through r orthogonal to “ but this geodesic is not the longest curve: 
between r and £, as it contains a conjugate point to % at O (cf. 
figure 13). 

To study the structure of infinity in Minkowski space-time, we shall 
use the interesting representation of this space-time given by Penrose. 
From the null coordinates v, w, we define new null coordinates in 
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which the infinities of v, w have been transformed to finite values; 
thus we define p, g by tanp =v, tang = w where — 4m < p < jz, 
—4a <q < $n (and p > q). Then the metric of (4,n) takes the form 
ds? = sec? psec? g(— dp dg + $sin? (p— gq) (d0? + sin? 6 d¢?)). 

The physical metric y is therefore conformal to the metric g given by 

d3? = — 4dp dg + sin? (p — q) (d6? + sin?6 dg?). (5.5) 
This metric can be reduced to a more usual form by defining 

t =p+9, T =p-9, 

where -n <tr <n, -n<t'-r <n, 720; (5.6) 
(5.5) is then 

dg? = — (dt')? + (dr’)? + sin? r’(d6? + sin? 6 d¢?). (5.7) 
Thus the whole of Minkowski space-time is given by the region (5.6) of 
the metric 442 = 4 sec? (}(t' +r’) sec? (B(t’ —1")) dB? 
where ds? is determined by (5.7); the coordinates ¢, r of (5.3) are 
related to t’, 7’ by 

2t = tan (4(t’ +7’)) + tan (4(’ —7’)), 
2r = tan (4(t’ +7’)) —tan (A(t —7’)). 

Now the metric (5.7) is locally identical to that of the Einstein static 
universe (see § 5.3), which is a completely homogeneous space-time. 
One can analytically extend (5.7) to the whole of the Einstein static 
universe, that is one can extend the coordinates to cover the manifold 
R! x 83 where —œ < t’ < œ and 7’, 0, ¢ are regarded as coordinates 
on S? (with coordinate singularities at 7’ = 0, r’ = 7 and@=0,6=7 
similar to the coordinate singularities in (5.3); these singularities can 
be removed by transforming to other local coordinates in a neighbour- 
hood of points where (5.7) is singular). On suppressing two dimensions, 
one can represent the Einstein static universe as the cylinder 
x? +y? = 1 imbedded in a three-dimensional Minkowski space with 
metric ds? = — dt? + dz? + dy? (the full Einstein static universe can be 
imbedded as the cylinder z?+y?+42?+w? = 1 in a five-dimensional 
Euclidean space with metric ds? = — dt? + dr? + dy? +dz?+dw?, cf. 
Robertson (1933)). 


One therefore has the situation: the whole of Minkowski space-time 
is conformal to the region (5.6) of the Einstein static universe, that is, 
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to the shaded area in figure 14. The boundary of this region may there- 
fore be thought of as representing the conformal structure of infinity 
of Minkowski space-time. It consists of the null surfaces p = $r 
(labelled f+) and q = — }z (labelled %-) together with points p = 47, 
q = }a (labelled i+), p = $n, q = —4m (labelled i) and p = —}z, 
q =—}n (labelled é-). Any future-directed timelike geodesic in 
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FIGURE 14. The Einstein static universe represented by an imbedded cylinder; 
the coordinates 0, ¢ have been suppressed. Each point represents one half 
of a two-sphere of area 47rsin*r’. The shaded region is conformal to the whole of 
Minkowski space-time; its boundary (part of the null cones of i+, ¿° and i-~)may 
be regarded as the conformal infinity of Minkowski space-time. 


Minkowski space approaches i+ (i~) for indefinitely large positive 
(negative) values of its affine parameter, so one can regard any time- 
like geodesic as originating at i` and finishing at i+ (cf. figure 15(7)). 
Similarly one can regard null geodesics as originating at s- and ending 
at f+, while spacelike geodesics both originate and end at 7°. Thus one 
may regard i+ and i- as representing future and past timelike infinity, 
J+ and J- as representing future and past null infinity, and 7° as 
representing spacelike infinity. (However non-geodesic curves do not 
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obey these rules; e.g. non-geodesic timelike curves may start on J- 
and end on £+.) Since any Cauchy surface intersects all timelike and 
null geodesics, it is clear that it will appear as a cross-section of the 
space everywhere reaching the boundary at 2°. 
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FIGURE 15 
(i) The shaded region of figure 14, with only one coordinate suppressed, 
representing Minkowski space-time and its conformal infinity. 
(ii) The Penrose diagram of Minkowski space-time; each point represents 
a two-sphere, except for i+, ¿° and i-, each of which is a single point, and points 
on the line 7 = 0 (where the polar coordinates are singular). 


One can also represent the conformal structure of infinity by 
drawing a diagram of the (t’,r’) plane, see figure 15 (ii). As in figure 
12(ii), each point of this diagram represents a sphere S?, and radial 
null geodesics are represented by straight lines at + 45°. In fact, the 
structure of infinity in any spherically symmetric space-time can be 
represented by a diagram of this sort, which we shall call a Penrose 
diagram. On such diagrams we shall represent infinity by single lines, 
the origin of polar coordinates by dotted lines, and irremovable singu- 
larities of the metric by double lines. 

The conformal structure of Minkowski space we have described is 
what one would regard as the ‘normal’ behaviour of a space-time at 
infinity; we shall encounter different types of behaviour in later 
sections. 

Finally, we mention that one can obtain spaces locally identical to 
(4,») but with different (large scale) topological properties by identi- 
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fying points in Æ which are equivalent under a discrete isometry 
without a fixed point (e.g. identifying the point (x1, z?, x3, xt) with the 
point (x1, x?, x3, x4 +c), where c is a constant, changes the topological 
structure from R* to R? x S}, and introduces closed timelike lines into 
the space-time). Clearly, (, y) is the universal covering space for 
all such derived spaces, which have been studied in detail by Auslander 
and Markus (1958). 


5.2 De Sitter and anti-de Sitter space-times 


The space-time metrics of constant curvature are locally characterized 
by the condition Raya = 1E (Jac9ba — GaeIo)- This equation is equiva- 
lent to Casca = 0 = Ras — }2gq,; thus the Riemann tensor is determined 
by the Ricci scalar R alone. It follows at once from the contracted 
Bianchi identities that R is constant throughout space-time; in fact 
these space-times are homogeneous. The Einstein tensor is 


Ray — $FGan = — Ega- 


One can therefore regard these spaces as solutions of the field 
equations for an empty space with A = $R, or for a perfect fluid with 
a constant density R/327 and a constant pressure — R/327. However 
the latter choice does not seem reasonable, as in this case one cannot 
have both the density and the pressure positive; in addition, the 
equation of motion (3.10) is indeterminate for such a fluid. 

The space of constant curvature with R = 0 is Minkowski space- 
time. The space for R > 0 is de Sitter space-time, which has the 
topology R! x S? (see Schrödinger (1956) for an interesting account of 
this space). It is easiest visualized as the hyperboloid 


=v +w HHY? Ha = a? 
in flat five-dimensional space R5 with metric 
— dv? + dw? + dz? + dy? + dz? = ds? 


(see figure 16). One can introduce coordinates (t, x, 0, 6) on the hyper- 
boloid by the relations 


asinh (at) =v, acosh (a—t) cosy = w, 
a cosh (a~!) sin ycos@ = x, a cosh (a—t)sin ysin 0 cos¢ = y, 


acosh (a—t) sin ysin Osing = z. 
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FIGURE 16. De Sitter space-time represented by a hyperboloid imbedded in 
a five-dimensional flat space (two dimensions are suppressed in the figure). 
(i) Coordinates (£, x, 0, $) cover the whole hyperboloid; the sections {t = con- 
stant} are surfaces of curvature k = +1. 
(ii) Coordinates Ê, 2, 9,2) cover half the hyperboloid; the surfaces 
{f = constant} are flat three-spaces, their geodesic normals diverging from a 
pcint in the infinite past. 


In these coordinates, the metric has the form 
ds? = — dt? + a? . cosh? (a—'t) . {dy* + sin? y(d6? + sin? 6 d¢*)}. 


The singularities in the metric at y = 0, y = 7 and at 6 = 0,0 =7, 
are simply those that occur with polar coordinates. Apart from these 
trivial singularities, the coordinates cover the whole space for 
-O<t<m,0<¢y<2,0¢60¢7,0<¢¢ x< 2r. The spatial sections 
of constant ¢ are spheres S? of constant positive curvature and are 
Cauchy surfaces. Their geodesic normals are lines which contract 
monotonically to a minimum spatial separation and then re-expand 
to infinity (see figure 16 (i)). 
One can also introduce coordinates 


wt ax 


ay 5% 
W+v’ Wt 


J= 


f= alog = ere 


on the hyperboloid. In these coordinates, the metric takes the form 
ds? = — df? + exp (2a—f) (d2? + dg? + 2%). 
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However these coordinates cover only half the hyperboloid as fis not 
defined for w+v < 0 (see figure 16 (ii)). 

The region of de Sitter space for which v + w > 0 forms the space- 
time for the steady state model of the universe proposed by Bondi and 
Gold (1948) and Hoyle (1948). In this model, the matter is supposed 
to move along the geodesic normals to the surfaces {f = constant}. As 
the matter moves further apart, it is assumed that more matter is 
continuously created to maintain the density at a constant value. 
Bondi and Gold did not seek to provide field equations for this model, 
but Pirani (1955), and Hoyle and Narlikar (1964) have pointed out 
that the metric can be considered as a solution of the Einstein equa- 
tions (with A = 0) if in addition to the ordinary matter one introduces 
a scalar field of negative energy density. This ‘C’-field would also be 
responsible for the continual creation of matter. 

The steady state theory has the advantage of making simple and 
definite predictions. However from our point of view there are two 
unsatisfactory features. The first is the existence of negative energy, 
which was discussed in § 4.3. The other is the fact that the space-time 
is extendible, being only half of de Sitter space. Despite these aesthetic 
objections, the real test of the steady state theory is whether its pre- 
dictions agree with observations or not. At the moment it seems that 
they do not, though the observations are not yet quite conclusive. 

de Sitter space is geodesically complete; however, there are points 
in the space which cannot be joined to each other by any geodesic. 
This is in contrast to spaces with a positive definite metric, when 
geodesic completeness guarantees that any two points of a space can 
be joined by at least one geodesic. The half of de Sitter space which 
represents the steady state universe is not complete in the past (there 
are geodesics which are complete in the full space, and cross the 
boundary of the steady state region; they are therefore incomplete in 


that region). 

To study infinity in de Sitter space-time, we define a time coordinate 
ť by ť = 2arctan (expat) — 4n, 
where =n <t < fa. (5.8). 
Then ds? = a? cosh? (a~t) . ds?, 


where ds? is given by (5.7) on identifying 7’ = y. Thus the de Sitter 
space is conformal to that part of the Einstein static universe defined 
by (5.8) (see figure 17 (i)). The Penrose diagram of de Sitter space is 
accordingly as in figure 17 (ii). One half of this figure gives the Penrose 
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FIGURE 17 

(i) De Sitter space-time is conformal to the region — 47 < t’ < 47 of the 
Einstein static universe. The steady state universe is conformal to the shaded 
region. 

(i) The Penrose diagram of de Sitter space-time. 

(iii) The Penrose diagram of the steady state universe. 

In (ii), (iii) each point represents a two-sphere of area 27 sin? y; null lines are 
at 45°. y = 0 and x = 7 are identified. 


diagram of the half of de Sitter space-time which constitutes the 
steady state universe (figure 17 (iii)). 

One sees that de Sitter space has, in contrast to Minkowski space, 
a spacelike infinity for timelike and null lines, both in the future and 
the past. This difference corresponds to the existence in de Sitter 
space-time of both particle and event horizons for geodesic families 
of observers. 

In de Sitter space, consider a family of particles whose histories are 
timelike geodesics; these must originate at the spacelike infinity s- 
and end at the spacelike infinity .%+. Let p be some event on the world- 
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FIGURE 18 
(i) The particle horizon defined by a congruence of geodesic curves when 
past null infinity J- is spacelike. 
(ii) Lack of such a horizon if f- is null. 


line of a particle O in this family, i.e. some time in its history (proper 
time measured along O’s world-line). The past null cone of p is the set 
of events in space-time which can be observed by O at that time. The 
world-lines of some other particles may intersect this null cone; these 
particles are visible to O. However, there can exist particles whose 
world-lines do not intersect this null cone, and so are not yet visible 
to O. At a later time O can observe more particles, but there still exist - 
particles not visible to O at that time. We say that the division of 
particles into those seen by O at p and those not seen by O at p, is the 
particle horizon for the observer O at the event p; it represents the 
history of those particles lying at the limits of O’s vision. Note that it 
is determined only when the world-lines of all the particles in the 
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family are known. If some particle lies on the horizon, then the event p 
is the event at which the particle’s creation light cone intersects O’s 
world-line. In Minkowski space, on the other hand, all the other 
particles are visible at any event p on O’s world-line if they move on 
timelike geodesics. As long as one considers only families of geodesic 
observers, one may think of the existence of the particle horizon as a 
consequence of past null infinity being spacelike (see figure 18). 

All events outside the past null cone of p are events which are not, 
and never have been, observable by O up to the time represented by 
the event p. There is a limit to O’s world-line on A+, In de Sitter space- 
time, the past null cone of this point (obtained by a limiting process 
in the actual space-time, or directly from the conformal space-time) 
is a boundary between events which will at some time be observable 
by O, and those that will never be observable by O. We call this surface 
the future event horizon of the world-line. It is the boundary of the past 
of the world-line. In Minkowski space-time, on the other hand, the 
limiting null cone of any geodesic observer includes the whole of 
space-time, so there are no events which a geodesic observer will never 
be able to see. However if an observer moves with uniform acceleration 
his world-line may have a future event horizon. One may think of the 
existence of a future event horizon for a geodesic observer as being 
a consequence of .%+ being spacelike (see figure 19). 

Consider the event horizon for the observer O in de Sitter space-time 
and suppose that at some proper time (event p) on his world-line, his 
light cone intersects the world-line of the particle Q. Then Q is always 
visible to O at times after p. However there is on Q’s world-line an 
event ¢ which lies on O’s future event horizon; O can never see later 
events on Q’s world-line than r. Moreover an infinite proper time 
elapses on O’s world-line from any given point till he observes 7, but 
a finite proper time elapses along Q’s world-line from any given event 
to r, which is a perfectly ordinary event on his world-line. Thus O sees 
a finite part of Q’s history in an infinite time; expressed more physi- 
cally, as O observes Q he sees a redshift which approaches infinity as 
O observes points on Q’s world-line which approach r. Correspondingly, 
Q never sees beyond some point on O’s world-line, and sees nearby 
points on O’s world-line only with a very large redshift. 

At any point on O’s world-line, the future null cone is the boundary 
of the set of events in space-time which O can influence at and after 
that time. To obtain the maximal set of events in space-time that O 
could at any time influence, we take the future light cone of the limit 
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FIGure 19 
(i) The future event horizon fora particle O which exists when futuro infinity 
J+ is spacelike; also the past event horizon which exists when past infinity S~- 
is spacelike. 
(ii) If future infinity consists of a null %+ and 7°, there is no future event 
horizon for a geodesic observer O. However an accelerating observer R may 
have a future event horizon. 


point of O’s world-line on past infinity %~-; that is, we take the 
boundary of the future of the world-line (which can be regarded as 
O’s creation light cone). This has a non-trivial existence for a geodesic 
observer only if the past infinity J- is spacelike (and is in fact then 
O’s past event horizon). It is clear from the above discussion that 
in the steady state universe, which has a null past infinity for timelike 
and null geodesics and a spacelike future infinity, any fundamental 
observer has a future event horizon but no past particle horizon. 

One can obtain other spaces which are locally equivalent to the de 
Sitter space, by identifying points in de Sitter space. Thesimplest such 
identification is to identify antipodal points p, p’ (see figure 16) on the 
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hyperboloid. The resulting space is not time orientable; if timeincreases 
in the direction of the arrow at p, the antipodal identification implics 
it must increase in the direction of the arrow at p’, but one cannot 
continuously extend this identification of future and past half null 
cones over the whole hyperboloid. Calabi and Markus (1962) have 
studied in detail the spaces resulting from such identifications; they 
show in particular that an arbitrary point in the resulting space can 
be joined to any other point by a geodesic if and only if it is not time 
orientable. 

The space of constant curvature with R < 0 is called anti-de Sitter 
space. It has the topology S!x R°, and can be represented as the 
hyperboloid ata het gare l 
in the flat five-dimensional space Rè with metric 

ds? = — (du)*— (dv)? + (dx)? + (dy)? + (dz)*. 


There are closed timelike lines in this space; however it is not simply 
connected, and if one unwraps the circle S! (to obtain its covering 
space R?) one obtains the universal covering space of anti-de Sitter 
space which does not contain any closed timelike lines. This has the 
topology of R*. We shall in future mean by ‘anti-de Sitter space’, this 
universal covering space. 

It can be represented by the metric 


ds? = — dt? + cos*t {dy? + sinh? y(d6? + sin? 6d¢*)}. (5.9) 


This coordinate system covers only part of the space, and has apparent 
singularities at £ = + 47. The whole space can be covered by coordi- 
nates {t’, 7, 6, 6} for which the metric has the static form 


ds? = — coshêr dé’? + dr? + sinh*7(d6? + sin? 6 d¢?). 


In this form, the space is covered by the surfaces {t’ = constant} which 
have non-geodesic normals. 
To study the structure at infinity, define the coordinate r’ by 


r' = 2arctan(expr)—47, O<?' < 3a. 
Then one finds ds? = cosh? d3?, where ds? is given by (5.7); that is, 
the whole of anti-de Sitter space is conformal to the region 0 < r’ < $r 
of the Einstein static cylinder. The Penrose diagram is shown in 


figure 20; null and spacelike infinity can be thought of as a timelike 
surface in this case. This surface has the topology R! x S?. 
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(i) Universal anti-de Sitter space is conformal to one half of the Einstein 
static universe. While coordinates (¢’, 7, 8, $) cover the whole space, coordinates 
(t, x, 0, $) cover only one diamond-shaped region as shown. .The geodesics 
orthogonal to the surfaces {t = constant} all converge at p and q, and then 
diverge out into similar diamond-shaped regions. 

(ii) The Penrose diagram of universal anti-de Sitter space. Infinity consists of 
the timelike surface £ and the disjoint points i+, i-. The projection of some 
timelike and null geodesics is shown. 
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One cannot find a conformal transformation which makes timelike 
infinity finite without pinching off the Einstein static universe to a 
point (if a conformal transformation makes the time coordinate finite 
it also scales the space sections by an infinite factor), so we represent 
timelike infinity by the disjoint points i+, 2-. 

The lines {y,6,¢ constant} are the geodesics orthogonal to the 
surfaces {t = constant}; they all converge to points g (respectively, p) 
in the future (respectively, past) of the surface, and this convergence 
is the reason for the apparent (coordinate) singularities in the original 
metric form. The region covered by these coordinates is the region 
between the surface t = 0 and the null surfaces on which these normals 
become degenerate. 

The space has two further interesting properties. First, as a con- 
sequence of the timelike infinity, there exists no Cauchy surface 
whatever in the space. While one can find families of spacelike 
surfaces (such as the surfaces {t’ = constant}) which cover the space 
completely, each surface being a complete cross-section of the space— 
time, one can find null geodesics which never intersect any given 
surface in the family. Given initial data on any such surface, one 
cannot predict beyond the Cauchy development of the surface; thus 
from the surface {t = 0}, one can predict only in the region covered by 
the coordinates t, y, 6, $. Any attempt to predict beyond this region is 
prevented by fresh information coming in from the timelike infinity, 

Secondly, corresponding to the fact that the geodesic normals from 
t = 0 all converge at p and gq, all the past timelike geodesics from p 
expand out (normal to the surfaces {f = constant}) and reconverge 
at q. In fact, all the timelike geodesics from any point in this space 
(to either the past or future) reconverge to an image point, diverging 
again from this image point to refocus at a second image point, and 
so on. The future timelike geodesics from p therefore never reach £, in 
contrast to the future null geodesics which go to ¥ from p and form the 
boundary of the future of p. This separation of timelike and null 
geodesics results in the existence of regions in the future of p (i.e. which 
can be reached from p by a future-directed timelike line) which cannot 
be reached from p by any geodesic. The set of points which can be 
reached by future-directed timelike lines from p is the set of points 
lying beyond the future null cone of p; the set of points which can be 
reached from p by future-directed timelike geodesics is the interior of 
the infinite chain of diamond-shaped regions similar to that covered 
by coordinates (t, y,4,¢). One notes that all points in the Cauchy 
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development of the surface t = 0 can be reached from this surface by 
a unique geodesic normal to this surface, but that a general point 
outside this Cauchy development cannot be reached by any geodesic 
normal to the surface. 


5.3 Robertson—Walker spaces 


So far, we have not considered the relation of exact solutions to the 
physical universe. Following Einstein, we can ask: can one find space- 
times which are exact solutions for some suitable form of matter and 
which give a good representation of the large scale properties of the 
observable universe? If so, we can claim to have a reasonable ‘cosmo- 
logical model’ or model of the physical universe. 

However we are not able to make cosmological models without some 
admixture of ideology. In the earliest cosmologies, man placed himself 
in a commanding position at the centre of the universe. Since the time 
of Copernicus we have been steadily demoted to a medium sized planet 
going round a medium sized star on the outer edge of a fairly average 
galaxy, which is itself simply one of a local group of galaxies. Indeed 
we are now so democratic that we would not claim that our position in 
space is specially distinguished in any way. We shall, following Bondi 
(1960), call this assumption the Copernican principle. 

A reasonable interpretation of this somewhat vague principle is to 
understand it as implying that, when viewed on a suitable scale, the 
universe is approximately spatially homogeneous. 

By spatially homogeneous, we mean there is a group of isometries 
which acts freely on Æ, and whose surfaces of transitivity are space- 
like three-surfaces; in other words, any point on one of these surfaces 
is equivalent to any other point on the same surface. Of course, the 
universe is not exactly spatially homogeneous; there are local irregu- 
larities, such as stars and galaxies. Nevertheless it might seem reason- 
able to suppose that the universe is spatially homogeneous on a large 
enough scale. 

While one can build mathematical models fulfilling this requirement 
of homogeneity (see next section), it is difficult to test homogeneity 
directly by observation, as there is no simple way of measuring the 
separation between us and distant objects. This difficulty is eased by 
the fact that we can, in principle, fairly easily observe tsotropies in 
extragalactic observations (i.e. we can see if these observations are the 
same in different directions, or not), and isotropies are closely con- 
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nected with homogeneity. Those observational investigations of iso- 
tropy which have been carried out so far support the conclusion that 
the universe is approximately spherically symmetric about us. 

In particular, it has been shown that extragalactic radio sources are 
distributed approximately isotropically, and that the recently ob- 
served microwave background radiation, where it has been examined, 
is very highly isotropic (see chapter 10 for further discussion). 

It is possible to write down and examine the metrics of all space- 
times which are spherically symmetric; particular examples are the 
Schwarzschild and Reissner-Nordstr6ém solutions (see § 5.5); however 
these are asymptotically flat spaces. In general, there can exist at most 
two pointsin a spherically symmetric space from which the space looks 
spherically symmetric. While these may serve as models of space-time 
near a massive body, they can only be models of the universe consistent 
with the isotropy of our observations if we are located near a very 
special position. The exceptional cases are those in which the universe 
is isotropic about every point in space time; so we shall interpret the 
Copernican principle as stating that the universe is approximately 
spherically symmetric about every point (since it is approximately 
spherically symmetric about us). 

As has been shown by Walker (1944), exact spherical symmetry 
about every point would imply that the universe is spatially homo- 
geneous and admits a six-parameter group of isometries whose surfaces 
of transitivity are spacelike three-surfaces of constant curvature. Such 
a space is called a Robertson- Walker (or Friedmann) space (Minkowski 
space, de Sitter space and anti-de Sitter space are all special cases of 
the general Robertson—Walker spaces). Our conclusion, then, is that 
these spaces are a good approximation to the large scale geometry of 
space-time in the region that we can observe. 

In the Robertson—W alker spaces, one can choose coordinates so that 
the metric has the form 


“de® = — dt? +.8%(t)do®, 


where do? is the metric of a three-space of constant curvature and is 
independent of time. The geometry of these three-spaces is qualita- 
tively different according to whether they are three-spaces of constant 
positive, negative or zero curvature; by rescaling the function S, one 
can normalize this curvature K to be +1 or — 1 in the first two cases. 
Then the metric do? can be written 


do? = dy?+f?(y) (d462+sin26 d¢?), 
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where siny if K=+1, 
f(x) = 1X if K=0, 
sinhy if K=—-1. 


The coordinate y runs from 0 to œ if K = 0 or — 1, but runs from 0 to 
Qn if K = +1. Whon K = 0 or —1, the thrce-spaces are diffoomorphic 
to #5 and so are ‘infinite’, but when K = +1 they are diffeomorphic 
toa three-sphere S and so are compact (‘closed’ or ‘finite’). One could 
identify suitable points in these three-spaces to obtain other global 
topologies; it is even possible to do this, in the case of negative or zero 
curvature, in such a way that the resulting three-space is compact 
(Löbell (1931)). However such a compact surface of constant negative 
curvature would have no continuous groups of isometries (Yano and 
Bochner (1953))— although Killing vectors exist at each point, they 
would not determine any global Killing vector fields and the local 
groups of isometries they generate would not link up to form global 
groups. In the case of zero curvature, a compact space could only have 
a three-parameter group of isometries. In neither case would the 
resulting space-time be isotropic. We shall not make such identifica- 
tions, as our original reason for considering these spaces was that they 
were isotropic (and so had a six-parameter group of isometries). In 
fact the only identifications which would not result in an anisotropic 
space would be to identify antipodal points on S? in the case of constant 
positive curvature. 

The symmetry of the Robertson—Walker solutions requires that the 
energy-momentum tensor has the form of a perfect fluid whose 
density x and pressure p are functions of the time coordinate t only, 
and whose flow lines are the curves (y, 0, 6) constant (so the coordinates 
are comoving coordinates). This fluid can be thought of as a smoothed 
out approximation to the matter in the universe; then the function 
S(t) represents the separation of neighbouring flow lines, that is, of 
‘nearby’ galaxies. 

The equation of conservation of energy (3.9) in these spaces takes 
the form 


f= —3(u+p)S']/8. (5.10) 
The Raychaudhuri equation (4.26) takes the form 
4n(u+3p)—A = ~38"'/8. (5.11) 


Theremaining field equation (which is essentially (2.35)) can be written 
30°? = 8n(uS)/S+ AS?—3K. (5.12) 
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Whenever S° + 0, (5.12) can in fact be derived, with an arbitrary value 
of the constant K, as a first integral of (5.10), (5.11); so the real effect 
of this field equation is to identify the integration constant as the 
curvature of the metric do? of the three-spaces {t = constant}. 

It is reasonable to assume (cf. the energy conditions, § 4.3) that x is 
positive and p is non-negative. (In fact, present estimates are 
10 ymom 9 > zy 2 10°“! ginem~', Ho > Po 2 0). ‘Then, if A is zero, 
(5.11) shows that S cannot be constant; in other words the field equa- 
tions then imply the universe is either expanding or contracting. 
Observations of other galaxies show, as first found by Slipher and 
Hubble, that they are moving away from us, and so indicate that the 
matter in the universe is expanding at the present time. Current 
observations give the value of S’/S at the present time as 


H = (S'S) = 10- year, 


believed correct to within a factor 2. From this, (5.11) shows that if 
A is zero, S must have been zero a finite time tọ ago (that is, a time tọ 
measured along the world-line of our galaxy) where 


to < H- = 10" years. 


From (5.10) it follows that the density decreases as the universe 
expands, and conversely that the density was higher in the past, 
increasing without bound as S~0. This is therefore not merely a 
coordinate singularity (as for example, in anti-de Sitter universe 
expressed in coordinates (5.9)); the fact that the density isinfinite there 
shows that some scalar defined by the curvature tensor is also infinite. 
It is this that makes the singularity so much worse than in the corre- 
sponding Newtonian situation; in both cases the world-lines of all the 
particles intersect in a point and the density becomes infinite, but here 
space-time itself becomes singular at the point S = 0. We must there- 
fore exclude this point from the space-time manifold, as no known 
physical laws could be valid there. 

This singularity is the most striking feature of the Robertson- 
Walker solutions. It occurs in all models in which x + 3p is positive 
and A is negative, zero, or with not too large a positive value. It would 
imply that the universe (or at least that part of which we can have any 
physical knowledge) had a beginning a finite time ago. However this 
result has here been deduced from the assumptions of exact spatial 
homogeneity and spherical symmetry. While these may be reasonable 
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approximations on a large enough scale at the present time, they 
certainly do not hold locally. One might think that, as one traced the 
evolution of the universe back in time, the local irregularities would 
grow and could prevent the occurrence of a singularity, causing the 
universe to ‘bounce’ instead. Whether this could happen, and whether 
physically realistic solutions with inhomogeneities would contain 
singularities, is a central question of cosmology and constitutes the 
principal problem dealt with in this book; it will turn out that there is 
good evidence to believe that the physical universe does in fact become 
singular in the past. 

If some suitable relation between p and y is specified, (5.10) can be 
integrated to give y as a function of S. In fact the pressure is very 
small at the present epoch. If one takes it and A to be zero, one finds 
from (5.10) 4r M 


E 
where M is a constant, and (5.12) becomes 


3S°2—6M|S = -3K = EJM. (5.13) 


The first equation expresses the conservation of mass when the pres- 
sure is zero, while the second (the Friedmann equation) is an energy 
conservation equation for a comoving volume of matter; the constant 
E represents the sum of the kinetic and potential energies. If Ẹ is 
negative (i.e. K is positive), S will increase to some maximum value 
and then decrease to zero; if Ẹ is positive or zero (i.e. K is negative or 
zero), S will increase indefinitely. 

The explicit solutions of (5.13) have a simple form if given in terms 
of a rescaled time parameter 7(t), defined by 


dr/dt = S-1(t); (5.14) 
they take the form 
S = (E/3)(coshr—1), ¢=(£/3)(sinhr—7), if K=-1; 
S=7', t = 37°, if K=0; 


S = (—#/3)(1-cos7), t = (-—#/3)(r-sinr), if K = 1. 
(The case K = 0 is the Einstein-de Sitter universe; clearly S oc tê.) 


If p is non-zero but positive, the qualitative behaviour is the same. 
In particular if p = (y—1) x where y is a constant, 1 < y < 2, one finds 
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47u = M/S*7, and the solution of (5.12) near the singularity takes the 


form 
S oc 8y, 


If A is negative, the solution expands from an initial singularity, 
reaches a maximum and then recollapses to a second singularity. If 
A is positive, then for K = 0 or —1 the solution expands forever and 
asymptotically approaches the steady state model. For K = + 1 there 
are several possibilities. If A is greater than some value Agr 
(Ace = (— 2/311)8/(3.11)? if p= 0) the solution will start from an 
initial singularity and will expand forever asymptotically approaching 
the steady state model. If A = A gy, there is a static solution, the 
Einstein static universe. (The metric form (5.7) is that of the particular 
Einstein static solution for which y +p = (477)-}, A = 1+ 87.) There 
is also a solution which starts from an initial singularity and asympto- 
tically approaches the Einstein universe, and one which starts from the 
Einstein universe in the infinite past and expands forever. If A < Aert 
there are two solutions~one expands from an initial singularity and 
then recollapses to a second singularity; the other contracts from an 
infinite radius in the infinite past, reaches a minimum radius, and then 
re-expands. This and the universe asymptotic to the static universe 
in the infinite past are the only solutions which could represent the 
observed universe and which do not have a singularity. In these 
models, S` is always positive, and this seems to be in conflict with 
observations of redshifts of distant galaxies (Sandage (1961, 1968)). 
Also, the maximum density in these models would not have been very 
much larger than the present density. This would make it difficult to 
understand phenomena such as the microwave background radiation 
and the cosmic abundance of helium, which seem to point to a very 
hot dense phase in the history of the universe. 

Just as in the previous cases we have studied, one can find conformal 
mappings of the Robertson—Walker spaces into the Einstein static 
space. We use the coordinate 7 defined by (5.14) as a time coordinate; 
then the metric takes the form 


ds? = S?(r) {—dr®+dy?+f%x) (d62+sin?6d¢?)}. (5.15) 


In the case K = +1, this is already conformal to the Einstein static 
space (put 7 = t’, y = 7’ to agree with the notation of (5.7)). Thus these 
spaces are mapped into precisely that part of the Einstein static space 
determined by the values taken by 7. When p = A = 0, 7 lies in the 
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range 0 < 7 < 7, so the whole space is mapped into this region in the 
Einstein static universe while its boundary is mapped into the three- 
spheres 7 = 0, 7 = 7. (If p > 0, it is mapped into a region for which 
r takes values 0 < 7 < a < 7, for some number a.) In the case K = 0, 
the same coordinates represent the space as conformal to flat space 
(see (5.15)), so on using the conformal transformations of §5.1, one 
obtains these spaces mapped into some part of the diamond repre- 
senting Minkowski space-time in the Einstein static universe (see 
figure 14); the actual region is again determined by the values taken 
by 7. When A = 0, 0 < 7 < œ, so this space (which is the Einstein- 
de Sitter space when p = 0) is conformal to the half ¢’ > 0 of the 
diamond which represents Minkowski space-time. In the case K = — 1, 
one obtains the metric conformal to part of the region of the Einstein 
static space for which $r > t +r > —4n, 47 > t-r > —4a, on 
defining 
ť = arctan (tanh $(7 + y)) + arctan (tanh $(7 — x)), 


r = arctan (tanh (7 + y))— arctan (tanh $(7— ¥)). 


The part of this diamond-shaped region covered depends on the range 
of 7; when A = 0, the space is mapped into the upper half. 

One thus obtains these spaces and their boundaries conformal to 
some (generally finite) region of the Einstein static space, see figure 
21 (i). However there is an important difference from the previous 
cases: part of the boundary is not ‘infinity’ in the sense it was previ- 
ously, but represents the singularity when S = 0. (The conformal 
factor can be thought of as making infinity finite by giving an infinite 
compression, but making the singular point S = 0 finite by an infinite 
expansion.) In fact this makes little difference to the conformal dia- 
grams; one can give the Penrose diagrams as before (see figures 21 (ii) 
and 21 (iii)). In each case when p > 0 the singularity at t = 0 is repre- 
sented by a spacelike surface; this corresponds to the existence of 
particle horizons (defined precisely as in §5.2) in these spaces. Also 
when K = +1 the future boundary is spacelike, implying the existence 
of event horizons for the fundamental observers; when K = 0 or —1 
and A = 0, future infinity is null and there are no future event horizons 
for the fundamental observers in these spaces. 

At this stage, one should examine the following question: anti- 
de Sitter space could be expressed in the Robertson—Walker form (5.9) 
and then expressed conformally as part of the Einstein static universe. 
When one did so, one found that the Robertson—Walker coordinates 
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(i) The Robertson—Walker spaces (p = A = 0) are conformal to the regions 
of the Einstein static universe shown, in the three cases K = +1, 0 and —1. 

(ii) Penrose diagram of a Robertson—Walker space with K=+1 and 
p=A=0. 

(iii) Penrose diagram of a Robertson—Walker space with K = 0 or — 1 and 
p= Az 0. š 


covered only a small part of the full space-time. That is to say, the 
space-time described by the Robertson—Walker coordinates could be 
extended. One should therefore show that the Robertson—Walker 
universes in which there is matter are in fact inextendible. This 
follows because one can show that if y > 0, p > 0 and X is any vector 
at any point g, the geodesic y(v) through g = y(0) in the direction of X 
is such that either 
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(i) y(v) can be extended to arbitrary positive values of v, or 
(ii) there is some v, > 0 such that the scalar invariant 
(Ry — $294) (RY — Rg") = (4+ A)?+3(p— AP 
is unbounded on y([0, v,)). 

It is now clear that the surfaces {t = constant} are Cauchy surfaces 
in these spaces. Further one sees that the singularity is universal in the 
following sense: all timelike and null geodesics through any point in 
the space approach it for some finite value of their affine parameter. 


5.4 Spatially homogeneous cosmological models 


We have seen that there are singularities in any Robertson—Walker 
space-time in which y > 0, p > 0 and A is not too large. However one 
could not conclude from this that there would be singularities in 
more realistic world models which allow for the fact that the universe 
is not homogeneous and isotropic. In fact, one does not expect to find 
that the universe can be very accurately described by any attainable 
exact solution. However one can find exact solutions, less restricted 
than the Robertson—Walker solutions, which may be reasonable 
models of the universe, and see if singularities occur in them or not; 
the fact that singularities do occur in such models gives an indication 
that the existence of singularities may be a general property of all 
space-times which can be regarded as reasonable models of the 
universe. 

A simple class of such solutions are those in which the requirement 
of isotropy is dropped but the requirement of spatial homogeneity (the 
strict Copernican principle) is retained (although the universe seems 
approximately isotropic at the present time, there might have been 
large anisotropies at an earlier epoch). Thus in these models one 
assumes there exists a group of isometries G, whose orbits in some part 
of the model are spacelike hypersurfaces. (The orbit of a point p under 
the group G, is the set of points into which p is moved by the action of 
all elements of the group.) These models may be constructed locally by 
well-known methods; see Heckmann and Schiicking (1962) for the 
case r = 3, and Kantowski and Sachs (1967) for the case r = 4 (if 
r > 4, the space-time is necessarily a Robertson—Walker space). 

The simplest spatially homogeneous space-times are those in which 
the group of isometries is Abelian; the group is then of type I in the 
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classification given by Bianchi (1918), so we call these Bianchi J spaces. 
We discuss Bianchi I spaces in some detail, and then give a theorem 
showing singularities will occur in all non-empty spatially homogene- 
ous models in which the timelike convergence condition (§4.3) is 
satisfied. 

Suppose the spatially homogeneous space-time has an Abelian 
isometry group; for simplicity we assume A = 0 and that the matter 
content is a pressure-free perfect fluid (‘dust’). Then there exist 
comoving coordinates (t, x, y, 2) such that the metric takes the form 


ds? = — dt? + X?(t) dz? + Y(t) dy? + Z(t) dz?. (5.16) 
Defining the function S(t) by S? = XYZ, the conservation equations 
show that the density of matter is given by $7 = M/S°, where M is 
a suitably chosen constant. The general solution of the field equations 
can be written 


X = S(t/syems, Y = Sctt/Syemetin, 


Z = (È |S etm, 
where 8S is given by S? = 2Mt(t+3); 
=2 ; 


= (> 0)is a constant determining the magnitude of the anisotropy (we 
exclude the isotropic case (£ = 0), which is the Einstein-de Sitter 
universe (§5.3)), and a(—47 < a < 47) is a constant determining the 
direction in which the most rapid expansion takes place. The average 
rate of expansion is given by 

S` 2t+h/2. 

S 3 tÈ?’ 
the expansion in the x-direction is 

X` 2 t4+2(1+2sina)/2 


XK ~ 3 t+z i 

and the expansions Y`/Y, Z'|Z in the y, z directions are given by 
similar expressionsin which «& is replaced by a + $7, a + 47 respectively. 

The solution expands from a highly anisotropic singular state at 
t = 0, reaching a nearly isotropic phase for large t when it is nearly the 
same as the Einstein—de Sitter universe. The average length S increases 
monotonically as t increases, its initial high rate of change (S œ tt for 
small t) decreasing steadily (S oc tÈ for large t). Thus the universe 
evolves more rapidly, at early times, than its isotropic equivalent. 

Suppose one considers the time-reverse of the model, and follows 
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this forward in time towards the singularity. The initially almost 
isotropic contraction will become very anisotropic at late times. For 
general values of «æ, i.e. @ + 477, the term 1+ 2sin (a +47) will be nega- 
tive. Thus the collapse in the z-direction would halt, and, for suff- 
ciently early times, be replaced by an expansion, the rate of expansion 
becoming indefinitely large for early enough times. In the x- and 
y-directions, on the other hand, the collapse would continue mono- 
tonically towards the singularity. Thus if one considers the forward 
direction of time in the original model, one has a ‘cigar’ singularity: 
matter collapses in along the z-axis from infinity, halts, and then 
starts re-expanding, while in the x- and y-directions the matter 
expands monotonically at all times. If one could receive signals from 
early enough times in such a model, one would see a maximum red- 
shift in the z-direction, at earlier times matter in this direction being 
observed with progressively smaller redshifts and then with in- 
definitely increasing blue-shifts. 

The behaviour in the exceptional case a = 377 is rather different. In 
this case, the terms 1 + 2sin (a +477) and 1+ 2sin (« + $77) both vanish. 
Thus the expansions in the axis directions are 

X’ 2t+32/2 Y Z 21 


If one follows the time-reversed model, the rate of collapse in the 
y- and z-directions slows asymptotically down to zero, while the r; 

of collapse in the x-direction increases indefinitely. In the original 
model, one hasa ‘pancake’ singularity: matter expands monotonically 
in all directions, starting from an indefinitely high expansion ratéein 
the z-direction but from zero expansion rates in the y- and z-direction: 
Indefinitely high redshifts would be seen in the x-direction, but there 
would be limiting redshifts in the y- and z-directions. 

Further examination shows that in the general (‘cigar’) case, there 
is a particle horizon in every direction despite the anisotropic expan- 
sion. However in the exceptional (‘pancake’) case, no horizon occurs 
in the z-direction; in fact the particles that can be seen by an observer 
at the origin at time t, are characterized by coordinate values (x, y, z) 
lying within the infinite cylinder 


+y? < pP 


where p= : [ (F (to + ») - (= z)'}. 
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While we have here considered these models for vanishing pressure 
and A term only, properties of these spaces with more realistic matter 
contents can easily be obtained; for example if one has either a perfect 
fluid with p = (y—1)y, y a constant (1 < y < 2), or a mixture of 
a photon gas and matter with pressure p < 4, the behaviour near the 
singularity is the same as in the dust case. 

An interesting consequence of the non-existence of a particle 
horizon in the z-direction in the exceptional (‘pancake’) case, is that 
one can extend the solution continuously across the singularity. We 
shall show this explicitly in the case of the dust solution. 

The metric takes the form (5.16) where now 


X(t) = tGM(t+2))-4, Y(t) = Zt) = (GME+ =). (5.17) 


We now choose new coordinates 7, 7 which satisfy the equations 


tanh (22/9MZ) = y/7, exp (ay [. <u)" T?— 7. 


One then finds that the space with metric (5.16), (5.17) is given in the 
new coordinates by 


ds? = A*(t) ( — d7? + dy?) + B%(t) (dy? + dz?) (5.18) 
where 


A(t) = exp( -4 =). (gM(t+2))-#, Bt) = (RM(t+E)), (5.19) 


the whole space (for £ > 0) being mapped into the region ¥ defined by 
T > 0, 7?—y? > 0. The function ¢(7, 7) is now defined implicitly as the 
solution of the equation 


T?— 7? = $Mt exp — s — (5.20) 


2(t+ Le 
£ 

for which ¢ > 0. The (7, 7) plane is given in conformally flat coordinates. 
The region % in this plane, bounded by the surface t = 0, is shown in 
figure 22. In this diagram, the world-lines of the particles are straight 
lines diverging from the origin. 

The functions A(t), B(t) are continuous as t-> 0 from above. One can 
therefore extend the solution continuously to the whole (7,7) plane 
by specifying that (5.19) holds everywhere, (5.20) holds inside V, and 


that itn) = 


holds outside ¥. Then (5.18) is a C° metric which is a solution of the 
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Fiaure 22. Dust-filled Bianchi I space with a pancake singularity. 
(i) The (7,7) plane; null lines are at + 45°. 
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(ii) A half-section of the space in (7, 7, y) coordinates (the z-coordinate is 
suppressed), showing the past light cone of the point p = (To, 0, 0). There is a 


particle horizon in the y-direction but not in the æ- (i.e. 7) direction. 


field equations equivalent to (5.16), (5.17) inside ¥, and is a 
space-time outside ”. However the solution is not O? across 


flat 
the 


boundary of ¥, and in fact the density of matter becomes infinite on 


this boundary (as S—>0 there). Since the first derivatives are 


not 


square integrable, the Einstein field equations cannot be interpreted 


on the boundary even in a distributional sense (see § 8.4). While 


the 
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extension onto the boundary is unique, it is in no way unique beyond 
the boundary. We have carried out the extension in the case of dust; 
a similar extension could be carried out if one had a mixture of matter 
and radiation. 

Let us now return to considering general non-empty spatially homo- 
geneous models. The existence of a singularity in these models will 
follow directly from Raychaudhuri’s equation if the motion of the 
matter is geodesic and without rotation (as must be the case, for 
example, if the world-lines are orthogonal to the surfaces of homo- 
geneity) and the timelike convergence condition is satisfied; however 
there exist such spaces in which the matter accelerates and rotates, 
and either of these factors could possibly prevent the existence of a 
singularity. The following result, which is an improved version of a 
theorem of Hawking and Ellis (1965), shows that in fact neither 
acceleration nor rotation can prevent the existence of singularities in 
these models. 


Theorem 
(4, g) cannot be timelike geodesically complete if: 

(1) R,,K*K® > 0 for all timelike and null vectors K (this is true 
if the energy-momentum tensor is type I (§4.3) and w+, > 0, 
B+ DP, ah > 0); 


(2) there exist equations of motion for the matter fields such that 
the Cauchy problem has a unique solution (see chapter 7); 

(3) the Cauchy data on some spacelike three-surface 7 is invariant 
under a group of diffeomorphisms of # which is transitive on #”. 


Since the intrinsic geometry of # is invariant under a transitive 
group of diffeomorphisms, these are isometries and #7 is complete, 
i.e. cannot have any boundary. It can be shown (see § 6.5) that if there 
is anon-spacelike curve which intersects # more than once, then there 
exists a covering manifold A of M in which each connected component 
of the image of # will not intersect any non- spacelike curve more than 
once. We shall assume that Ê is timelike geodesically complete, and 
show that this is inconsistent with conditions (1), (2) and (3). 

Let # be a connected component of the image of X in #. By (3), 
the Cauchy data on Ž is homogeneous. Therefore by condition (2), 
the Cauchy development of any region of Hi isi isometric to the Cauchy 
development of any other similar region of J. This implies that the 
surfaces {s = constant} are homogeneous if they lie within the Cauchy 
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development of P, where 8 is the distance from # measured along 
the geodesic normals to Z. These surfaces must lie either entirely 
within or entirely outside the Cauchy development of #”, as otherwise 
there would be equivalent regions in JÆ which had inequivalent 
Cauchy evolutions. The surfaces {s = constant} will lie in the Cauchy 
development of F as long as they remain spacelike, because the 
boundary of the Cauchy development of # (if it exists) must be null 
(§6.5). 

The geodesics orthogonal to ŽŽ will be orthogonal to the surfaces 
{s = constant}, as a vector representing the separation of points equal 
distances along neighbouring geodesics will remain orthogonal to the 
geodesics if it is so initially. As in § 4.1, one can represent the spatial 
separation of neighbouring geodesics orthogonal to H by a matrix A 
which is the unit matrix on #”. By homogeneity, it will be constant on 
the surfaces {s = constant} while these lie in the Cauchy development 
of Æ. While A is non-degenerate, the map from Æ to a surface 
{s = constant} defined by the normal geodesics will be of rank three 
and so the surfaces will be spacelike three-surfaces contained within 
the Cauchy development of F. The expansion 


= (det Ay d (det A)/ds 


of these geodesics obeys Raychaudhuri’s equation (4.26) with the 
vorticity and acceleration zero. By condition (1), Rap VeV? is positive 
for all timelike vectors V°. Thus 6 will become infinite and A will be 
degenerate for some finite positive or negative value s, of s. The map 
from # to the surface 8 = 8 can have at most rank two; there will 
therefore be at least one vector field Z on Æ such that AZ = 0. The 
integral curves of this vector field are curves in J which are mapped by 
the geodesic normals to one point in the surface s = 85. Thus this 
surface will be at most two-dimensional. As the geodesics lie in the 
Cauchy development of # for |s| < |se], the surface s = sọ will lie in 
the Cauchy development or on the boundary of the Cauchy develop- 
ment of Æ. By condition (1), the energy-momentum tensor has a 
unique timelike eigenvector at each point. These eigenvectors will 
form a C? timelike vector field whose integral curves may be thought: 
of as representing the flow lines of the matter. As the surface s = & lies 
in the Cauchy development of Ê or on its boundary, all the flow lines 
that pass through it must intersect R. But then as # is homogeneous, 
all the flow a i pass through # must pass through s = 89. Thus 
the flow lines define a diffeomorphism between # and the surface 
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= &. This is impossible, as # is three-dimensional and s = 8 is 
two-dimensional. o 


In fact, if all the flow lines were to pass through a two-dimensional 
surface, one would expect the matter density to become infinite. We 
have now seen that a large scale rotation or acceleration cannot, by 
itself, prevent the occurrence of singularities in a universe model 
obeying the strict Copernican principle. In later theorems we shall see 
that irregularities are in general also unable to prevent the occurrence 
of singularities in world models. 


5.5 The Schwarzschild and Reissner-Nordström solutions 


While the spatially homogeneous solutions may be good models for the 
large scale distribution of matter in the universe, they are inadequate 
for describing, for example, the local geometry of space-time in the 
solar system. One can describe this geometry to a good approximation 
by the Schwarzschild solution, which represents the spherically sym- 
metric empty space-time outside a spherically symmetric massive 
body. In fact, all the experiments which have so far been carried out 
to test the difference between the General Theory of Relativity and 
Newtonian theory are based on predictions by this solution. 
The metric can be given in the form 


de? = — (1 -=) dt? + (: -*)" dr? +12(d6?-+sin?@d¢g2), (5.21) 


where r > 2m. It can be seen that this space-time is static, i.e. 2/at is 
a timelike Killing vector which is a gradient, and is spherically sym- 
metric, i.e. is invariant under the group of isometries SO(3) operating 
on the spacelike two-spheres {t,r constant} (cf. appendix B). The 
coordinate r in this metric form is intrinsically defined by the require- 
ment that 47rr? is the area of these surfaces of transitivity. The solution 
is asymptotically flat as the metric has the form gap = Nap + O(1/r) for 
large r. Comparison with Newtonian theory (cf. § 3.4) shows that m 
should be regarded as the gravitational mass, as measured from 
infinity, of the body producing the field. It should be emphasized that 
this solution is unique: if any solution of the vacuum field equations 
is spherically symmetric, it is locally isometric to the Schwarzschild 
solution (although it may of course look totally different if it is given 
in some other coordinate system; see appendix B and Bergmann, 
Cahen and Komar (1965)). 
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Normally one would regard the Schwarzschild metric for r greater 
than some value 7, > 2m as being the solution outside some spherical 
body, the metric inside the body (r < rọ) having a different form 
determined by the energy-momentum tensor of the matter in the 
body. However it is interesting to see what happens when the metric 
is regarded as an empty space solution for all values of r. 

The metric is then singular when r = 0 and when r = 2m (there are 
also the trivial singularities of polar coordinates when 0 = 0 and 
6 = 7). One must therefore cut 7 = 0 and r = 2m out of the manifold 
defined by the coordinates (t, r, 0, 6), since in § 3.1 we took space-time 
to be represented by a manifold with a Lorentz metric. Cutting out the 
surface r = 2m divides the manifold into two disconnected components 
for which 0 < r < 2m and 2m < r < œ. Since we took the space-time 
manifold to be connected, we must consider only one of these com- 
ponents and the obvious one to choose is the one for r > 2m, which 
represents the external field. One must then ask whether this manifold 
A with the Schwarzschild metric § is extendible, i.e. whether there 
is a larger manifold Æ’ into which Æ can be imbedded and a suitably 
differentiable Lorentz metric g’ on Æ’ which coincides with g on the 
image of Æ. The obvious place where Æ might be extended is where 
r tends to 2m. A calculation shows that although the metric is singular 
at r = 2m in the Schwarzschild coordinates (é,r, 6,6), no scalar poly- 
nomials of the curvature tensor and the metric diverge asr —> 2m. This 
suggests that the singularity atr = 2m isnota real physical singularity, 
but rather one which is a result of a bad choice of coordinates. 

To confirm this, and to show that (.“, £) can be extended, define 


dr 
* = ae E = 
i br ae i: r+ 2mlog (r— 2m). 
Then v=t+r* 


is an advanced null coordinate, and 
wet—r* 


is a retarded null coordinate. Using coordinates (v,7,6,¢) the metric. 
takes the Eddington—Finkelstein form g' given by 


ds? = — (: =) dv? + 2do dr +72(d6? +. sin?6dg2). (5.22) 


The manifold Æ is the region 2m < r < œ, but the metric (5.22) is 
non-singular and indeed analytic on the larger manifold Æ’ for which 
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0 <r < œ. The region of (.4’, g') for which 0 < r < 2m is in fact 
isometric to the region of the Schwarzschild metric for which 
0 <r < 2m. Thus by using different coordinates, i.e. by taking a 
different manifold, we have extended the Schwarzschild metric so that 
it is no longer singular at r = 2m. In the manifold Æ’ the surface 
r = 2m is a null surface, as can be seen from the Finkelstein diagram 
(figure 23). This is a section (6,¢ constant) of the space-time; each 
point represents a two-sphere of area 47r?. Some null cones and radial 
null geodesics are indicated on this diagram. Surfaces {t = constant} 
are indicated; one sees that t becomes infinite on the surface r = 2m. 

This representation of the Schwarzschild solution has the odd 
feature that it is not time symmetric. One might expect this from the 
cross term (dv dr) in (6.22); itis qualitatively clear from the Finkelstein 
diagram. The most obvious asymmetry is that the surface r = 2m acts 
as a One-way membrane, letting future-directed timelike and null 
curves cross only from the outside (r > 2m) to the inside (r < 2m). Any 
past-directed timelike or null curve in the outside region cannot cross 
into the inside region. No past-directed timelike or null curve within 
r = 2m can approach r = 0. However any future-directed timelike or 
null curve which crosses the surface r = 2m approaches r = 0 within 
a finite affine distance. As 7 —> 0, the scalar Rèd R oreg diverges as m?/r®. 
Therefore r = 0 is a real singularity; the pair (.#’, $’) cannot be 
extended in a C? manner or in fact even in a C° manner across r = 0. 

If one uses the coordinate w instead of v, the metric takes the form 
g” given by 

diene (1 -*) du? — 2 dw dr +7?(d6?+ sin? 0 dg’). 


This is analytic on the manifold æ” defined by the coordinates 
(w, r, 0, $) for 0<7r< co. Again the manifold Æ is the region 
2m < r < co and the new region 0 < r < 2m is isometric to the region 
0 < r < 2m of the Schwarzschild metric, but the isometry reverses 
the direction of time. In the manifold Æ”, the surface r = 2m is again 
a null surface which acts as a one-way membrane. However this time 
it acts in the other direction of time, letting only past-directed time- 
like or null curves cross from the outside (r > 2m) to the inside 
(r < 2m). 

One can in fact make both extensions ( 4’, g’) and (.#”, g£”) simul- 
taneously; that is to say, there is a still larger manifold Æ* with 
metric g* into which both (.4’, g’) and ( 4”, $”) can be isometrically 
imbedded, so that they coincide on the region r > 2m which is 
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T = 2m 


v = constant 


Accelerating 
observer 
at constant r-value 


Radially falling 
particle hits 
singularity 

atr = 0 


(ii) 


v x: constant 


Figure 23. Section (0, $) constant of the Schwarzschild solution. 

(i) Apparent singularity at r = 2m when coordinates (¢,r) are used. 

(ii) Finkelstein diagram obtained by using coordinates (v, r) (lines at 45° are 
lines of constant v). Surface r = 2m is a null surfacé on which ¢ = œ. 
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isometric to (#, g). A construction of this larger manifold has been 
given by Kruskal (1960). To obtain it, consider (.#, g) in the coordi- 
nates (v, w, 0, $); then the metric takes the form 


ita ( 1 -2) du dw +1(d62+sin?6dg2), 


where r is determined by 
4(v—w) = r+ 2mlog (r— 2m). 


This presents the two-space (0, ġ constant) in null conformally flat 
coordinates, as the space with metric ds? = — dv dw is flat. The most 
general coordinate transformation which leaves this two-space 
expressed in such conformally flat double null coordinates is v = v'(v), 
w = w'(w) where v’ and w are arbitrary C! functions. The resulting 
metric is 


2m\ dv dw 
2 [1-1] dy dw’ 4+ 72(d62 + sin? 
ds? = (1 : EF s dv’ dw’ + 72(d6? + sin? 6 d¢g?). 


To reduce this to a form corresponding to that obtained earlier for 
Minkowski space-time, define 


x =$(v'—v'), U = otw’). 
The metric takes the final form 
ds? = F?(t', 2’) (— dt’? + dr?) + 72(t’, x’) (d0? + sin®Od¢*). (5.23) 


The choice of the functions v’, w’ determines the precise form of the 
metric. Kruskal’s choice was v' = exp(v/4m), w = —exp(—w/4m). 
Then r is determined implicitly by the equation 


(t)? — (a')? = —(r — 2m) exp (7/2m) (5.24) 


and F is given by 
F? = exp(—7/2m). 16m?/r. (5.25) 
On the manifold -#* defined by the coordinates (t',x',0,ġ) for 
(t’)?— (x’)? < 2m, the functions r and F (defined by (5.24), (5.25)) are 
positive and analytic. Defining the metric ¢* by (5.23), the region I of 
(4*, g*) defined by x’ > |i] is isometric to (4, g), the region of the 
Schwarzschild solution for which r > 2m. The region defined by 
x' > —t’ (regions I and II in figure 24) is isometric to the advanced 
Finkelstein extension (4’, g’). Similarly the region defined by x’ > t’ 
(regions I and IT’ in figure 24) is isometric to the retarded Finkelstein 
extension ( 4”, 8”). There is also a region I’, defined by x’ < —|t'|, 
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(singularity) ar = 2m 
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> 2m 
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t=0 (singularity) ‘pr = 2m 
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< 2m 
0 v+u" = fn 
r= \"\ future singularity r = constant < 2m 


t = constant 


t=o i r 
past singularity 
t = constant r=0 vw" = hr 


(ii) 
FIGURE 24. The maximal analytic Schwarzschild extension. The 0, ¢ coordinates 
are suppressed; null lines are at + 45°. Surfaces {r = constant} are homogeneous. 
(i) The Kruskal diagram, showing asymptotically flat regions I and I’ and 
regions IT, IT’ for which r < 2m. 
(ii) Penrose diagram, showing conformal infinity as well as the two 
singularities. : 


which turns out t gain isometric with the exterior Schwarzschild 
solution (4, g)/ This can be regarded as another asymptotically flat 
universe on the other side of the Schwarzschild ‘throat’. (Consider the 
section t = 0. The two-spheres {r = constant} behave as in Euclidean 
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space, for large r; however for small r, they have an area which 
decreases to the minimum value 167m? and then increases again, as the 
two spheres expand into the other asymptotically flat three-space.) 
The regions I’ and II are isometric with the advanced Finkelstein 
extension of region I’, and similarly T’ and IT’ are isometric with the 
retarded Finkelstein extension of I’, as can be seen from figure 24. 
There are no timelike or null curves which go from region I to region I’. 
All future-directed timelike or null curves which cross the part of the 
surface r = 2m represented here by t’ = |z’| approach the singularity 
at t' = (2m-+ (x’)®)t, where r = 0. Similarly past-directed timelike or 
null curves which cross t’ = — |x'| approach another singularity at 
t = —(2m-+ (x’)?)t, where again r = 0. 

The Kruskal extension (.#*, g*) is the unique analytic and locally 
inextendible extension of the Schwarzschild solution. One can con- 
struct the Penrose diagram of the Kruskal extension by defining new 
advanced and retarded null coordinates 


v” = arctan (v'(2m)-t), w” = arctan (w'(2m)-t) 
for -—a7<v"+w"<a and —4n <v” < jn, —ẹr <w” < fo 


(see figure 24 (ii)). This may be compared with the Penrose diagram 
for Minkowski space (figure 15 (ii)). One now has future, past and null 
infinities for each of the asymptotically flat regions I and I’. Unlike 
Minkowski space, the conformal metric is continuous but not differ- 
entiable at the points 7°. 

If we consider the future light cone of any point outside r = 2m, 
the radial outwards geodesic reaches infinity but the inwards one 
reaches the future singularity; if the point lies insider = 2m, both these 
geodesics hit the singularity, and the entire future of the point is ended 
by the singularity. Thus the singularity may be avoided by any 
particle outsider = 2m (so itis not ‘universal’ asit is in the Robertson- 
Walker spaces), but once a particle has fallen inside r = 2m (in region 
II) it cannot evade the singularity. This fact will turn out to be closely 
related to the following property: each point inside region IT represents 
a two-sphere that is a closed trapped surface. This means the following: 
consider any two-sphere p (represented by a point in figure 24) and 
two two-spheres q, s. formed by photons emitted radially outwards, 
inwards at one instant from p. The area of q (which is given by 47r?) 
will be greater than the area of p, but the area of s will be less than the 
area of p, if all three lie in a region r > 2m. However if they all lie in 
the region II where r < 2m, then the areas of both q and s will be less 
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than the area of p (in the figure, r decreases as one moves from the 
bottom to the top of region IT). In that case, we say that p is a closed 
trapped surface. Each point inside region II’ represents a time- 
reversed closed trapped surface (the existence of trapped surfaces is 
a necessary consequence of the fact that the surfaces r = constant are 
spacelike), and correspondingly all particles in region II’ must have 
come from the singularity in the past. We shall see in chapter 8 that 
the existence of the singularities is closely related to the existence of 
the closed trapped surfaces. 

The Reissner—Nordstrém solution represents the space-time outside 
a spherically symmetric charged body carrying an electric charge (but 
with no spin or magnetic dipole, so this is not a good representation of 
the field outside an electron). The energy-momentum tensor is there- 
fore that of the electromagnetic field in the space-time which results 
from the charge on the body. It is the unique spherically symmetric 
asymptotically flat solution of the Einstein-Maxwell equations and is 
locally rather similar to the Schwarzschild solution; there exist 
coordinates in which the metric has the form 


2 2\—1 
ast = — (1-0 Sae (1-05) dr? +7?(d0?+sin?0 dg?), 
r r r r 
(5.26) 


where m represents the gravitational mass and e the electric charge of 
the body. This asymptotically flat solution would normally be 
regarded as the solution outside the body only, the interior being 
filled in with some other suitable metric; but it is again interesting to 
see what happens if we regard it as a solution for all r. 

If e? > m? the metric is non-singular everywhere except for the 
irremovable singularity at r = 0; this may be thought of as the point 
charge which produces the field. If e? < m?, the metric also has singu- 
larities at r} and r_, where r} = m+ (m?—e®)t; it is regular in the 
regions defined by œ > r > r4, r} >r >r_andr_>r > 0 (ife? = m?, 
only the first and third regions exist). As in the Schwarzschild case, 
these singularities may be removed by introducing suitable coordinates 
and extending the manifold to obtain a maximal analytic extension 
(Graves and Brill (1960), Carter (1966)). The major differences that 
arise are due to thé existence of two zeros in the factor in front of dt?, 
rather than one as in the Schwarzschild case. In particular this implies 
that the first and third regions are both static, whereas the second 
region (when it exists) is spatially homogeneous but is not static. 
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To obtain the maximally extended manifold, we proceed in steps 
analogous to those in the Schwarzschild case. Defining the coordinate 


r* by z 
r* = far /(1-2 45 3) 


then forr > r4, 


Met — log (r— r,)- a 


r* = r+mlog((r-m?) -= if e= m?, 


= log (r- r_) if e? < m?, 


2 r—™m : 
r* = r+mlog (r°— 2mr + e*) + arc tan (=m) if e? > m?. 


Defining advanced and retarded coordinates v, w by 
v=t+tr*, w=t—r* 


the metric (5.26) takes the double null form 
ds = -(1- Beco + S) davawe (d6? + sin? 6 d¢*). (5.27) 
In the case e? < m?, define new coordinates v”, w” by 


Tr. -r 
v” = arctan (cxp( a =), ” = arctan (-exp (=~) : 
+ + 


Then the metric (5.27) takes the form 


4 
ds? = (1 sE £ 5)es 64 — + cosec 2v” cosec 2w” dv” dw” 
r (r-r) 
+7?(d0?+sin?0dø?)}, (5.28) 
where r is defined implicitly by 


tan v” tanw” = —exp (z =) r) (r-ri (r—r_y 2 
+ 


and a = (r,)~2(r_)?. The maximal extension is obtained by taking 
(5.28) as the metric g*, and .@* as the maximal manifold on which 
this metric is C?. 

The Penrose diagram of the maximal extension is shown in figure 25. 
There are an infinite number of asymptotically flat regions, where 
r > 1,; these are denoted by I. These are connected by intermediate 
regions II and III where 7, >7r>r_ and r_>r > 0 respectively. 
There is still an irremovable singularity at r = 0 in each region III, 
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Ficure 25. Penrose diagram for the maximally extended Reissner-Nordström 
solution (e?< m*). An infinite chain of asymptotically flat regions I 
(œ >r > r) are connected by regions II (r, >r >r_) and III (r. >r > 0); 


each region III is bounded by a timelike singularity at r = 0. 


but unlike in the Schwarzschild solution, it is timelike and so can be 
avoided by a future-directed timelike curve from a region I which 
crosses 7 = 7,. Such a curve can pass through regions II, TIT and IT 
and re-emerge into another asymptctically flat region I. This raises 
the intriguing possibility that one might be able to travel to other 
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universes by passing through the ‘wormholes’ made by charges. 
Unfortunately it seems that one would not be able to get back again 
to our universe to report what one had seen on the other side. 

The metric (5.28) is analytic everywhere except at r = r_ where it is 
degenerate but one can define different coordinates v” and w” by 


a : -3 
v” = are tan (exp (3 nr_* »)) , 


-r +r 
w” = arotan (-exp (E w)) ; 


where n is an integer > 2(r,)*(7_)~®. In these coordinates, the metric 
is analytic everywhere except at r = 7, where it ia degenerate. Tho 
coordinates v” and w” are analytic functions of v” and w” for r + r} 
or r_. Thus the manifold .@* can be covered by an analytic atlas, con- 
sisting of local coordinate neighbourhoods defined by coordinates v” 
and w” forr + r_ and by local coordinate neighbourhoods defined by 
v” and w” for r + r}. The metric is analytic in this atlas. 

The case e? = m? can be extended similarly; the case e? > m? is 
already inextendible in the original coordinates. The Penrose diagrams 
of these two cases are given in figure 26. 

In all these cases, the singularity is timelike. This means that, unlike 
in the Schwarzschild solution, timelike and null curves can always 
avoid hitting the singularities. In fact the singularities appear to be 
repulsive: no timelike geodesic hits them, though non-geodesic time- 
like curves and radial null geodesics can. The spaces are thus timelike 
(though not null) geodesically complete. The timelike character of the 
singularity also means that there are no Cauchy surfaces in these 
spaces: given any spacelike surface, one can find timelike or null curves 
which run into the singularity and do not cross the surface. For 
example in the case e? < m?, one can find a spacelike surface S which 
crosses two asymptotically flat regions I (figure 25). This is a Cauchy 
surface for the two regions I and the two neighbouring regions IT. 
However in the neighbouring regions ITI to the future there are past- 
directed inextendible timelike and null curves which approach the 
singularity and do not cross the surface r = r_. This surface is there- 
fore said to be the future Cauchy horizon for S. The continuation of 
the solution beyond r = r_ is not determined by the Cauchy data on F. 
The continuation we have given is the only locally inextendible 
analytic one, but there will be other non-analytic C” continuations 
which satisfy the Einstein-Maxwell equations. 
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Faure 26. Penrose diagrams for the maximally extended Reissner-Nordström 
solutions: ü) Aart, (ii) è> mè, 

In the first case there is an infinite chain or regions I (co > r > m) connected by 
regions III (m > r > 0). The points p are not part of the singularity at r = 0, but 
are really exceptional points at infinity. 
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A particle P crossing the surface r =r, would appear to have 
infinite redshift to an observer O whose world-line remains outside 
r = r, and approaches the future infinity i+ (figure 25). In the region IT 
between r = r, and r = r_, the surfaces of constant 7 are spacelike and 
so each point of the figure represents a two-sphere which is a closed 
trapped surface. An observer P crossing the surface r = r_ would see 
the whole of the history of one of the asymptotically flat regions I in 
a finite time. Objects in this region would therefore appear to be 
infinitely blue-shifted as they approached 7+. This suggests that the 
surface r = r_ would be unstable against small perturbations in the 
initial data on the spacelike surface S, and that such perturbations 
would in general lead to singularities on r = r_. 


5.6 The Kerr solution 


In general, astronomical bodies are rotating and so one would not 
expect the solution outside them to be exactly spherically symmetric. 
The Kerr solutions are the only known family of exact solutions which 
could represent the stationary axisymmetric asymptotically flat field 
outside a rotating massive object. They will be the exterior solutions 
only for massive rotating bodies with a particular combination of 
multipole moments; bodies with different combinations of moments 
will have other exterior solutions. The Kerr solutions do however 
appear to be the only possible exterior solutions for black holes (see 
§9.2 and §9.3). 

The solutions can be given in Boyer and Lindquist coordinates 
(r, 0,6, t) in which the metric takes the form 


2 
ds? = p? (= + ao") + (r? +a?) sin? 6 dg? — dt? + = (asin? @d¢ — dé)’, 
(5.29) 
where p%(r,0) = 1? 4+a?cos*@ and A(r) = r?— 2mr+a?. 


m and a are constants, m representing the mass and ma the angular 
momentum as measured from infinity (Boyer and Price (1965)); when 
a= 0 the solution reduces to the Schwarzschild solution. This metric 
form is clearly invariant under simultaneous inversion of t and ¢, 
i.e. under the transformation t>—t, g>—4¢, although it is not 
invariant under inversion of t alone (except when a = 0). This is what 
one would expect, since time inversion of a rotating object produces 
an object rotating in the opposite direction. 
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When a? > m2, A > 0 and the above metric is singular only when 
r = 0. The singularity at r = 0 is not in fact a point but a ring, as can 
be seen by transforming to Kerr-Schild coordinates (x,y,z,t), where 
x+iy = (7+ia)sin Oexp if (dọ +aA-!dr), 
z=rcos0, f= fa (r? +a?) A- dr) —r. 


In these coordinates, the metric takes the form 


ds? = dz? + dy? + dz? — df? 


2m3 /r(xdxz+ydy)—alxzdy— —ydr) | zdz 
tarar ( ial zdz az)", (6.30) 


where r is determined implicitly, up to a sign, in terms of x, y, z by 
7 — (x? + y? +z? — a?) 7? — a?2? = 0. 


For r + 0, the surfaces {r = constant} are confocal ellipsoids in the 
(x, y, 2) plane, which degenerate for r = 0 to the disc 2? + y? < a?,z = 0. 
The ring z? +y? = a, z = 0 which is the boundary of this disc, is a real 
curvature singularity as the scalar polynomial R,,,,R%¢ diverges 
there. However no scalar polynomial diverges on the disc except at 
the boundary ring. The function r can in fact be analytically con- 
tinued from positive to negative values through the interior of the disc 
æ? +y? < a?, z= 0, to obtain a maximal analytic extension of the 
solution. 

To do this, one attaches another plane defined by coordinates 
(z’,y’,2') where a point on the top side of the disc 2? 4? < a?,z = 0 
in the (x,y,z) plane is identified with a point with the same x and y 
coordinates on the bottom side of the corresponding disc in the 
(x',y’, 2’) plane. Similarly a point on the bottom side of the disc in the 
(x, y, 2) plane is identified with a point on the top side of the disc in the 
(x’, y’, 2’) plane (see figure 27). The metric (5.30) extends in the obvious 
way to this larger manifold. The metric on the (z’, y’, 2’) region is again 
of the form (5.29), but with negative rather than positive values of r. 
At large negative values of 7, the space is again asymptotically flat 
but this time with negative mass. For small negative values of 7 near 
the ring singularity, the vector |ð is timelike, so the circles 
(t = constant, r = constant, 0 = constant) are closed timelike curves. 
These closed timelike curves can be deformed to pass through any 
point of the extended space (Carter (1968a)). This solution is geodesic- 
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ally incomplete at the ring singularity. However the only timelike and 
null geodesics which reach this singularity are those in the equatorial 
plane on the positive r side (Carter (1968a)). 


Symmetry 
Symmetry: axis 
axis 0 = constant 9 — constant 9 = 0 
6=0 j 
r = constant ¢ 
(r > 0) 
r=0 
A wa ~ r =constant 
S . kt th. ete < 0) 
` A r ” ~~ ` r= 
` Si T $ P ~ 
. s ae 
fad ood ad y r Carers $ 
LS 77 Singularity 


Identify 


Ficurs 27. The maximal extension of the Kerr solution for a? > m? is obtained 
by identifying the top of the disc x? + y? < a?, z = Qin the (x, y, z) plane with the 
bottom of the corresponding disc in the (z’, y’, z’) plane, and vice versa. The 
figure shows the sections y = 0, y’ = 0 of these planes. On circling twice round 
the singularity at x? +y? = a?, z = 0 one passes from the (x, y, z) plane to the 
(x, y’, 2’) plane (where r is negative) and back to the (x, y, 2) plane (where r is 
positive). 


The extension in the case a? < m? is rather more complicated, 
because of the existence of the two values 7, = m-+(m?—a?)t and 
r_ = m—(m*—a*)t of r at which Ar) vanishes. These surfaces are 
similar to the surfaces r=7,, r=r_ in the Reissner~Nordstrém 
solution. To extend the metric across these surfaces, one transforms 
to the Kerr coordinates (7,0,¢,,u,), where 


du, = dt+(r?+a%)A-tdr, dø, =dd+aAh—'dr. 
The metric then takes the form 
ds? = p?d6?— 2a sin? 0 dr dø, +2drdu, 
+ p-*{(r? + a®)? — Aa? sin? 6} sin? 0 do,? 
—4ap-*mr sin?0 do, du, —(1—-2mrp-*)du,? (5.31) 
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on the manifold defined by these coordinates, and is analytic at 
r =r; andr = r_. One again has a singularity at 7 = 0, which has the 
same ring form and geodesic structure as that described above. The 
metric can also be extended on the manifold defined by the coordinates 
(r, 6, 6_,u_) where 


du_ = dt- (r2 +a?)A-1dr, dø_= dg—aA-dr; 


the metric again takes the form (5.31), with ¢,,u, replaced by — ¢_, 
—u_. The maximalanalytic extension can be built up by a combination 
of these extensions, as in the Reissner-Nordstrém case (Boyer and 
Lindquist (1967), Carter (1{968a)). The global structure is very similar 
to that of the Reissner-Nordstrém solution except that one can now 
continue through the ring to negative values of r. Figure 28 (i) shows 
the conformal structure of the solution along the symmetry axis. Tho 
regions l represent the asymptotically flat regions in which r > r}. 
The regions II (r_ <r <7,) contain closed trapped surfaces. The 
regions III (—co <r <7_) contain the ring singularity; there are 
closed timelike curves through every point in a region HT, but no 
causnlity violation occurs in tho other two regiona. 

In the case a? = m4, r, and r_ coincide and there is no region II. The 
maximal extension is similar to that of the Reissner-Nordstrém solu- 
tion when e? = m?. The conformal structure along the symmetry axis 
In this vase ls shown In ilyure 28 (il). 

The Kerr solutions, being stationary and axisymmetric, have a 
two-parameter group of isometries. This group is necessarily Abelian 
(Carter (1970)). There are thus two independent Killing vector fields 
which commute. There is a unique linear combination K® of these 
Killing vector fields which is timelike at arbitrarily large positive and 
negative values of r. There is another unique linear combination Ke 
of the Killing vector fields which is zero on the axis of symmetry. The 
orbits of the Killing vector K@ define the stationary frame, that is, an 
object moving along one of these orbits appears to be stationary with 
respect to infinity. The orbits of the Killing vector K¢ are closed curves, 
and correspond to the rotational symmetry of the solution. 

In the Schwarzschild and Reissner-Nordstrém solutions, the 
Killing vector Ke which is timelike at large values of r is timelike 
everywhere in the region I, becoming null on the surfaces r = 2m and 
r = 7, respectively. These surfaces are null. This means that a particle 
which crosses one of these surfaces in the future direction cannot 
return again to the same region. They are the boundary of the region 
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r=, TE 


Figure 28. The conformal structure of the Kerr solutions along the axis of 
symmetry, (i) in the case 0 < a? < mè, (ii) in the caac a? = m?. The dotted linen 
are Hnos of vonsbaut r; bho regions 1, L1 and HE in case (1) aro divided by r = r4 
and r = r_, and the regions I and III in case (ii) by r = m. In both cases, the 
structure of the space near the ring singularity is as in figure 27. 


of the solution from which particles can escape to the infinity %+ of 
a particular region I, and are called the event horizons of that 4+. (They 
are in fact the event horizon in the sense of § 5.2 for an observer moving 
on any of the orbits of the Killing vector K” in the region I.) 

In the Kerr solution on the other hand, the Killing vector K? is 
spacelike in a region outside 7 = r,, called the ergosphere (figure 29). 
The outer boundary of this region is the surface r = m + (m? — a? cos? 6) 
on which K“ is null. This is called the stationary limit surface since it is 
the boundary of the region in which particles travelling on a timelike 
curve can travel on an orbit of the Killing vector K¢, and so remain at 
rest with respect to infinity. The stationary limit surface is a timelike 
surface except at the two points on the axis, where it is null (at these 
points it coincides with the surface r = 7). Where it is timelike it can 
be crossed by particles in either the ingoing or the outgoing direction. 
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Symmetry axis 


Equatorial 
plane 
(0 = $n) 


Stationary 
limit 
surface 
Ergosphere 


Event horizon 
Ring A 
singularity 
Figure 29. In the Kerr solution with 0 < a? < m*, the ergosphere lies between 
the stationary limit surface and the horizon at r = r,. Particles can escape to 
infinity from region I (outside the event horizon r = r,) but not from region II 
(between r =r, and r = r) and region III (r < r_; this region contains the 


ring singularity). 


© 


Ergosphere 


limit surface 
Figure 30. The equatorial plane of a Kerr solution with mê? > a*. The circles 
represent the position a short time later of flashes of light emitted by the points 
represented by heavy dots. 
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It is therefore not the event horizon for A+. In fact the event horizon 
is the surface r = r, = m + (m?—a®)t. Figure 30 shows why this is. It 
shows the equatorial plane 0 = 47; each point in this figure represents 
an orbit of the Killing vector Ke, i.e. it is stationary with respect 
to +. The small circles represent the position a short time later of 
flashes of light emitted from the points represented by the heavy 
black dots. Outside the stationary limit the Killing vector K? is time- 
like and so lies within the light cone. This means that the point in 
figure 30 representing the orbit of emission lies within the wavefront 
of the light. 

On the stationary limit surface, K? is null and go the point repre- 
senting the orbit of emission lies on the wavefront. However the wave- 
front lies partly within and partly outside the stationary limit surface; 
it is therefore possible for a particle travelling along a timelike curve 
to escape to infinity from this surface. In the ergosphere between the 
stationary limit surface and 7 = r,, the Killing vector K@ is spacelike 
and so the point representing the orbit of emission lies outside the 
wavefront. In this region it is impossible for a particle moving on a 
timelike or null curve to travel along an orbit of the Killing vector and 
so to remain at rest with respect to infinity. However the positions of 
the wavefronts are such that the particles can still escape across the 
stationary limit surface and so out to infinity. On the surface r = 7,, 
the Killing vector K? is still spacelike. However the wavefront corre- 
sponding to a point on this surface lies entirely within the surface. 
This means that a particle travelling on a timelike curve from a point 
on or inside the surface cannot get outside the surface and so cannot 
get out to infinity. The surface r = r, is therefore the event horizon 
for J+ and is a null surface. 

Although the Killing vector K? is spacelike in the ergosphere, the 
magnitude K*R°K,,K,, of the Killing bivector KaB is negative every- 
where outside r=r,, except on the axis K* = 0 where it vanishes. 
Therefore K“ and K¢ span a timelike two-surface and so at each point 
outside r = r, off the axis there is a linear combination of Ke and Ke 
which is timelike. In a sense, therefore, the solution in the ergosphere 
is locally stationary, although it is not stationary with respect to 
infinity. In fact there is no one linear combination of K* and K¢ which 
is timelike everywhere outside r = 7,. The magnitude of the Killing 
bivector vanishes on r = 7,, and is positive just inside this surface. 
Onr = r,, both K¢and K? are spacelike but there is a linear combina- 
tion which is null everywhere on 7 = r, (Carter (1969)). 
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The behaviour of the ergosphere and the horizon we have discussed 
will play an important part in our discussion of black holes in § 9.2 
and $9.3. 

Just as the Reissner-Nordstrém solution can be thought of as 
a charged version of the Schwarzschild solution, so there is a family of 
charged Kerr solutions (Carter (1968a)). Their global properties are 
very similar to those of the uncharged Kerr solutions. 


5.7 Gédel’s universe 

In 1949, Kurt Gödel published a paper (Gödel (1949)) which provided 
a considerable stimulus to investigation of exact solutions more com- 
plex than those examined so far. He gave an exact solution of 
Einstein’s field equations in which the matter takes the form of a 
pressure-free perfect fluid (Z p = Puau where p is the matter density 
and u, the normalized four-velocity vector). The manifold is R? and 
the metric can be given in the form 

ds? = — dt? + da? —} exp (2(,/2) wx) dy? + dz? — 2 exp ((,/2) wx) dt dy, 
where w > 0 is a constant; the field equations are satisfied if u = 3/02° 
(i.e. ut = 6%) and 4np = w? =—A. 

The constant w is in fact the magnitude of the vorticity of the flow 
vector u°. 

This space-time has a five-dimensional group of isometries which 
is transitive, i.e. it is a completely homogeneous space-time. (An 
action of a group is transitive on Æ if it can map any point of Æ into 
any other point of æ.) The metric is the direct sum of the metric g, 
given by 

ds,? = — dt? + da? — $ exp (2(,/2) wx) dy? — 2exp ((,/2) wx) dt dy 

on the manifold Æ, = R? defined by the coordinates (t, x, y), and the 
metric g; given by ds,2 = dz? 

on the manifold .#, = R? defined by the coordinate z. In order to 
describe the properties of the solution it is sufficient to consider only 
(4; g). i 

Defining new coordinates (¢’, r, 6) on M, by 
exp ((,/2) wx) = cosh 27 + cos ġ sinh 27, 
wy exp ((/2) wx) = sin ġ sinh 2r, 
tan 3(¢ + wt — (,/2)t’) = exp (— 27) tan ġġ, 
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the metric g, takes the form 
ds,? = 2w—*( — dt’? + dr? — (sinh*r — sinh? 7) dø? + 2(./2) sinh? r d¢ dt), 


where -œ < t < œ, 0 < r < œ, and 0 < ¢ < 27, ġ = 0 being identified 
with ¢ = 27; the flow vector in these coordinates is u = (t/ (42)) 8/é’. 
This form exhibits the rotational symmetry of the solution about the 
axisr = 0. By a different choice of coordinates the axis could be chosen 
to lie on any flow line of the matter. 


r=0 

(coordinate axis) 
_-Matter world-line 
(r, 6 constant) 


p’’s future null cone 
(refocusses at p”) 


p ’s null cone refocusses at 7’ 


Null cone 
includes 


circle 


Caustic on p's 
future null cone 


Null geodesics 


r > log (+42) L XF 


(closed timelike p = log (1 +42) NA 
curve) A p $ 


r < log (1+2) 
(closed spacelike 
curve) 


Figure 31. Gédel’s universe with the irrelevant coordinate z suppressed. The 
space is rotationally symmetric about any point; the diagram represents cor- 
rectly the rotational symmetry about the axis r = 0, and the time invariance. 
The light cone opens out and tips over as r increases (see line L) resulting in 
closed timelike curves. The diagram does not correctly represent the fact that 
all points are in fact equivalent. 


The behaviour of (4, gı) is illustrated in figure 31. The light cones 
on the axis r = 0 contain the direction 2/2’ (the vertical direction on 
the diagram) but not the horizontal directions @/@r and jð. As one 
moves away from the axis, the light cones open out and tilt in the 
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¢-direction so that at a radius r = log (1+./2), 4/¢ is a null vector 
and the circle of this radius about the origin is a closed null curve. 
At greater values of 7, 8/2¢ is a timelike vector and circles of constant 
r, t are closed timelike curves. As (4, 8) has a four-dimensional 
group of isometries which is transitive, there are closed timelike curves 
through every point of (.4, gı), and hence through every point of the 
Gödel solution (K, 8). ae 

This suggests that the solution is not very physical. The existence 
of closed timelike curves in this solution implies that there are no 
imbedded three-dimensional surfaces without boundary in which 
are spacelike everywhere. For a closed timelike curve which crossed 
such a surface would cross it an odd number of times. This would mean 
that the curve could not be continuously deformed to zero, since a 
continuous deformation can change the number of crossings only by 
an even number. This would contradict the fact that Æ is simply 
connected, being homeomorphic to R*. The existence of closed time- 
like lines also shows that there can be no cosmic time coordinate t in æ 
which increases along every future-directed timelike or null curve. 

The Gödel solution is geodesically complete. The behaviour of the 
geodesics can be described in terms of the decomposition into (4, 8) 
and (Mz, o). Since the metric g, of Æ, is flat, the component of the 
geodesic tangent vector in æ, is constant, i.e. the z-coordinate varies 
linearly with the affine parameter on the geodesic. It is sufficient there- 
fore to describe the behaviour of geodesics in (.4,, 8). The null 
geodesics from a point p on the axis of coordinates (figure 31) diverge 
from the axis initially, reach a caustic at 7 = log (1 + (42)), and then 
reconverge to a point p’ on the axis. The behaviour of timelike geo- 
desics is similar: they reach some maximum value of 7 less than 
log (1 + (./2)) and then reconverge to p’. A point q at a radius 7 greater 
than log (1+ (./2)) can be joined to p by a timelike curve but not by 
a timelike or null geodesic. 

Further details of Gédel’s solution can be found in Gédel (1949), 
Kundt (1956). 


5-8 Taub-NUT space 


In 1951, Taub discovered a spatially homogeneous empty space solu- 
tion of Einstein’s equations with topology R x S? and metric given by 


ds? = — U-" dt? + (21)? U (dy + cos 6 dg)? 
+ (+41?) (d@?4sin?@d¢?), (5.32) 
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where 
2(mt +P) 


UM =-1i+- EE 


m and l are positive constants. 

Here 6, $, Yy are Euler coordinates on Sê, so 0 < Y < 47,0< 0 <7, 
0 < ġ < 2z. This metric is singular at t = t} =m + (m?+)}ł, where 
U = 0. It can in fact be extended across these surfaces to give a space 
found L, Newman, Tamburino and Unti (1963), but before discussing 
the extension we shall consider a simple two-dimensional example 
given by Misner (1967) which has many similar properties. 

This space has the topology S! x R? and the metric § given by 


ds? = -t1 di? + tdy* 


where 0 < y < 27. This metric is singular when ¢ = 0. However if one 
takes the manifold æ defined by y and by 0 < t < œ, (4, g) can 
be extended by defining y’ = y —logt. The metric then takes the 


form g' given by = ge _ + 2dy' dt+t(dy')?. 


This is analytic on the manifold æ’ with topology S! x R? defined by 
y’ and by —œ < t < œ. The region t > 0 of (4',g') is isometric with 
(4, 8). The behaviour of (.#’, 8’) is shown in figure 32. There are 
closed timelike lines in the region t < 0, but there are none when 
t > 0. One family of null geodesics is represented by the vertical lines 
in figure 32; these cross the surface t = 0. The other family spiral 
round and round as they approach ¢ = 0, but never actually cross this 
surface, and these geodesics have only finite affine length. Thus the 
extension (.4#’, 8’) is not symmetric between the two families of null 
geodesics, although the original space (4, 8) was. However one can 
define another extension ( 4#”, g”) in which the behaviour of the two 
families of null geodesics is interchanged. To do so define y” by 
y” = y +logt. The metric takes the form g” given by 


ds? = — 2dyr"dt+e(dy’)?. 


This is analytic on the manifold æ” with topology S? x R! defined 
by y” and —co < t < œ. The region t > 0 of (4”, g”) is isometric 
with (4, g). In a sense, what we have done by defining y” is to untwist 
the second family of null geodesics so that they become vertical lines, 
and can be continued beyond t = 0. However this twisting winds up 
the first family of null geodesics so that they spiral around and cannot 
be continued beyond t = 0. One has therefore two inequivalent locally 
inextendible analytic extensions of (<, 8), both of which are geodesic- 
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FIGuRE 32. Misner’s two-dimensional example. 

(i) Extension of region I across the boundary ¢ = 0 into IT. The vertical null 
geodesics are complete, but the twisted null geodesics are incomplete. 

(ii) The universal covering space is two-dimensional Minkowski space. Under 
the discrete subgroup G of the Lorentz group, points are equivalent; similarly 
points r, g and ¢ are equivalent. (i) is obtained by identifying equivalent points 
in regions I and IT. 
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ally incomplete. The relation between these two extensions can be 
seen clearly by going to the covering space of (4, g). 

This is in fact the region I of two-dimensional Minkowski space 
(Æ, %) contained within the future null cone of a point p (figure 32(ii)). 
The isometries of (.#,%) which leave p fixed form a one-dimensional 
group (the Lorentz group of ¥) whose orbits are the hyperbolae 
{o = constant} where o = 7?— %* and #, č are the usual Minkowski 
coordinates. The space (A, g) is the quotient of (J, ñ) by the discrete 
subgroup of the Lorentz group consisting of A” (n integer) where 
A maps (i, č) to 


(Ecosh 7 +2 sinh 7, cosh 7 +? sinh 7), 
i.e. one identifies the points 
(č cosh nz + Ž sinh nz, cosh nz +E sinh nz) 
for all integer values of n, and these correspond to the point 
t = 4-2), y = 2arctanh (Žj) in Æ. 


The action of the isometry group G in the region I is properly dis- 
continuous. The action of a group H on a manifold W is said to be 
properly discontinuous if: 

(1) each pointge/ has a neighbourhood Y such that A(Y) N Y = Ø 
for each A e H which is not the identity element, and 

(2) ifqg, EM aresuch that there is no A e H with Ag = r, then there 
are neighbourhoods Y and @’ of g and r respectively such that there 
is no BeH with B(®)nw@' + Ø. 

Condition (1) implien that the quotient MJH in n manifold, and 
condition (2) implies that it is Hausdorff. Thus the quotient (1,%)/G is 
the Hausdorff space (Æ, g). The action of G is also properly discon- 
tinuous in the regions I+II (> —%). Thus (I+II,%)/G@ is also a 
Hausdorff space; in fact it is (#’, 6’). Similarly (I+ ITI, ġ)/G is the 
Hausdorff space (#”, g”) where I +III is the region f > Žž. From this 
it can be seen how it is that one family of null geodesics can be com- 
pleted in the extension (.#’, §’) while the other family can be com- 
pleted in the extension (.#", £”). This suggests that one might perform 
both extensions at the same time. However the action of the group on 
the region (I+ II + ITI) (i.e. ? > — |Z|) satisfies condition (1) but condi- 
tion (2) is not satisfied for points q on the boundary between I and IT 
and points? on the boundary between I and III. Therefore the quotient 
(I+II + ITT, 4)/G is not Hausdorff although it is still a manifold. 
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This kind of non-Hausdorff behaviour is different from that in the 
example given in §2.1. In that example, one could have continuous 
curves which bifurcate, one branch going into one region and another 
branch going into another region. Such behaviour of an observer’s 
world-line would be very uncomfortable. However the manifold 
(I+II + IfI)/G does not have any such bifurcating curves; curves in I 
can be extended into IT or ITI but not into both simultaneously. Thus 
one might be prepared to relax the Hausdorff requirement on a space- 
time model to allow this sort of situation but not the sort in which one 
gets bifurcating curves. Further work on non-Hausdorff space-times 
can be found in the papers of Hajicek (1971). 

Condition (1) is in fact satisfied by the action of G on Æ —{p}. Thus 
the space (# —{p}, 4)/G is in some sense the maxima] non-Hausdorff 
extension of (.#, g). However it is still not geodesically complete 
because there are geodesics which pass through the point p which has 
been left out. If p is included the action of the group does not satisfy 
condition (1), and so the quotient Ñ /G is not even a non-Hausdorff 
manifold. However consider the bundle of linear frames L( Ñ), i.e. the 
collection of all pairs (X, Y), X, Ye 7, of linearly independent vectors 
at all points qeé.#. The action of an element A of the isometry group 
G on.# induces an action A, on L(.@) which takes the frame (X, Y) 
at q to the frame (A,X, A, Y) at A(q). This action satisfies condi- 
tion (1) because even for (X, Y)eZ,, A,X + X and A, Y + Y unless 

= identity, and satisfies condition (2) even if X and Y lie on the null 
cone of p. Thus the quotient L(@)/G@ is a Hausdorff manifold. It is 
a fibre bundle over the non-Hausdorff non-manifold Æ /G. One could 
in a sense regard it as the bundle of linear frames for this space. The 
fact that the bundle of frames can be well behaved even though the 
space is not, suggests that it is useful to look at singularities by using 
the bundle of linear frames. A general procedure for doing this will 
be given in §8.3. 

We shall now return to the four-dimensional Taub space (4, g) 
where æ is R! x S° and g is given by (5.32). As æ is simply connected, 
one cannot take a covering space as we did in the two-dimensional 
example. However one can achieve a similar result by considering # 
as a fibre bundle over S? with fibre R!x S51; the bundle projection 
m: M> S* is defined by (t, y, 0, $)—> (6, $): This is in fact the pro- 
duct with the t-axis of the Hopf fibering S°—> S? (Steenrod (1951)) 
which has fibre S+. The space (W, g) admits a four-dimensional group 
of isometries whose surfaces of transitivity are the three-spheres 
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{t = constant}. This group of isometries maps fibres of the bundle 
7: M -> 8? into fibres, and so the pairs (F, %) are all isometric, where 
F is a fibre (F ~ R! x8!) and & is the metric induced on the fibre 
by the four-dimensional metric g on æ. The fibre F can be regarded 
as the (i,j) plane, and the metric & on F is obtained from (5.32) by 
dropping the terms in dô and dø; thus £ is given by 


ds? = — U- dt? + 412U(dy)?. (5.33) 


The tangent space 7, at the point qe æ can be decomposed into 
a vertical subspace V, which is tangent to the fibre and is spanned by 
the vectors é/@# and @/ay, and a horizontal subspace H, which is 
spanned by the vectors 6/80 and jê — cos 6 d/a. Any vector Xe T, 
can be split into a part Xp lying in VY, and a part Xy lying in H,. The 
metric g on 7, can then be expressed as 


g(X, Y) = gp (Xp, Yy) + (+P) gn(74Xq, 74" Vex); (5.34) 


where gy = Ë and gy is the standard metric on the two-sphere given 
by ds? = d0? + sin? d¢?. Thus although the metric g is not the direct 
sum of gp and (t? +l?) gy (because R! x S? is not the direct product of 
R? x §! with 8?) it can nevertheless be regarded as such a sum locally. 

The interesting part of the metric g is contained in gy and we shall 
therefore consider analytic extensions of the pair (F, gy). When com- 
bined with the metric gg of the two-sphere as in (5.34), these give 
analytic extensions of (4, g). 

The metric gp, given by (5.33), has singularities at t = t, where 
U = 0. However if one takes the manifold Z, defined by y and by 
t_<t<t,, (Fo y) can be extended by defining 


, 1f dt 
y= Yt Ta 


The metric then takes the form ¢,,’ given by 
ds? = 4 dy’ (IU (t) dy’ — dt). 


This is analytic on the manifold F’ with topology S! x R defined by 
y’ and by —œ < t < œ. The region t.. < t < t, of (F’, gy’) is isometric 
with (Fo, y). There are no closed timelike curves in the region 
t < t < t, but there are for t < t_ and fort > t,. The behaviour is very 
much as for the space (K’, g’) we considered before, except that there 
are now two horizons (at t = t_ and t = t,) instead of the one horizon 
(até = 0). One family of null geodesics crosses both horizons t = t_ and 
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t = t, but the other family spirals round near these surfaces and is 


incomplete. 
As before, one can make another extension by defining the 
coordinate if dt 


w= Ya) UO 


The metric then takes the form gp” given by 
ds? = 41 dy” (IU (t) dy” + dt) 


which is analytic on the manifold F” defined by y” and by 
—œ < t < ©, and is again isometric to (Fo, gy) on t <t < t}. 

Once again one can show the relation between the different exten- 
sions by going to the covering space. The covering space of F, is the 
manifold Z, defined by the coordinates —œ < y < œ and by 
t_ <t < t,. On Ž, the metric gp can be written in the double null form 


ds? = 4PU(t) dy’ ay’, (5.35) 


where -œ < jf’ < œ, —œ© < y” < œ. One can extend thisin a manner 
similar to that used in the Reissner-Nordström solution. Define new 
coordinates (u,, v4) and (u_,v_) on Fe by 


u, = arctan(expy’/a,), v, = arctan(—(exp—yp’/a,)), 


t,—t t,—t 
= a ee 
where t= 7 (mb +P) and a animi y Fy 


n is some integer greater than (mt, -+1?)/(mt_4 I). Thon the metric By 
obtained by applying this transformation to (5.35) is analytic on the 
manifold Ž shown in figure 33, where the coordinates (u,,0,) are 
analytic coordinates except att = ¢_ where they are at least C3, and the 
coordinates (u_,v_) are analytic coordinates except at t = t, where 
they are at least C3. This is rather similar to the extension of the (t, 7) 
plane of the Reissner—-Nordstrém solution. 

The space (¥, &) has a one-dimensional group of isometries, the 
orbits of which are shown in figure 33. Near the points p,, p_ the 
action of this group is similar to that of the Lorentz group in two- 
dimensional Minkowski space (figure 32 (ii)). Let G be the discrete 
subgroup of the isometry group generated by a non-trivial element A 
of the isometry group. The space (Fo, Éy) is the quotient of one of 
the regions (II,, p) by G. The space (¥’,¢,’) is the quotient 
(I_+11,+IIL, &,)/G, and (F”, gy”) is the quotient 


(1, +11, +110,, &-/@. 
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Homogeneous surfaces 
{t = constant} (timelike 
© group orbits) 


Homogeneous surfaces 
{t = constant} (spacelike 
group orbits) 


FicurE 33. Penrose diagram of the maximally extended covering space of a 
two-dimensional section of Taub—NUT space, showing orbits of the isometry 
group. Taub—NUT space and its extensions are obtained from part of this space 
hy idontifiention of points under a discrete subgroup of the isometry group. 


One would also obtain a Hausdorff manifold by taking the quotient of 
(1, +III, +1_): this corresponds to extending like (¥’, ép’) at the 
surface t = t, but extending like (F”, gp”) at the surface t = t_. By 
taking the quotient of the whole space ¥ minus the points p, and p_ 
one obtains a non-Hausdorff manifold; and taking the quotient of F 
one obtains a non-Hausdorff non-manifold in a way analogous to that 
in the example above. As in that example, one can take the quotient 
of the bundle of linear frames over F and obtain a Hausdorff manifold. 

By combining these extensions of the (t, y) plane with the coordi- 
nates (0,ġ) one can obtain corresponding extensions of the four- 
dimensional space (Æ, g). In particular, the two extensions (F’, gp’) 
and (F”, gp”) give rise to two different locally inextendible analytic 
extensions of (.W, g), and both are geodesically incomplete. 

Consider one of these extensions, say (A, 8’). The threo-spheres 
which are tho mirfacon of transitivity of tho isometry group ure spaco- 
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like surfaces in the region t_ < t < t, and are timelike for t > t} and 
i<t_. The two surfaces of transitivity t =t_ and t= t, are null 
surfaces and they form the Cauchy horizon of any spacelike surface 
contained in the region t.. < t < t,, because there are timelike curves 
in the regions £ < t_ and t > t, which do not cross t = t_ and t = t, 
respectively (for example, closed timelike curves exist in the regions 
t < t_andt > t,). The region of space-time t_ < t < t, is compact yet 
there are timelike and null geodesics which remain within it and are 
incomplete. This kind of behaviour will be considered further in 
chapter 8. 

Further details of Taub-NUT space may be found in Misner and 
Taub (1969), Misner (1963). 


5.9 Further exact solutions 


We have examined in this chapter a number of exact solutions and 
used them to give examples of the various global properties which we 
shall wish to discuss more generally later. Although a large number of 
exact solutions are known locally, relatively few have been examined 
globally. To complete this chapter, we shall mention briefly two other 
interesting families of exact solutions whose global properties are 
known. 

The first of these are the plane wave solutions of the empty space 
field equations. These are homeomorphic to R4, and global coordinates 
(yY, z, u, v), Which range from —co to +œ, can be chosen so that the 
metric takes the form 


ds? = 2du dv + dy? +-dz?+ H(y, z, u) du?, 
where H = (y?— 2°) f(u) — 2yzg(u); 


f(u) and g(u) are arbitrary C? functions determining the amplitude 
and polarization of the wave. These spaces are invariant under a five- 
parameter group of isometries multiply transitive on the null surfaces 
{u = constant}; a special subclass, in which f(u) = cos 2u,g(u) = sin 2u, 
admit an extra Killing vector field, and are homogeneous space—times 
invariant under a six-parameter group of isometries. These spaces 
do not contain any closed timelike or null curves; however they 
admit no Cauchy surfaces (Penrose (1965a)). Local properties 
of these spaces have been studied in detail by Bondi, Pirani and 
Robinson (1959), and global properties by Penrose (1965a); Oszv&th 
and Schiicking (1962) have studied global properties of the higher 
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symmetry space. The way in which two impulsive plane waves scatter 
each other and give rise to a singularity has been studied by Khan and 
Penrose (1971). 

The other is the five-parameter family of exact solutions of the 
source-free Einstein-Maxwell equations found by Carter (19688) (see 
also Demianski and Newman (1966)). These include the Schwarzschild, 
Reissner-Nordstrém, Kerr, charged Kerr, Taub-NUT, de Sitter and 
anti-de Sitter solutions as special cases. A description of some of their 
global properties is given in Carter (1967). Some cases closely related 
to this family have been examined by Ehlers and Kundt (1962) and 
Kinnersley and Walker (1970). 


6 
Causal structure 


By postulate (a) of § 3.2, a signal can be sent between two points of M 
only if they can be joined by a non-spacelike curve. In this chapter we 
shall investigate further the properties of such causal relationships, 
establishing a number of results which will be used in chapter 8 to 
prove the existence of singularities. 

By § 3.2, the study of causal relationships is equivalent to that of the 
conformal geometry of .@, i.e. of the set of all metrics conformal to 
the physical metric é ( = 0g, where Q is a non-zero, C” function). 
Under such a conformal transformation of the metric a geodesic curve 
will not, in general, remain a geodesic curve unless it is null, and even 
in this case an affine parameter along the curve will not remain an 
affine parameter. Thus in most cases geodesic completeness (i.e. 
whether all geodesics can be extended to arbitrary values of their 
affine parameters) will depend on the particular conformal factor and 
so will not (except in certain special cases described in §6.4) be a 
property of the conformal geometry. In fact Clarke (1971) and Siefert 
(1968) have shown that, provided a physically reasonable causality 
condition holds, any Lorentz metric is conformal to one in which all 
null geodesics and all future-directed timelike geodesics are complete. 
Geodesic completeness will be discussed further in chapter 8 where it 
forms the basis of a definition of a singularity. 

§6.1 deals with the question of the orientability of timelike and 
spacelike bases. In §6.2 basic causal relations are defined and the 
definition of a non-spacelike curve is extended from piecewise dif- 
ferentiable to continuous. The properties of the boundary of the future 
of a set are derived in § 6.3. In § 6.4 a number of conditions which rule 
out violations or near violations of causality are discussed. The closely 
related concepts of Cauchy developments and global hyperbolicity 
are introduced in §6.5 and §6.6, and are used in §6.7 to prove the 
existence of non-spacelike geodesics of maximum length between 
certain pairs of points. 

In §6.8 we describe the construction of Geroch, Kronheimer and 

[180] 
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Penrose for attaching a causal boundary to space-time. A particular 
example of such a boundary is provided by a class of asymptotically 
flat space-times which are studied in § 6.9. 


6.1 Orientability 


In our neighbourhood of space-time there is a well-defined arrow of 
time given by the direction of increase of entropy in quasi-isolated 
thermodynamic systems. It is not quite clear what the relationship 
is between this arrow and the other arrows defined by the expansion 
of the universe and by the direction of electrodynamic radiation; the 
reader who is interested will find further discussion in Gold (1967), 
Hogarth (1962), Hoyle and Narlikar (1963) and Ellis and Sciama 
(1972). Physically it would seem reasonable to suppose that there is 
a local thermodynamic arrow of time defined continuously at every 
point of space-time, but we shall only require that it should be possible 
to define continuously a division of non-spacelike vectors into two 
classes, which we arbitrarily label future- and past-directed. If this is 
the case, we shall say that space-time is time-orientable. In some 
spacetimes it is not possible to define such a time-orientation. An 
example is the space-time obtained from de Sitter space (§5.2) in 
which points are identified by reflection through the origin of the five- 
dimensional imbedding space. In this space there are closed curves, 
non-homotopic to zero, on going round which the orientation of time 
is reversed. However this difficulty could clearly be resolved by simply 
unidentifying the points again, and in fact this is always the case: if 
a space-time (.#, g) is not time-orientable, then it has a double 
covering space (.#, 8) which is. Æ may be defined as the set of all 
pairs (p, a) where pe æ and a is one of the two orientations of time 
at p. Then with the natural structure and the projection 7: (p,«)-> p, 
A is a double covering of æ. If Æ consists of two disconnected com- 
ponents then (K, g) is time-orientable. If is connected, then (Æ, g) 
is not time-orientable but (@, g) is. In the following sections we shall 
assume that either (4, g) is time-orientable or we are dealing with the 
time-orientable covering space. If one can prove the existence of 
singularities in this space-time then there must also be singularities 
in (<M, é). 

One may also ask whether space-time is space-orientable, that is 
whether it is possible to divide bases of three spacelike axes into right 
. handed and left handed bases in a continuous manner. Geroch (1967a) 
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has pointed out that there is an interesting connection between this 
and time-orientability which follows because some experiments 
on elementary particles are not invariant under charge or parity 
reversals, either singly or together. On the other hand there are theo- 
retical reasons for believing that all interactions are invariant under 
the combination of charge, parity and time reversals (CPT theorem; 
see Streater and Wightman (1964)). If one believes that the non- 
invariance of weak interactions under charge and parity reversals is 
not merely a local effect but exists at all points of space-time, then it 
follows that going round any closed curve either the sign of a charge, 
the orientation of a basis of spacelike axes, and the orientation of time 
must all reverse, or none of them does. (The ordinary Maxwell theory, 
in which the electromagnetic field has a definite sign at every point, 
does not allow the sign of a charge to change on going around a closed 
curve non-homotopic to zero unless the orientation of time changes. 
However one could have a theory in which the field was double-valued 
and changed sign on going round such a curve. This theory would agree 
with all existing experimental evidence.) In particular if one assumes 
that space-time is time-orientable then it must also be space- 
orientable. (This in fact follows on using the experimental evidence 
alone without appealing to the CPT theorem.) 

Geroch (1968c) has also shown that if it is possible to define two- 
component spinor fields at every point then space-time must be 
parallelizable, that is it must be possible to introduce a continuous 
system of bases of the tangent space at every point. (Further conse- 
quences of the existence of spinor structures are obtained in Geroch 
(1970a).) 


6.2 Causal curves 


Taking space-time to be time-orientable as explained in the previous 
section, one can divide the non-spacelike vectors at each point into 
future- and past-directed. For sets S and X, the chronological future 
IHS, UY) of F relative to Y can then be defined as the set of all points 
in Y which can be reached from Ñ by a future-directed timelike curve 
in X. (By a curve we mean always one of non-zero extent, not just a 
single point. Thus J+(/,@%) may not contain S.) IHF, M) will be 
denoted by J+(/), and is an open set, since if pe æ can be reached by 
a future-directed timelike curve from J then there is a small neigh- 
bourhood of p which can be so reached. 
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This definition has a dual in which ‘future’ is replaced by ‘past’, 
and the + by a — ; to avoid repetition, we shall regard dual definitions 
and results as self-evident. 

The causal future of S relative to Y is denoted by JHS, Y); it is 
defined as the union of S n Y with the set of all points in Y which can 
be reached from ¥ by a future-directed non-spacelike curve in Y. We 
saw in § 4.5 that a non-spacelike curve between two points which was 
not a null geodesic curve could be deformed into a timelike curve 
between the two points. Thus if X is an open set and p, q, rE, then 


either geJt(p,%), reltig, Yy 
or qel*(p, Y), redta, Yy 
From this it follows that Iip, Y) = J+(p, Y) and I+(p, Y) = J+(p,%) 
where for any set X, X denotes the closure of # and 
H = Än M-A) 
denotes the boundary of X. 


} imply relt(p,@). 


Chronological 
future IHS) Null geodesic in JHS) 
which does not intersect 
J*(/) and has no past 
endpoint in Æ 


Point removed 
from æ 


through / generating 
past of J+(7) 


Ficure 34. When a point has been removed from Minkowski space, the causal 
future J+() of a closed set S is not necessarily closed. Further parts of the 
boundary of the future of S may be generated by null geodesic segments 
which have no past endpoints in M. 


As before, JHS, M) will be written simply as J+(S). It is the region 
of space-time which can be causally affected by events in S. It is not 
necessarily a closed set even when J is a single point, as figure 34 
shows. This example, incidentally, illustrates a useful technique for 
constructing space-times with given causal properties: one starts 
with some simple space-time (unless otherwise indicated this will be 
Minkowski space), cuts out any closed set and, if desired, pastes it 
together in an appropriate way (i.e. one makes identifications of points 
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of M). The result is still a manifold with a Lorentz metric and there- 
fore still a space-time even though it may look rather incomplete 
where points have been cut out. As mentioned above, however, this 
incompleteness can be cured by an appropriate conformal trans- 
formation which sends the cut out points to infinity. 

The future horismos of F relative to Y, denoted by EHS, Y), is 
defined as JHS, U)—-INS, Y), we write EHS) for EHS, M). (In 
some papers the relations p eI*+(q), peJ+(q) and pe E+(qg) are denoted 
by q <p, q < p and q->p respectively.) If X is an open set, points of 
E+(/,%) must lie on future-directed null geodesics from S by 
proposition 4.5.10, and if X is a convex normal neighbourhood about p 
then it follows from proposition 4.5.1 that E+(p, Y) consists of the 
future-directed null geodesics in X from p, and forms the boundary in 
U of both I*(p,%) and J+(p, Y). Thus in Minkowski space, the null 
cone of p forms the boundary of the causal and chronological futures 
of p. However in more complicated space-times this is not necessarily 
the case (e.g. see figure 34). 

For the purposes of what follows it will be convenient to extend the 
definition of timelike and non-spacelike curves from piecewise dif- 
ferentiable to continuous curves. Although such a curve may not have 
a tangent vector we can still say that it is non-spacelike if locally 
every two points of the curve can be joined by a piecewise differenti- 
able non-spacelike curve. More precisely, we shall say that a con- 
tinuous curve y: F-> M, where F is a connected interval of R}, is 
future-directed and non-spacelike if for every te F there is a neighbour- 
hood G of t in F and a convex normal neighbourhood Y of y(t) in M 
such that for any t,EG, y(4)EeJ-(y(),%)—yt) if i <t, and 
y(t) EF ty), Y)— y(t) if t < t,. We shall say that y is future-directed 
and timelike if the same conditions hold with J replaced by I. Unless 
otherwise specified, we will in future mean by a timelike or non- 
spacelike curve such a continuous curve, and shall regard two curves 
as equivalent if one is a reparametrization of the other. With this 
generalization we can establish a result that will be used repeatedly 
in the rest of this chapter. We first give a few more definitions. 

A point p will be said to be a future endpoint of a future-directed 
non-spacelike curve y: F -> M if for every neighbourhood ¥ of p there 
isate F such that y(t,)e” for every t e F withi, > t. Anon-spacelike 
curve is future-inextendible (respectively, future-ineztendible in a set S) 
if it has no future endpoint (respectively, no future endpoint in I). 
A point p will be said to be a limit point of an infinite sequence of non- 
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spacelike curves A,, if every neighbourhood of p intersects an infinite 
number of the A,,. A non-spacelike curve A will be said to be a limit 
curve of the sequence À, if there is a subsequence A’, of the A,, such that 
for every pE À, A’, converges to p. 


Lemma 6.2.1 

Let. be an open set and let A,, be an infinite sequence of non-spacelike 
curves in Y which are future-inextendible in S. If p €.S is a limit point 
of A,,, then through p there is a non-spacelike curve A which is future- 
inextendible in S and which is a limit curve of the A,,. 


It is sufficient to consider the case S = M since F can be regarded as 
a manifold with a Lorentz metric. Let X, be a convex normal co- 
ordinate neighbourhood about p and let &(q,a) be the open ball of 
coordinate radius a about q. Let b > 0 be such that Z(p, b) is defined 
and let A(i, 0), be a subsequence of A, n X, which converges to p. 
Since Bp, b) is compact it will contain limit points of the A(1, 0),,. 
Any such limit point y must lie either in J-(p, Yı) or J+(p, Y,) since 
otherwise there would be neighbourhoods %4 of y and %, of p between 
which there would be no non-spacelike curve in %,. Choose 


zu EJ+(p, Yı) n B(p,b) 


to be one of these limit points (figure 35), and choose A(i,1),, to be 
a subsequence of A(1, 0),, which converges to 2,,. The point z,, will be 
a point of our limit curve A. Continue inductively, defining 


zy E JHP, Y) n Bp, ib) 


as a limit point of the subsequence A(i—1,1—1),, forj = 0, A(t, j — i)n 
for i2j2 1, and defining A(i,7), as a subsequence of the above 
subsequence which converges to x. In other words we are dividing 
the interval [0, b] into smaller and smaller sections and getting points 
_ on our limit curve on the corresponding spheres about p. As any two 
of the x, will have non-spacelike separation, the closure of the union 
of all the x; (j > ) will give a non-spacelike curve A from p = z;o to 
Zi = Zy. It now remains to construct a subsequence À’, of the A,, such 
that for each ge A, A’,, converges to g. We do this by choosing A’,, to be 
a member of the subsequence A(m, m), which intersects each of the 
balls (xn; mtb) for 0 < j < m. Thus A will be a limit curve of the 
A, from p to 2,,. Now let Y, be a convex normal neighbourhood about 
Zy and repeat the construction using this time the sequence À’, 
Continuing in this fashion, one can extend A indefinitely. Oo 
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Null geodesics 
through p 


Fieurr 35. The non-spacelike limit curve A through p of a family of non- 
spacelike curves À, for which p is a limit point. 


6.3 Achronal boundaries 


From proposition 4.5.1 it follows that in a convex normal neighbour- 
hood Y, the boundary of I+(p, Y) or J+(p, Y) is formed by the future- 
directed null geodesics from p. To derive the properties of more general 
boundaries we introduce the concepts of achronal and future sets. 

A set F is said to be achronal (sometimes referred to as ‘semi- 
spacelike’ in the literature) if IHS) nS is empty, in other words if 
there are no two points of F with timelike separation. / is said to be 
a future set if S > IHS). Note that if S isa future set, M—F isa past 
set. Examples of future sets include I*+(“%) and JHM), where W is 
any set. Examples of achrona] sets are given by the following 
fundamental result. 
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Proposition 6.3.1 
If ¥ is a future set then /, the boundary of /, is a closed, imbedded, 
achronal three-dimensional C!- submanifold. 


If ge, any neighbourhood of q intersects F and M — S. If pel+(q), 
then there is a neighbourhood of gin I-(p). Thus I+(q) =€ S. Similarly 
I-(q) © (#—). If re Itig), there is a neighbourhood ¥ of r such 
that Y c I+(g) = S. Thus r cannot belong to ¥. One can introduce 
normal coordinates (xt, x?, x3, x‘) in a neighbourhood Y, about q with 
6/éx* timelike and such that the curves {zf = constant (7 = 1, 2, 3)} 
intersect both J+(q, Ya) and J-(q, Ya). Then each of these curves must 
contain precisely one point of F. The z‘-coordinate of these points 
must be a Lipschitz function of the x‘ {i = 1, 2, 3) since no two points 
of / have timelike separation. Therefore the one-one map 
a: F 1U,>F defined by ¢,(p) = x(p) (¢ = 1, 2,3) for peS NUY, 
is a homeomorphism. Thus (F n %,, $a) is a C} atlas for F. o 


We shall call a set with the properties of / listed in proposition 6.3.1, 
an achronai boundary. Such a set can be divided into four disjoint 
subsets A, Z, Z, SF, as follows: for a point geY there may or 
may not exist points p, re$ with peH-(q)—g, reE*(q)—g. The 
different possibilities define the subsets of F according to the scheme: 


Jp Ap 
AEAEE, 
ej— - 
VALS de 
If ge%, then reEt(p) since reJ+(p) and by proposition 6.3.1, 
rẹ I+(p). This means that there is anull geodesic segment in Y through 
q. If géeS, (respectively /) then q is the future (respectively, past) 
endpoint of a null geodesic in #. The subset % is spacelike (more 
strictly, acausal). These divisions are illustrated in figure 36. 


A useful condition for a point to lie in %, Y, or Z is given in the 
following lemma due to Penrose (Penrose (1968)): 


Lemma 6.3.2 
Let W be a neighbourhood of ge. F where & is a future set. Then 
(i) Ha cIMS-W) implies gE UŽ, 


(ii) I-(g) E I-(M-S—-W) implies geRuTFZ. 
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Ficure 36. An achronal boundary . can be divided into four sets: %, is space- 
like, Ay is null, and ¥, (respectively, F) is the future (respectively, past) 
endpoint of a null geodesic in F. 


It is sufficient to prove (i) since Y can also be regarded as the boundary 
of the past set (M—.%). Let {x,} be an infinite sequence of points in 
I*(qg) n W which converge on g. If I+(q) © IHS ~W), there will be 
a past-directed timelike curve A,, to S —W from each z,. By lemma 
6.2.1 there will be a past-directed limit curve A from q to (S —-W). As 
I-(g)is open and contained in M —Y, I-(q) n S is empty. Thus A must 
be a null geodesic and must lie in 7. oO 


As an example of the above results, consider J+(%) = 1+(4), the 
boundary of the future of a closed set X. By proposition 6.3.1 it is an 
achronal manifold and by the above lemma, every point of HAJ- A 
belongs to [+(X )]y or IHA), This means that J(#)-— is 
generated by null geodesic segments which may have future end- 
points in J+()— Æ but which, if they do have past endpoints, can 
have them only on % itself. As figure 34 shows, there may be null 
geodesic generating segments which do not have past endpoints at all 
but which go out to infinity. This example is admittedly rather 
artificial but Penrose (1965a) has shown that similar behaviour 
occurs in something as simple as the plane wave solutions; the anti- 
de Sitter (§5.2) and Reissner-Nordstrém (§5.5) solutions provide 
other examples. We shall see in § 6.6 that this behaviour is connected 
with the absence of a Cauchy surface for these solutions. 

We shall say that an open set X is causally simple if for every 
compact set X € Y, 


THN) VU = EHA SNY and JAANA U = EHA) N X. 
This is equivalent to saying that J+() and J-(%) are closed in X. 
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6.4 Causality conditions 


Postulate (a) of § 3.2 required only that causality should hold locally; 
the global question was left open. Thus we did not rule out the possi- 
bility that on a large scale there might be closed timelike curves (i.e. 
timelike S's). However the existence of such curves would seem to 
lead to the possibility of logical paradoxes: for, one could imagine 
that with a suitable rocketship one could travel round such a curve 
and, arriving back before one’s departure, one could prevent oneself 
from setting out in the first place. Of course there is a contradiction 
only if one assumes a simple notion of free will; but this is not some- 
thing which can be dropped lightly since the whole of our philosophy 
of science is based on the assumption that one is free to perform any 
experiment. It might be possible to form a theory in which there were 
closed timelike curves and in which the concept of free will was modi- 
fied (see, for example, Schmidt (1966)) but one would be much more 
ready to believe that space-time satisfies what we shall call the 
chronology condition: namely, that there are no closed timelike curves. 
One must however bear in mind the possibility that there might be 
points (maybe where the density or curvature was very high) of 
space-time at which this condition does not hold. The set of all such 
points will be called the chronology violating set of Æ and has the 
following character: 


Proposition 6.4.1 (Carter) 
The chronology violating set of is the disjoint union of sets of the 
form I+(q) n I-(q), qE M. 


If q is in the chronology violating set of æ, there must be a future- 
directed timelike curve A with past and future endpoints at q. If 
reI~(q) n I+(q), there will be past- and future-directed timelike curves 
H and jt, from g tor. Then (,)-10 A 0 zp will be a future-directed time- 
like curve with past and future endpoints at r. Moreover if 


re[I-(q) n Zan -ip n Zo) 


then pel-(q)n Itig) = I-(p) n Ip). 
To complete the proof, note that every point r at which chronology is 
violated is in the set I-(r) n I+(r). (m) 


Proposition 6.4.2 
If Æ is compact, the chronology violating set of æ is non-empty. 
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M can be covered by open sets of the form I+(q), qe M. If the chrono- 
logy condition holds at g, then g¢I+(q). Thus if the chronology 
condition held at every point, Æ could not be covered by a finite 
number of sets of the form I+(g). o 


From this result it would seem reasonable to assume that space-time 
is non-compact. Another argument against compactness is that any 
compact, four-dimensional manifold on which there is a Lorentz 
metric cannot be simply connected. (The existence of a Lorentz metric 
implies that the Euler number x(.@) is zero (Steenrod (1951), p. 207). 


4 
Now y = È (—1)"B,, where B, > 0 is the nth Betti number of 4. By 
n=0 


duality (Spanier (1966), p. 297) B, = B,_,. Since B, = B, = 1, this 
implies that B, + 0 which in turn implies 7,(.#) + 0 (Spanier (1966), 
p. 398).) Thus a compact space-time is really a non-compact manifold 
in which points have been identified. It would seem physically reason- 
able not to identify points but to regard the covering manifold as 
representing space-time. 

We shall say that the causality condition holds if there are no closed 
non-spacelike curves. Similar to proposition 6.4.1, one has: 


Proposition 6.4.3 
The set of points at which the causality condition does not hold is the 
disjoint union of sets of the form J~(¢)N J+(g), qE M. oO 


In particular, if the causality condition is violated at ge.W but the 
chronology condition holds, there must be a closed null geodesic 
curve y through q. Let v be an affine parameter on y (regarded as a map 
ofan open interval of R! to -#) and let..., v_1, Up, Vis Va --. be successive 
values of vatg. Then we may compare at q the tangent vector /6v|,_,, 
and the tangent vector 0/0|,,_,,, obtained by parallelly transporting 
8]/év| ,-», round y. Since they both point in the same direction, they 
must jbe proportional: 4/é|,_,, = 22/@|,.,,. The factor a has the 
following significance: the affine distance covered in the nth circuit of 
Y, (Vn+1— Vn) is equal to a-(v, — vo). Thus ifa > 1, v never attains the 
value (v,—v,)(1—a-1)-! and so y is geodesically incomplete in the 
future direction even though one can go round an infinite number of 
times. Similarly if a < 1, y is incomplete in the past direction, while if 
a = 1, it is complete in both directions. In the two-dimensional model 
of Taub-NUT space described in § 5.7, there is a closed null geodesic 
which is an example with a > 1. Since the factor a is a conformal in- 
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variant, this incompleteness is independent of the conformal factor. 
This kind of behaviour, however, can happen only if there is a violation 
of causality in some sense; if the strong causality condition (see below) 
holds, a suitable conformal transformation of the metric will make all 
null geodesics complete (Clarke (1971)). 

The factor a has a further significance from the following result. 


Proposition 6.4.4 

If y is a closed null geodesic curve which is incomplete in the future 
direction then there is a variation of y which moves each point of y 
towards the future and which yields a closed timelike curve. 


By §2.6, one can find on Æ a timelike line-element field (V, —V) 
normalized so that g(V, V) = — 1. As we are assuming that æ is time- 
orientable, one can consistently choose one direction of (V, — V) and 
so obtain a future-directed timelike unit vector field V. One can then 
define a positive definite metric ¢’ by 


g'(X, Y) = g(X, Y) + 29(X, V) 9, V). 


Let ¢ be a (non-affine) parameter on y which is zero at some point 
qey and which is such that g(V, jô) = — 2-4. Then t measures proper 
distance along y in the metric g’ and has the range —00 < t < œ. Con- 
sider a variation of y with variation vector jôu equal to zV, where z is 
a function x(t). By § 4.5, 


16 (8 8\ _d_ (8 8 ô De 
23u een) =~ I aw) Taw oe at 


$ -24(F—2). 


where f 8/ét = (D/ét) (8/2). Now suppose v were an affine parameter 
on y. Then 8/év would be proportional to ôjôt: ôjôv = h d/ét, where 
h-!dh/dt = —f. On going round one circuit of y, 0/@v increases by 


a factor a > 1. Thur ` 
djar = —loge < 0. 


Therefore if we take x(t) to be 
t 
exp (f fE) at’ + blog a) i 
0 


where b = fat, this will give a variation of y to the future and gives 
a closed timelike curve. o 
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Proposition 6.4.5 
If (a) Ra KEK? > 0 for every null vector K; 

(b) the generic condition holds, i.e. every null geodesic contains a 
point at which K,,RepaeK pK°K? is non-zero, where K is the tangent 
vector; 

(c) the chronology condition holds on M, 
then the causality condition holds on M. 


If there were closed null geodesic curves which were incomplete, then 
by the previous result they could be varied to give closed timelike 
curves. If they were complete, then by proposition 4.4.5 they would 
contain conjugate points and so by proposition 4.5.12 they could 
again be varied to give closed timelike curves. o 


This shows that in physically realistic solutions, the causality and 
chronology conditions are equivalent. 

As well as ruling out closed non-spacelike curves, it would seem 
reasonable to exclude situations in which there were non-spacelike 
curves which returned arbitrarily close to their point of origin or 
which passed arbitrarily close to other non-spacelike curves which then 
passed arbitrarily close to the origin of the first curve -and so on. In 
fact Carter (19712) has pointed out that there is a more than countably 
infinite hierarchy of such higher degree causality conditions depending 
on the number and order of the limiting processes involved. We shall 
describe the first three of these conditions and shall then give the 
ultimate in causality conditions. 

The future (respectively, past) distinguishing condition (Kronheimer 
and Penrose {1967)) is said to hold at p e M ifevery neighbourhood of p 
contains a neighbourhood of p which no future (respectively, past) 
directed non-spacelike curve from p intersects more than once. An 
equivalent statement is that I+(g) = I*(p) (respectively, I-(g) = I~(p)) 
implies that q = p. Figure 37 shows an example in which the causality 
and past distinguishing conditions hold everywhere but the future 
distinguishing condition does not hold at p. 

The strong causality condition is said to hold at p if every neighbour- 
hood of p contains a neighbourhood of p which no non-spacelike curve 
intersects more than once. Figure 38 shows an example of violation of 
this condition. , 
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Ficure 37. A space in which the causality and past distinguishing conditions 
hold everywhere, but the future distinguishing condition does not hold at p or q 
(in fact, I+(p) = I+(q)). The light cones on the cylinder tip over until one null 
direction is horizontal, and then tip back up; a strip has been removed, thus 
breaking the closed null geodesic that would otherwise occur. 


FIGURE 38. A space-time satisfying the causality, future and past distinguish- 
ing conditions, but not satisfying the strong causality condition at p. Two 
strips have been removed from a cylinder; light cones are at + 45°. 
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Proposition 6.4.6 
If conditions (a) to (c) of proposition 6.4.5 hold and if in addition, 
(d) K is null geodesically complete, then the strong causality condi- 
tion holds on #. 


Suppose the strong causality condition did not hold at pe M. Let Y 
be a convex normal neighbourhood of p and let V, € X be an infinite 
sequence of neighbourhoods of p such that any neighbourhood of p 
contains all the V,, for n large enough. For each F, there would be a 
future-directed non-spacelike curve A,, which left X and then returned 
to V,. By lemma 6.2.1, there would be an inextendible non-spacelike 
curve A through p which was a limit curve of the A,,. No two points of A 
could have timelike separation as otherwise one could join up some A,, 
to give a closed non-spacelike curve. Thus A must be a null geodesic. 
But by (a), (b) and (d) A would contain conjugate points and therefore 
points with timelike separation. o 


Corollary 
The past and future distinguishing conditions would also hold on æ 
since they are implied by strong causality. 


Closely related to these three higher degree causality conditions is 
the phenomenon of imprisonment. 

A non-spacelike curve y that is future-inextendible can do one of 
three things as one follows it to the future: it can 

(i) enter and remain within a compact set S, 

(ii) not remain within any compact set but continually re-enter 
a compact set S, 

(iii) not remain within any compact set S and not re-enter any 
such set more than a finite number of times. 

In the third case y can be thought of as going off to the edge of 
space-time, that is either to infinity or a singularity. In the first and 
second cases we shall say that y is totally and partially future imprisoned 
in F, respectively. One might think that imprisonment could occur 
only if the causality condition was violated, but the example due to 
Carter which is illustrated in figure 39 shows that this is not the case. 
Nevertheless one does have the following result: 
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Identify 


wd z Identify after 


shifting an 
irrational amount 
(i) (ii) 
Ficure 39. A space with imprisoned non-spacelike lines but no closed non- 
spacelike curves. The manifold is R! x S' x S! described by coordinates (t, y, z) 
where (t, y, z) and (t, y, 2+ 1) are identified, and (t, y, z) and (y, y + 1, z+) are 
identified, where a is an irrational number. The Lorentz metric is given by 
ds? = (cosht — 1)? (dt? — dy?) + dt dy — dz?. 
(i) A section {z = constant} showing the orientation of the null cones. 
(it) The section ¢ = 0 showing part of a null geodesic. 


Proposition 6.4.7 

If the strong causality condition holds on a compact set S, there can 
be no future-inextendible non-spacelike curve totally or partially 
future imprisoned in S. 


can be covered by a finite number of convex normal coordinate 
neighbourhoods Y, with compact closure, such that no non-spacelike 
curve intersects any Y, more than once. (We shall call such neighbour- 
hoods, local causality neighbourhoods.) Any future-inextendible non- 
spacelike curve which intersects one of these neighbourhoods must 
leave it again and not re-enter it. 0 


Proposition 6.4.8 

If the future or past distinguishing condition holds on a compact 
set Z, there can be no future-inextendible non-spacelike curve 
totally future imprisoned in S. (This result is included for its interest 
but is not needed for what follows.) 


Let {%2}, (œ = 1,2,3,...), be a countable basis of open sets for æM 
(i.e. any open set in Æ can be represented as a union of the ¥,). As 
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the future or past distinguishing condition holds on S, any point 
pe will have a convex normal coordinate neighbourhood X such 
that no future (respectively, past) directed non-spacelike curve from p 
intersects Y more than once. We define f(p) to be equal to the least 
value of a such that ¥, contains p and is contained in some such 
neighbourhood X. 

Suppose there were a future-inextendible non-spacelike curve A 
which was totally future imprisoned in S. Let geA be such that 
A’ = AN J+(q) is contained in Z. Define % to be the closed, non- 
empty set consisting of all points of Y which are limit points of A. Let 
PoE Sy be such that f(p,) is equal to the smallest value of f(p) on %. 
Through p, there would be an inextendible non-spacelike curve Yo 
every point of which was a limit point of A’. No two points of y, could 
have timelike separation since otherwise some segment of A’ could be 
deformed to give a closed non-spacelike curve. Thus yọ would be an 
inextendible null geodesic which was totally imprisoned in S in both 
the past and future directions. Let .%, be the closed set consisting of 
all limit points of y, N J+(p,) (or, in the case that the past distinguishing 
condition holds on S, Yo N J~(p,)). As every such point would also be 
a limit point of X’, of, € £p. Since Ypy could contain no limit point 
of Yo N J+(po) (respectively, Yo N J~(p,)), A would be strictly smaller 
than Z, We would thus obtain an infinite sequence of closed sets 
Wy > A> Ay >... > A,>.... Each sf, would be non-empty, 
being the set of all limit points of the totally future (respectively, past) 
imprisoned null geodesicy, , NJ+(p,_1) (respectively, Yg-1 N J~(pz_1)). 
Let X = 0% As S is compact, 4% would be non-empty since the 


intersection of any finite number of the £, would be non-empty 
(Hocking and Young (1961), p. 19). Suppose re% . Then f(r) = f(p,) 
for some f. But Vj. %,,; would be empty so r could not be in 
%p,, and so could not be in %°. This shows that there can be no future- 
inextendible non-spacelike curve totally future imprisoned in F. O 


The causal relations on (4, g) may be used to put a topology on M 
called the Alexandrov topology This is the topology in which a set is 
defined to be open if and only if it is the union of one or more sets of the 
form I+(p) 0 I-(q), p, ge. As I*(p) 1 I-(g) is open in the manifold 
topology, any set which is open in the Alexandrov topology will be 
open in the manifold topology, though the converse is not necessarily 
true. 

Suppose however that the strong causality condition holds on Æ. 
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Then about any point re æ one can find a local causality neighbour- 
hood X. The Alexandrov topology of (X, gja) regarded as a space- 
time in its own right, is clearly the same as the manifold topology of X. 
Thus the Alexandrov topology of Æ is the same as the manifold 
topology since Æ can be covered by local causality neighbourhoods. 
This means that if the strong causality condition holds, one can 
determine the topological structure of space-time by observation of 
causal relationships. 


Cut out 


‘S 
2” sa Null geodesics 
XN 
Cut out ? 
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/ 


Identify 


FIGURE 40. A space satisfying the strong causality condition, but in which 
the slightest variation of the metric would permit there to be closed timelike 
lines through p. Three strips have been removed from a cylinder; light cones 
are at + 45°. 


Even imposition of the strong casuality condition does not rule out 
all causal pathologies, as figure 40 shows one can still have a space— 
time which is on the verge of violating the chronology condition in that 
the slightest variation of the metric can lead to closed timelike curves. 
Such a situation would not seem to be physically realistic since 
General Relativity is presumably the classical limit of some, as yet 
unknown, quantum theory of space-time and in such a theory the 
Uncertainty Principle would prevent the metric from having an exact 
value at every point. Thus in order to be physically significant, a 
property of space-time ought to have some form of stability, that is 
to say, it should also be a property of ‘nearby’ space—times. In order 


198 CAUSAL STRUCTURE [6.4 


to givea precise meaning to ‘nearby’ one has to define a topology on the 
set of all space-times, that is, all non-compact four-dimensional mani- 
folds and all Lorentz metrics on them. We shall leave the problem of 
uniting in one connected topological space manifolds of different 
topologies (this can be done); and shall just consider putting a topology 
on the set of all C" Lorentz metrics (r > 1) on a given manifold. There 
are various ways in which this can be done, depending on whether one 
requires a ‘nearby’ metric to be nearby in just its values (C° topology) 
or also in its derivatives up to the kth order (C* topology) and whether 
one requires it to be nearby everywhere (open topology) or only on 
compact sets (compact open topology). 

For our purposes here, we shall be interested in the C° open topology. 
This may be defined as follows: the symmetric tensor spaces 7,8(p) of 
type (0,2) at every point pe M form a manifold (with the natural 
structure) 7,8(.#), the bundle of symmetric tensors of type (0, 2) over 
M. A Lorentz metric g on Æ is an assignment of an element of 7,9(.#) 
at each point pe æ and so can be regarded as a map or cross-section 
9:.&-> TRIK) such that 709 = 1 where vis the projection 7,8(.#)> M 
which sends x€ 7,9(p) to p. Let Y be an open set in TR8( 4) and let 
O(2) be the set of all C° Lorentz metrics g such that 9(.#) is contained 
in X (figure 41). Then the open sets in the C? open topology of the Cr 
Lorentz metrics on Æ are defined to be the union of one or more sets 
of the form O(%). 

We say that the stable causality condition holds on M if the space- 
time metric g has an open neighbourhood in the C° open topology 
such that there are no closed timelike curves in any metric belonging 
to the neighbourhood. (It would not make any difference if one used 
the C* topology here, but one could not use a compact open topology 
since in that topology each neighbourhood of any metric contains 
closed timelike curves.) In other words, what this condition means is 
that one can expand the light cones slightly at every point without 
introducing closed timelike curves. 


Proposition 6.4.9 


The stable causality condition holds everywhere on M if and only if 
there is a function f on æ whose gradient is everywhere timelike. 


Remark. The function f can be thought of as a sort of cosmic time in 
the sense that it increases along every future-directed non-spacelike 
curve. 
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Proof. The existence of a function f with an everywhere timelike 
gradient implies the stable causality condition since there can be no 
closed timelike curves in any metric h which is sufficiently close to g 
that for every point p e M, the null cone of p in the metric h intersects 
the surface {f = constant} through p only at p. To show that the con- 
verse is true we introduce a volume measure y (unrelated to the volume 
measure defined by the metric g) on Æ such that the total volume of 


Tsp) 


Tsi-#) 


4 


P 


Ficure 41. An open set Y in the O° open topology on the space TsI( M) of 
symmetric tensors of type (0, 2) on Æ. 


AM is one. One way of doing this is as follows: choose a countable atlas 
(Uas Pa) for M such that ¢,(Y,) is compact in Rt. Let 4, be the natural 
Euclidean measure on R4 and let f, be a partition of unity for the atlas 
(Ua Pa). Then y may be defined as Yi f, 2 [o(a )]! $.* Ho- 


Now if the stable causality condition holds one can find a family of 
C” Lorentz metrics h(a), ae [0, 3], such that: 

(1) h(0) is the space-time metric g; 

(2) there are no closed timelike curves in the metric h(a) for each 
ae[0, 3]; 

(3) if a,, a€ [0, 3] with a, < a,, then every non-spacelike vector in 
the metric h(a,) is timelike in the metric h(a,). 
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For pe M, let 6(p, a) be the volume of I-(p, Æ, h(a)) in the measure 
u where we use I-(/,%, h) to denote the past of F relative to Y in 
the metric h. For a given value of ae (0, 3), O(p, a) will be a bounded 
function which increases along every non-spacelike curve. It may not, 
however, be continuous: as figure 42 shows, it may be possible that 
a slight alteration of position may allow one to see past an obstruction 
and so greatly increase the volume of the past. One thus needs some 
way of smearing out 6(p, a) so as to obtain a continuous function which 
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Ficure 42. A small displacement of a point from p to g results in a large change 
in the volume of the past of the point. Light cones are at + 45° and a strip has 
been removed as shown. 


increases along every curve which is future-directed and non-spacelike 
in the metric h(0). One can do this by averaging over a range of a: let 


2 
Op) = f O(p, a) da. 


We shall show that 6(p) is continuous on M. 

First to show that it is upper semi-continuous: given € > 0, let Z be 
a ball about p such that the volume of Z in the measure is less than 
te. By property (3), for a,, a,€[0,3] with a, <a, one can find a 
neighbourhood F (a,, a.) of p in Z such that 


[I-(F (ay, a), B, h(a,)) n B] < [I-(p, B, h(a,)) n È). 


Let n be a positive integer greater than 2e~!. Then we define the set 4 
to be $=) F(1+}in4, 1+4 +1)n}, i = 0,1,..., 2n. F will be 
i 
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a neighbourhood of p and will be contained in F(a, a +n?) for any 
ae(1, 2]. Therefore I-(q, 4, h(a))— 2 will be contained in 


I-(p, 4, h(at+n-)))-B for geY and ae[t, 2]. 
Thus Olqa) < O(p, a+ fe) +4e 


and so O(q) < Olp) +e, showing that 6 is upper semi-continuous. The 
proof that it is lower semi-continuous is similar. To obtain a differenti- 
able function one can average 6 over a neighbourhood of each point 
with a suitable smoothing function. By taking the neighbourhood 
small enough one can obtain a function f which has everywhere a time- 
like gradient in the metric g. Details of this smoothing procedure are 
given in Seifert (1968). o 


The spacelike surfaces {f = constant} may be thought of as surfaces 
of simultaneity in space-time, though of course they are not unique. 
If they are all compact they are all diffeomorphic to each other, but 
this is not necessarily true if some of them are non-compact. 


6.5 Cauchy developments 


In Newtonian theory there is instantaneous action-at-a-distance and 
so in order to predict events at future points in space-time one has to 
know the state of the entire universe at the present time and also to 
assume some boundary conditions at infinity, such as that the 
potential goes to zero. In relativity theory, on the other hand, it 
follows from postulate (a) of §3.2 that events at different points of 
space-time can be causally related only if they can be joined by a 
non-spacelike curve. Thus a knowledge of the appropriate data on 
a closed set (if one knew data on an open set, that on its closure 
would follow by continuity) would determine events in a region DHS) 
to the future of F called the future Cauchy development or domain of 
dependence of F, and defined as the set of all points pe Æ such that 
every past-inextendible non-spacelike curve through p intersects 
N.B. DHS) > P). 

Penrose (1966, 1968) defines the Cauchy development of F slightly 
differently, as the set of all points pe M such that every past- 
inextendible timelike curve through p intersects S. We shall denote 
this set by D+(). One has the following result: 
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Proposition 6.5.1 
D+F) = DASA). 


Clearly DHS) > DHS). If qe M — DHS) there is a neighbourhood Y 
of q which does not intersect S. From q there is a past-inextendible 
curve A which does not intersect S. If rea n I-(q, Y) then I+(r, Y) is 
an open neighbourhood of q in M — DHS). Thus M — DHS) is open 
and the set DHS) is closed. Suppose there were a point pe DHS) 
which had a neighbourhood ¥ which did not intersect DHS). Choose 
a point xe I-(p, ¥). From x there would be a past-inextendible non- 
spacelike curve y which did not intersect S. Let y, be a sequence of 
points on y which did not converge to any point and which were such 
that y,,,; was to the past of y,. Let W,, be convex normal neighbour- 
hoods of the corresponding points y,, such that W,,,, did not intersect 
Wa. Let z, be a sequence of points such that 


Zanr ELY nan Hnr) NT (eps MS). 


There would be an inextendible timelike curve from p which passed 
through each point z, and which did not intersect S. This would con- 
tradict p e DHS). Thus DHS) is contained in the closure of DHS), 


and so DHS) = DUA). o 


The future boundary of DHS), that is DHS) — I-(DHF)), marks the 
limit of the region that can be predicted from knowledge of data on F. 
We call this closed achronal set the future Cauchy horizon of F and 
denote it by HHS). As figure 43 shows, it will intersect. if Y is null 
or if F has an ‘edge’. To make this precise we define edge (S) for an 
achronal set as the set of all points ge ¥ such that in every neigh- 
bourhood X of g there are points peI-(g, Y) and reIt(g, Y) which 
can be joined by a timelike curve in Y which does not intersect. S. By 
an argument similar to that in proposition 6.3.1 it follows that if 
edge (F) is empty for a non-empty achronal set S, then F is a three- 
dimensional imbedded C!— submanifold. 


Proposition 6.5.2 
For a closed achronal set S, 
edge (H+(f)) = edge (F). 
Let %,, be a sequence of neighbourhoods of a point geedge (H+(7)) 
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such that any neighbourhood of g encloses all the Y, for n sufficiently 
large. In each X, there will be points p, eI-(g, Yn) and 7, €1+(q, Yn) 
which can be joined by a timelike curve A,, which does not intersect 
HHS). This means that A,, cannot intersect DHS). By proposition 
6.5.1, ge DHS) and so I-(q) < I-(D+()) < IS) u DHS). Thus pa 
must lie in J-(/). Also every timelike curve from gq which is inextend- 
ible in the past direction must intersect S. Therefore for each n, there 


HHS) and F 


H+S) and F 


Edge (S) and fe and HHS) 
edge HHS) 


$ 
F 
Edge (S) and 
edge (H*(S)) 
F 


Ficure 43. The future Cauchy development DHS) and future Cauchy horizon 
H+(f) of a closed set Y which is partly null and partly spacelike. Note that 
H+S) is not necessarily connected. Null lines are'at + 45° and a strip has been 
removed. 


must be a point of F on every timelike curve in V, between g and p, 
and so g must lie in F. As the curves A,, do not intersect X, q lies in 
edge (7). The proof the other way round is similar. Oo 


Proposition 6.5.3 

Let F be a closed achronal set. Then HHS) is generated by null 
geodesic segments which either have no past endpoints or have past 
endpoints at edge (S). 

The set F = DHS) u I-(f) is a past set. Thus by proposition 6.3.1 
# is an achronal C!- manifold. H+S) is a closed subset of ¥. Let q be 
a point of HHS )—edge (F). If q is not in S then geIt() since 
qe D+(S). As F is achronal one can find a convex normal neighbour- 
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hood W of q which does not intersect I-(). Alternatively if g isin S, 
let W be a convex normal neighbourhood of q such that no point of 
I+(q, W) can be joined to any point in J-(g,W) by a timelike curve 
in W which does not intersect S. 
In either case, if p is any point in 
I+(q) there must be a past-directed time- 
like curve from p to some point of 
M—F- H since otherwise p would be 
in DHS). Therefore by condition (i) of 
lemma 6.3.2, applied to the future set 
M-F, qeFy Fy. o 


Corollary 

If edge (S) vanishes, then HHS), if non- 
empty, is an achronal three-dimensional 
imbedded C!- manifold which is gener- 
ated by null geodesic segments which 
have no past endpoint. 


We shall call an acausal set S with no 
edge, a partial Cauchy surface. That is, a 
partial Cauchy surface is a spacelike 
hypersurface which no non-spacelike 
curve intersects more than once. Suppose 
there were a connected spacelike hyper- 
surface Y (with no edge) which some non- 
spacelike curve A intersected at points p 
and p,. Then one could join p, and p, by 
a curve “in SY and u u A would be a closed 
curve which crossed S once only. This Ficure 44. S is a connected 
i spacelikehypersurface without 
curve couldnot be continuously deformed edge in M. It is not a partial 
to zero since such a deformation could Cauchy surface; however each 
change the number of times it crossed Y image 7-\.S) of S in the uni- 
by an even number only. Thus Æ could Versel covering manifold M of 
; 3 A, is a partial Cauchy surface 
not be simply connected. This means we ng 
could ‘unwrap’ Æ by going to the simply 
connected universal covering manifold .# in which each connected 
component of the image of S is a spacelike hypersurface (with no 
edge) and is therefore a partial Cauchy surface in # (figure 44). How- 
ever going to the universal covering manifold may unwrap æ more 
than is required to obtain a partial Cauchy surface and may result in 
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the partial Cauchy surface being non-compact even though Z was 
compact. For the purposes of the following chapters we would like 
a covering manifold which unwrapped Æ sufficiently so that each con- 
nected component of the image of Y was a partial Cauchy surface but 
so that each such component remained homeomorphic to S. Such a 
covering manifold may be obtained in at least two different ways. 

Recall that the universal covering manifold may be defined as the 
set of all pairs of the form (p,[A]) where pe æ and where [A] is an 
equivalence class of curves in . from some fixed point qe M to p, 
which are homotopic modulo q and p. The covering manifold My is 
defined as the set of all pairs (p, [À]) where now [A] is an equivalence 
class of curves from S to p homotopic modulo S and p (i.e. the end- 
points on F can be slid around). My may be characterized as the 
largest covering manifold such that each connected component of the 
image of S is homeomorphic to S. The covering manifold Mg 
(Geroch (19676)) is defined as the set of all pairs (p, [A]) where this 
time [A] is an equivalence class of curves from a fixed point q to p 
which cross. S the same number of times, crossings in the future direc- 
tion being counted positive and those in the past direction, negative. 
Mamay be characterized as the smallest covering manifold in which 
each connected component of the image of Y divides the manifold into 
two parts. In each case the topological and differential structure of the 
covering manifold is fixed by requiring that the projection which maps 
(p, [A]) to p is locally a diffeomorphism. 

Define D(F) = DHF) u D-(f). A partial Cauchy surface S is said 
to be a global Cauchy surface (or simply, a Cauchy surface) if D(S) 
equals æ. That is, a Cauchy surface is a spacelike hypersurface which 
every non-spacelike curve intersects exactly once. The surfaces 
{x* = constant} are examples of Cauchy surfaces in Minkowski space, 
but the hyperboloids 


{(x*)? — (3)? — (x°)? — (x1)? = constant} 


are only partial Cauchy surfaces since the past or future null cones of 
the origin are Cauchy horizons for these surfaces (see §5.1 and 
figure 13). Being a Cauchy surface is a property not only of the surface 
itself but also of the whole space-time in which it is imbedded. For 
example, if one cuts a single point out of Minkowski space, the 
resultant space-time admits no Cauchy surface at all. 

If there were a Cauchy surface for Æ, one could predict the state of 
the universe at any time in the past or future if one knew the relevant 
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data on the surface. However one could not know the data unless one 
was to the future of every point in the surface, which would be impos- 
sible in most cases. There does not seem to be any physically com- 
pelling reason for believing that the universe admits a Cauchy surface; 
in fact there are a number of known exact solutions of the Einstein 
field equations which do not, among them the anti-de Sitter space, 
plane waves, Taub-NUT space and Reissner-Nordström solution, all 
described in chapter 5. The Reissner-Nordström solution (figure 25) 
is a specially interesting case: the surface S shown is adequate for 
predicting events in the exterior regions I where r > r, and in the 
neighbouring region II where r_ < r < r}, but then there is a Cauchy 
horizon at r = r_. Points in the neighbouring region III are not in 
D+F) since there are non-spacelike curves which are inextendible in 
the past direction and which do not cross r = r_ but approach the 
points i+ (which may be considered to be at infinity) or the singularity 
atr = 0 (which cannot be considered to be in the space-time; see § 8.1). 
There could be extra information coming in from infinity or from the 
singularity which would upset any predictions made simply on the 
basis of data on S. Thus in General Relativity one’s ability to predict 
the future is limited both by the difficulty of knowing data on the 
whole of a spacelike surface and by the possibility that even if one did 
it would still be insufficient. Nevertheless despite these limitations 
one can still predict the occurrence of singularities under certain 
conditions. 


6.6 Global hyperbolicity 


Closely related to Cauchy developments is the property of global 
hyperbolicity (Leray (1952)). A set “is said to be globally hyperbolic 
if the strong causality assumption holds on “N and if for any two points 
2,q9EN, J+(p) n J-(q) is compact and contained in M. In a sense this 
can be thought of as saying that J+(p) J~(g) does not contain any 
points on the edge of space-time, i.e. at infinity or at a singularity. 
The reason for the name ‘global hyperbolicity’ is that on “M, the wave 
equation for a 6-function source at pe WV has a unique solution which 
vanishes outside M —J+(p, M) (see chapter 7). 

Recall that is said to be causally simple if for every compact set 
X contained in N, JHH) nM and J-(#)n N are closed in ~. 
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Proposition 6.6.1 
An open globaliy hyperbolic set / is causally simple. 


Let p be any point of M. Suppose there were a point 
qe (J*(p)—J*(p)) NY. 


As W is open, there would be a point re(It+(g)n WV). But then 
qeJ+(p)n J-(r), which is impossible as J+(p) n J-(r) would be compact 
and therefore closed. Thus J+(p) n Y and J~(p)N N are closed in ~. 

Now suppose there exists a point qe (JHA )—-JHA J) N MN. Let qn 
be an infinite sequence of points in I+(g)N M converging to q, with 
Qn41 €1-(q,). For each n, J~(q,) # would be a compact non-empty 
set. Therefore N {J-(g,) 1 X} would be a non-empty set. Let p be a 

n 


point of this set. Then J+(p) would contain q,, for all n. But J+(p) is 
closed, Therefore J+(p) contains q. Oo 


Corollary 
If 4%, and %, are compact sets in VW, J+(%4) n J-(.%) is compact. 
One can find a finite number of points pE VY such that 


UPEN A. 
Similarly, there will be a finite number of points q; with 2, contained in 
y J~(q). 
Then J+(.%;) n J-(4) will be contained in 


Ui +(p,) NJ-(q;)} 
and will be closed. i o 


Leray (1952) did not, in fact, give the above definition of global 
hyperbolicity but an equivalent one which we shall present: for points 
pP,qEM such that strong causality holds on J+(p)n J-(q), we define 
C(p,q) to be the space of all (continuous) non-space-like curves from 
p to q, regarding two curves y(t) and A(u) as representing the same 
point of C(p, q) if one is a reparametrization of the other, i.e. if there is 
a continuous monotonic function f(u) such that y(f(u)) = A(u). 
(C(p, q) can be defined even when the strong causality condition does 
not hold on J+(p) n J—(g), but we shall only be interested in the case in 
which its does hold.) The topology of C(p, q) is defined by saying that 
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a neighbourhood of y in C(p,q) consists of all the curves in C(p,q) 
whose points in Æ lie in a neighbourhood ¥ of the points of y in # 
(figure 45). Leray’s definition is that an open set / is globally hyper- 
bolic if C(p, q) is compact for all pge M. These definitions are equi- 
valent, as is shown by the following result. 


‘ P?) 
ee 4 


ard 


Fieure 45. A neighbourhood ¥ of the points of y in æ. A neighbourhood of y 
in C(p, q) consists of all non-spacelike curves from p to g whose points lie in W. 


Proposition 6.6.2 (Seifert (1967), Geroch (1970b)). 
Let strong causality hold on an open set VW such that 


N = JAN yn JHN). 


Then / is globally hyperbolic if and only if C(p,q) is compact for all 
P,JEM. 


Suppose first that C(p, q) is compact. Let 7,, be an infinite sequence of 
points in J+(p)n J-(q) and let A,, be a sequence of non-spacelike curves 
from p to q through the corresponding 7,,. As C(p, g) is compact, there 
will be a curve A to which some subsequence A’,, converges in the 
topology on C(p, q). Let Y be a neighbourhood of A in such that 7 is 
compact. Then X will contain all A’, and hence all r’,, for n sufficiently 
large, and so there will be a point re Y which is a limit point of the 7’,,. 
Clearly r lies on A. Thus every infinite sequence in J+(p)n J~(g) has a 
limit point in J+(p) n J~(g). Hence J+(p)N J~(g) is compact. 
Conversely, suppose J+(p) 1 J~(g) is compact. Let A,, be an infinite 
sequence of non-spacelike curves from p to g. By lemma 6.2.1 applied 
to the open set Æ —q, there will be a future-directed non-spacelike 
curve A from p which is extendible in Æ — g, and is such that there is 
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a subsequence A’,, which converges to r for every reà. The curve A 
must have a future endpoint at g since by proposition 6.4.7 it cannot be 
totally future imprisoned in the compact set J+(p)N J-(q), and it 
cannot leave the set except at q. 

Let Y be any neighbourhood of A in Æ and let 7, (1 <i < k) bea 
finite set of points on A such that 7, = p, r = q and each r; has a 
neighbourhood ¥; with J+(%,)n J-(%4,) contained in X. Then for 
sufficiently large n, A’, will be contained in X. Thus A’, converge to A 
in the topology on C(p, g) and so C(p, g) is compact. o 


The relation between global hyperbolicity and Cauchy developments 
is given by the following results. 


Proposition 6.6.3 
If Ẹ is a closed achronal set, then int (D(Y)) = NS) - D(P), if non- 
empty, is globally hyperbolic. 


We first establish a number of lemmas. 


Lemma 6.6.4 

If pe Dt(/)—H+(f), then every past-inextendible non-spacelike 
curve through p intersects LS). 

Let p be in Dt(/)—H*(F) and let y be a past-inextendible non- 
spacelike curve through p. Then one can find a point ge DHF) n It(p) 
and a past-inextendible non-spacelike curve A through g such that for 
each point ze A there is a point yey with y e I-(x). As A will intersect 
F at some point x, there will be a y eyn TS). o 


Corollary 

If peint (D(F )) then every inextendible non-spacelike curve through 
p intersects I-(F) and IHS). 

int (D(Y)) = NA) - {HHP vu H-(S)}. If pelf) or IF) the 
result follows immediately. If p Ee DHS) —IHS) then pe F € DS) 
and the result again follows. a 


Lemma 6.6.5 
The strong causality condition holds on int D(S). 
Suppose there were a closed non-spacelike curve A through 


peint(D(/)). By the previous result there would be points 
geaAnI-(f) and reàn IHS). As reJ—(q), it would also be in J-(7) 
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which would contradict the fact that S is achronal. Thus the causality 
condition holds on int (D()). Now suppose that the strong causality 
condition did not hold at p. Then as in lemma 6.4.6 there would be an 
infinite sequence of future-directed non-spacelike curves A,, which 
converged to an inextendible null geodesic y through p. There would 
be points geyn I-(f) and reyn IHS) and so there would be some 
Àn which intersected I+(/) and then I~(/), which would contradict 
the fact that S was achronal. a 


Proof of proposition 6.6.3. We wish to show that C(p,q) is compact 
for p, geint(D(f)). Consider first the case that p, qeI-(/) and sup- 
pose peJ~(q). Let A,, be an infinite sequence of non-spacelike curves 
from q to p. By lemma 6.2.1 there will be a future-directed non- 
spacelike limit curve from p which is inextendible in Æ — q. This must 
have a future endpoint at g since otherwise it would intersect S which 
would be impossible as geI-(/). Consider now the case that 
ped-(f), geJdt+(S) N J+(p). If the limit curve A has an endpoint at q, 
it is the desired limit point in C(p, q). If it does not have an endpoint 
at q, it would contain a point yel+(Y) since it is inextendible in 
M — q. Let A’, be a subsequence which converges tor for every point r 
on A between p and y. Let Â be a past-directed limit curve from g of 
the A’,. IfA has a past endpoint at p, it would be the desired limit point 
in C(p, q). IfA passed through y, it could be joined up with A to provide 
a non-spacelike curve from p to q which would be the desired limit 
point in C(p, q). Suppose Â does not have endpoint at p and does not 
pass through y. Then it would contain some point zeI~(). Let A”, be 
a subsequence of the à’, which converges to r for every point r on A 
between q and z. Let Y be an open neighbourhood of A which does not 
contain y. Then for sufficiently large n, all A”, JHS) would be con- 
tained in Y. This would be impossible as y is a limit point of the ”,,. 
Thus there will be a non-spacelike curve from p to q which is a limit 
point of the A,, in C(p, q). 

The cases p, geI~(S) and peJ-(f), geJ+(F) together with their 
duals cover all possible combinations. Thus in all cases we get a non- 
spacelike curve from p to g which is a limit point of the A,, in the 
topology on C(p, q). Oo 


By a similar procedure one can prove: 


Proposition 6.6.6 
If geint (D(S)), then JHS) NM J-(q) is compact or empty. a 
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To show that the whole of D(F) and not merely its interior is globally 
hyperbolic, one has to impose some extra conditions. 


Proposition 6.6.7 
If F is a closed achronal set such that JHS) N J- (F) is both strongly 
causal and either 
(1) acausal (this is the case if and only if Z is acausal), or 
(2) compact, 
then D(F) is globally hyperbolic. 


Suppose that strong causality did not hold at some point ge D(Y). 
Then by an argument similar to lemma 6.6.5, there would be an 
inextendible null geodesic through g at each point of which strong 
causality did not hold. This is impossible, since it would intersect 7. 
Therefore strong causality holds on D(F). 

Ifp, geI-(), the argument of proposition 6.6.3 holds. If p e J~(S), 
qeJ+(f) one can as in proposition 6.6.3 construct a future-directed 
limit curve A from p and a past-directed limit curve ‘A from q, and 
choose a subsequence A”,, which converges to r for every point r on 
A or A. In case (1), A would intersect J in a single point x. Any neigh- 
bourhood of x would contain points of A”, for n sufficiently large, and 
so would contain x”,,, defined as à”, n F, since S is achronal. Therefore 
x”, would converge to x. Similarly x”,, would converge to = Ân F. 
Thus 2 = x and so one could join A and Â to give a non-spacelike limit 
curve in C(p, q). 

In case (2), suppose that A did not have a future endpoint at q. 
Then A would leave J-(S) since it would intersect S and by proposi- 
tion 6.4.7 it would have to leave the compact set JHS) N J-(f). Thus 
one could find a point x on A which was not in J-(f). For each n, 
choose a point x” ES n A",,. Since S is compact, there will be some 
point y EF and a subsequence A”, such that the corresponding points 
x”, converge to y. Suppose that y does not lie on A. Then for suffi- 
ciently large n each x”, would lie to the future of any neighbourhood 
U of x. This would imply x eJ-(). This is impossible as x is in JHS) 
but is not in the compact set J+(S)N J-(S). Therefore A would pass 
through y. Similarly A would pass through y. One could then join them 
to obtain a limit curve. oO 


Proposition 6.6.3 shows that the existence of a Cauchy surface for an 
open set M implies global hyperbolicity of M. The following result 
shows that the converse is also true: 
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Proposition 6.6.8 (Geroch (1970b)) 

If an open set WV is globally hyperbolic, then /, regarded as a mani- 
fold, is homeomorphic to Rix Y where S is a three-dimensional 
manifold, and for each a e Rt, {a} x F is a Cauchy surface for N. 


As in proposition 6.4.9, put a measure u on WV such that the total 
volume of W in this measure is one. For pe M define f+(p) to be the 
volume of J+(p,W) in the measure u. Clearly f+(p) is a bounded 
function on W which decreases along every future-directed non- 
spacelike curve. We shall show that global hyperbolicity implies that 
f+(p) is continuous on W so that we do not need to ‘average’ the 
volume of the future as in proposition 6.4.9. To do this it will be suffi- 
cient to show that f+(p) is continuous on any non-spacelike curve A. 

Let re A and let x, be an infinite sequence of points on A strictly to 
the past of r. Let F be N J+(x,,W). Suppose that f+(p) was not upper 


semi-continuous on A at r. There would be a point geF —Jt(r,V). 
Then rẹ J-(qg, N); but each x, €J-(g,W) and so re J-(q, M), which 
is impossible as J~(g, M) is closed in W by proposition 6.6.1. The 
proof that it is lower semi-continuous is similar 

As p is moved to the future along an inextendible non-spacelike 
curve Ain W the value of f+(p) must tend to zero. For suppose there 
were some point g which lay to the future of every point of A. Then the 
future-directed curve A would enter and remain within the compact 
set J+(r)n J-(q) for any r e À which would be impossible by proposition 
6.4.7 as the strong causality condition holds on N. 

Now consider the function f(p) defined on W by f(p) = f-(p)/f*(p). 
Any surface of constant f will be an acausal set and, by proposition 
6.3.1, will be a three-dimensional C1- manifold imbedded in "W. It will 
also be a Cauchy surface for M since along any non-spacelike curve, 
f- will tend to zero in the past and f+ will tend to zero in the future. 
One can put a timelike vector field V on WV and define a continuous 
map £ which takes points of W along the integral curves of V to where 
they intersect the surface S (f = 1). Then (log fp), &(p)) is a homeo- 
morphism of WY onto R x S. If one smoothed f as in proposition 6.4.9, 
one could improve this to a diffeomorphism. g 


Thus if the whole of space-time were globally hyperbolic, i.e. if there 
were a global Cauchy surface, its topology would be very dull. 
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6.7 The existence of geodesics 


The importance of global hyperbolicity for chapter 8 lies in the 
following result: 


Proposition 6.7.1 

Let p and q lie in a globally hyperbolic set VW with géJ+t(p). Then there 
is a non-spacelike geodesic from p to g whose length is greater than or 
equal to that of any other non-spacelike curve from p to q. 


Almost broken almost null 
curve from p to q in ¥ 


FIGURE 46. Y is an open neighbourhood of the timelike curve A from p to q. 
There exist in Y timelike curves from p to q which approximate broken null 
curves and are of arbitrarily smali length. 


We shall present two proofs of this result: the first, due to Avez (1963) 
and Seifert.(1967), isan argument from the compactness of C(p, q), and 
the second (applicable only when WV is open) is a procedure whereby 
the actual geodesic is constructed. 

The space C(p,q) contains a dense subset C’(p, q) consisting of all 
the timelike C! curves from p to g. The length of one of these curves A is 
defined (cf. § 4.5) as 


110} = ["(—o(a/a, 2/00) as, 


where ¢ is a C! parameter on A. The function L is not continuous on 
C’(p,@) since any neighbourhood of A contains a zig-zag piecewise 
almost null curve of arbitrarily small length (figure 46). This lack of 
continuity arises because we have used the C’ topology which says that 
two curves are close if their points in .#, but not necessarily their 


214 CAUSAL STRUCTURE [6.7 


tangent vectors, are close. We could put a C! topology on C’(p, g) and 
so make L continuous but we do not do this because C'(p,q) is not 
compact; one gets a compact space only when one includes all the 
continuous non-spacelike curves. Instead, we use the C’ topology and 
extend the definition of L to C(p, q). 

Because of the signature of the metric, putting wiggles in a timelike 
curve reduces its length. Thus Lis not lower semi-continuous. However 
one has: 


Lemma 6.7.2 
Lis upper semi-continuous in the C° topology on C'(g, q). 


Consider a C? timelike curve A(t) from p to g, where the parameter t is 
chosen to be the arc-length from p. In a sufficiently small neighbour- 
hood X of A, one can find a function f which is equal to ¢ on A and is 
such that the surfaces {f = constant} are spacelike and orthogonal to 
ojat (i.e. gf, sla = (2/2t)*). One way to define such an f would be to 
construct the spacelike geodesics orthégonal to A. For a sufficiently 
small neighbourhood ¥% of A, they will give a unique mapping of Y to A, 
and the value of f at a point in Y can be defined as the value of t at the 
point on A into which it is mapped. Any curve p in Y can be para- 
metrized by f. The tangent vector (2/@), to p can be expressed as 


(rre 


where k is a spacelike vector lying in the surface {f = constant}, i.e. 
kef,, = 0. Then 


(E), (G) -Aetate 
2 g”f afv 


However on A, g®f. af;a = — 1. Thus given any € > 0, one can choose 
U’ c U sufficiently small that on V’, g%f. af; > — 1 +c. Therefore for 


any curve p in Y’, Lp] < (1 +e) LA]. o 


We now define the length of a continuous non-spacelike curve A from ’ 
p to q as follows: let Y be a neighbourhood of A in Æ and let 1(%) be 
the least upper bound of the lengths of timelike curves in Y from p 
to g. Then we define L[A] as the greatest lower bound of (X) for all 
neighbourhoods X of Ain æ. This definition of length will work for all 
curves À from p to q which have a C? timelike curve in every neighbour- 


6.7] THE EXISTENCE OF GEODESICS 215 


hood, i.e. it will work for all points in C(p, g) which lie in the closure of 
C'(p,4). By §4.5, a non-spacelike curve from p to g which is not an 
unbroken null geodesic curve can be varied to give a piecewise C1 
timelike curve from p to g, and the corners of this curve can be 
rounded off to give a C! timelike curve from p to g. Thus points in 
C(p, g) — C’(p, g) are unbroken null geodesics (containing no conjugate 
points), and we define their length to be zero. 

This definition of L makes it an upper semi-continuous function on 
the compact space C’(p, g). (Actually, as a continuous non-spacelike 
curve satisfies a local Lipschitz condition, it is differentiable almost 
everywhere. Thus the length could still be defined as 


f (—g(0/20, dft) tdt, 


and this would agree with the definition above.) If C’(p, q) is empty 
but C(p,g) is non-empty, p and g are joined by an unbroken null 
geodesic and there are no non-spacelike curves from p to g which are 
not unbroken null geodesics. If C’(p, g) is non-empty, it will contain 
some point at which L attains its maximum value, i.e. there will be 
a non-spacelike curve y from p to g whose length is greater than or 
equal to that of any other such curve. By proposition 4.5.3, y must be 
a geodesic curve as otherwise one could find points x, y€y which lay 
in a convex normal coordinate neighbourhood and which could be 
joined by a geodesic segment of greater length than the portion of y 
between x and y. oO 


For the other, constructive, proof, we first define d(p,q) for p,ge.M 
to be zero if g¢ J+(p) and otherwise to be the least upper bound of the 
lengths of future-directed piecewise non-spacelike curves from p to g. 
(Note that d(p,q) may be infinite.) For sets Y and Y, we define 
dF, U) to be the least upper bound of d(p,g), pEeY, q EY. 

Suppose ge I+(p) and that d(p, g) is finite. Then for any ô > 0 one 
can find a timelike curve A of length d(p,q)— 46 from p to q and a 
neighbourhood X of g such that A can be deformed to give a timelike 
curve of length d(p, q) — 6 from p to any point r e X. Thus d(p, q), where 
finite, is lower semi-continuous. In general d(p, g) is not upper semi- 
continuous but: 


Lemma 6.7.3 
d(p, q) is finite and continuous in p and g when p and q are contained 
in a globally hyperbolic set M. 
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We shall first prove d(p, q) is finite. Since strong causality holds on the 
compact set Jt(p)n J-(q), one can cover it with a finite number of 
local causality sets such that each set contains no non-spacelike curve 
longer than some bound e. Since any non-spacelike curve from p to g 
can enter each neighbourhood at most once, it must have finite length. 

Now suppose that for p,ge.V, there is a ô> 0 such that every 
neighbourhood of g contains a point reM such that 


d(p,7r) > d(p,g) +ô. 
Let z,, be an infinite sequence of points in M converging to g such that 
d(p, £n) > d(p,q)+6. Then from each z, one can find a non-spacelike 
curve A,, to p of length > d(p,g)+6. By lemma 6.2.1 there will be 
a past-directed non-spacelike curve A through g which is a limit curve 
of the A,,. Let X be a local causality neighbourhood of g. Then A cannot 
intersect I-(g)n X since if it did one of the A,, could be deformed to 
give a non-spacelike curve from p to g of length > d(p, q). Thus An Y 
must be a null geodesic from g and at each point x ofA n Y, d(p, x) will 
have a discontinuity greater than ô. This argument can be repeated 
to show that A is a null geodesic and at each point xeA, d(p, x) has 
a discontinuity greater than ô. This shows that A cannot have an end- 
point at p, since by proposition 4.5.3, d(p, x) is continuous on a local 
causality neighbourhood ofp. On the other hand, A would be inextend- 
ible in Ææ — p and so if it did not have an endpoint at p, it would have 
to leave the compact set J+(p)n J—(g) by proposition 6.4.7. This shows 
that d(p, q) is upper semi-continuous on M. Oo 


In the case that M is open, one can easily construct the geodesic of 
maximum length from p to g by using the distance function. Let 
U c WN bea local causality neighbourhood of p which does not contain 
q and let xeJ+(p)n J-(q) be such that d(p,r)+d(r,q), reY, is maxi- 
mized for r = x. Construct the future-directed geodesic y from p 
through x. The relation d(p, r) + d(r,q) = d(p, q) will hold for all points 
r on y between p and x. Suppose there were a point y E€ J-(q)—g which 
was the last point on y at which this relation held. Let Y = W be 
a local causality neighbourhood of y which does not contain g and 
let zeJ+(y)n J-(g)n V be such that d(y,r)+d(r,q), réeV, attains its 
maximum value d(y, q) for r = z. If z did not lie on y, then 


d(p,z) > d(p,y)+d(y,z) and d(p,z)+d(z,9) > d(p,¢) 
which is impossible. This shows that the relation 
Up, r) +d(r,g) = d(p, 9) 
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must hold for all reyn J-(g). As J+(p)n J-(g) is compact, y must 
leave J-(g) at some point y. Suppose y + q; then y would lie on a 
past-directed null geodesic A from g. Joining y to A would give a non- 
spacelike curve from p to g which could be varied to give a curve 
longer than d(p,g), which is impossible. Thus y is a geodesic curve 
from p to q of length d(p, q). oO 


Corollary 

If S is a C? partial Cauchy surface, then to each point ge DHS) 
there is a future-directed timelike geodesic curve orthogonal to S of 
length d(¥,@), which does not contain any point conjugate to S 
between S and q. 


By proposition 6.5.2, HHS) and H-(#) do not intersect S and so are 
notin D(F). Thus D(S) = int D(S ) is globally hyperbolic by proposi- 
tion 6.6.3. By proposition 6.6.6, S n J-(q) is compact and so d(p, q), 
pe, will attain its maximum value of d(/,¢) at some point reS. 
There will be a geodesic curve y from r to g of length d( S, g) which by 
lemma 4.5.5 and proposition 4.5.9 must be orthogonal to S and not 
contain a point conjugate to S between S and q. Oo 


6.8 The causal boundary of space-time 


In this section we shall give a brief outline of the method of Geroch, 
Kronheimer and Penrose (1972) for attaching a boundary to space- 
time. The construction depends only on the causal structure of (4, g). 
This means that it does not distinguish between boundary points at a 
finite distance (singular points) and boundary points at infinity. In 
§ 8.3 weshall describe a different construction which attaches a bound- 
ary which represents only singular points. Unfortunately there does 
not seem to be any obvious relation between the two constructions. 

We shall assume that (#, g) satisfies the strong causality condition. 
Then any point p in {4 , g) is uniquely determined by its chronological 
past I-(p) or its future I+(p), i.e. 


T-p) = I-( Qe FO) =P @<ep = g. 
The chronological past W =I-(p) of any point pe. has the 
properties: 


(1) W is open; 
(2) W is a past set, i.e. I-(W) CW; 
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(3) W cannot be expressed as the union of two proper subsets 

which have properties (1) and (2). 
We shall call a set with properties (1), (2) and (3) an indecomposable 
past set, abbreviated as IP. (The definition given by Geroch, Kron- 
heimer and Penrose does not include property (1). However it is 
equivalent to the definition given here, since by ‘a past set’ they mean 
a set which equals its chronological past, rather than merely con- 
taining it.) One can define an IF, or indecomposable future set, similarly. 

One can divide IPs into two classes: proper IPs (PIPs) which are 
the pasts of points in Æ, and terminal IPs (TIPs) which are not the 
past of any point in æ. The idea is to regard these TIPs and the 
similarly defined TIFs as representing points of the causal boundary 
(c-bounda~y) of (4, g). For instance, in Minkowski space one would 
regard the shaded region in figure 47 (i) as representing the point p 
on J+. Note that in this example, the whole of 4 is itself a TIP and 
also a TIF. These can be thought of as representing the points i+ and i~ 
respectively. In fact all the points of the conformal boundary of 
Minkowski space, except 7°, can be represented as TIPs or TIFs. In 
some cases, such as anti-de Sitter space, where the conformal boundary 
is timelike, points of the boundary will be represented by both a TIP 
and a TIF (see figure 47 (ii)). 

One can also characterize TIPs as the pasts of future-inextendible 
timelike curves. This means that one can regard the past I-(y) of 
a future-inextendible curve y as representing the {future endpoint of y 
on the c-boundary. Another curve y’ has the same endpoint if and 
only if I-(y) = I-(y’). 


Proposition 6.8.1 (Geroch, Kronheimer and Penrose) 
A set ¥ is a TIP if and only if there is a future-inextendible timelike 
curve y such that I-(y) = W. 


Suppose first that there is a curve y such that I-(y)= W. Let 
W =UUY where Y and Y are open past sets. One wants to show 
that either X is contained in Y“, or Y contained in Y. Suppose that, 
on the contrary, X is not contained in YW and ¥ not contained in %. 
Then one could find a point g in V— Y and a point r in Y — Y. Now 
g,r€I-(y), so there would be points g’,r’ ey such that geJ-(g’) and 
réI-(r’). But whichever of Y or Y contained the futuremost of q’, 7’ 
would also contain both g and r, which contradicts the original defini- 
tions of g and r. 
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TIP representing point p 


(i) 


TIF representing 
point p 


TIP representing 
point p 


(ii) 


Ficurs 47. Penrose diagrams of Minkowski space and anti-de Sitter space (cf. 
figures 15 and 20), showing (i) the TIP representing a point p on J+ in Minkowski 
space, and (ii) the TIP and the TIF representing a point p on F in anti-de Sitter 
space. 


Conversely, suppose ¥ is a TIP. Then one must construct a time- 
like curve y such that W = I-(y). Now if p is any point of W, then 
W = IH n I*(p)) u IY — F*(p)). However ¥ is indecomposable, 
so either W = I-(W n I+(p)) or W = I-(W —I*(p)). The point p is 
not contained in I-(W — I+(p)), so the second possibility is eliminated. 
The conclusion may be restated in the following form: given any pair 
of points of Y, then ¥ contains a point to the future of both of them. 
Now choose a countable dense family p,, of points of Y”. Choose a point 


220 CAUSAL STRUCTURE [6.8 


goin W to the future of p,. Since go and p, are in W, one can choose 
a point q, in W to the future of both of them. Since q, and p, are in Y, 
one can choose q, in W to the future of both of them, and so on. Since 
each point g, obtained in this way lies in the past of its successor, one 
can find a timelike curve yin W through all the points of the sequence. 
Now for each point peW, the set W n I+(p) is open and non-empty, 
and so it must contain at least one of the p,, since these are dense. 
But for each k, p, lies in the past of gą, whence p itself lies in the past 
of y. This shows that every point of W lies to the past of y, and so 
since y is contained in the open past set W, one must have 
W = I-(y). o 


We shall denote by A the set of all IPs of the space (K, g). Then Ê 
represents the points of Æ plus a future c-boundary; similarly, Æ, the 
set of all IFs of (4, g), represents æ plus a past c-boundary. One can 
extend the causal relations I, J and E to Æ and M in the following 
way. For each Y, ¥ c AM, we shall say 


UEI-(V,M) £ UY, 
UeI-(Y, mM) i£ UC I-(Q for some point qe”, 
UCE-(Y,M) if UEI-Y,M) butnot Vel-(¥, AM). 


With these relations, the IP-space AM is a causal space (Kronheimer 
and Penrose (1967)). There is a natural injective map I~: M > 
which sends the point pe æ into I-(p) ed, This map is an iso- 
morphism of the causality relation J~ as peJ-(q) if and only if 
I-(p)eJ-(-(q), Ê ). The causality relation is preserved by J- but not 
by its inverse, i.e. peI-(g) = I-(p)eI-(I-(g), #). One can define 
causal relations on similarly. 

The idea now is to write M and M in some way to form a space .#* 
which has the form æ U A where A will be called the c-boundary of 
(4, g). To do so, ene needs a method of identifying appropriate IPs 
and IFs. One starts by forming the space .#* which is the union of 
M and M, with each PIF identified with the corresponding PIP. In 
other words, .#* corresponds to the points of Æ together with the 
TIPs and TIFs. However as the example of anti-de Sitter space shows, 
one also wants to identify some TIPs with some TIFs. One way of 
doing this is to define a topology on .#*, and then to identify some 
points of “## to make this topology Hausdorff. 

As was mentioned in § 6.4, a basis for the topology of the topological 
space æ is provided by sets of the form I*+(p)n I-(q). Unfortunately 
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one cannot use a similar method to define a basis for the topology of 
## as there may be some points of .## which are not in the chrono- 
logical past of any points of Æ#. However one can also obtain a 
topology of æ from a sub-basis consisting of sets of the form I+(p), 
I-(p), H-F*(p) and -T (p). Following this analogy, Geroch, 
Kromheimer and Penrose have shown how one can define a topology 
on .@*. For an IF o/6€.M, one defines the sets 


At =a: V ed advo + B}, 
and SH =(V: Ved and V =I-(W) > IHW) E a}. 


For an IP #e.M, the sets Zt and #*t are defined similarly. The 
open sets of .#* are then defined to be the unions and finite inter- 
sections of sets of the form ot, ext, Mint and Hert, The sets ot and 
AIt are the analogues in #* of the sets [+(p) and I~(g). If in particular 
A = I+(p) and Y = I-(g) then V e o™ if and only if ge It(p). 
However the definitions enable one also to incorporate TIPS into 
at. The sets °t and ert are the analogues of M —I*(p) and 
M -— I-l). 

Finally one obtains æ * by identifying the smallest number of points 
in the space .#* necessary to make it a Hausdorff space. More precisely 
A* is the quotient space .#*/R, where R, is the intersection of all 
equivalence relations R c M# x M# for which ##*/R is Hausdorff. 
The space .#* has a topology induced from .@* which agrees with the 
topology of Æ on the subset æ of .#*. In general one cannot extend 
the differentiable structure of Æ to A, though one can on part of A in 
a special case which will be described in the next section. 


6.9 Asymptotically simple spaces 


In order to study bounded physical systems such as stars, one wants 
to investigate spaces which are asymptotically flat, i.e. whose metrics 
approach that of Minkowski space at large distances from the system. 
The Schwarzschild, Reissner—Nordstrém and Kerr solutions are 
examples of spaces which have asymptotically flat regions. As we saw 
in chapter 5, the conformal structure of null infinity in these spaces is 
similar to that of Minkowski space. This led Penrose (1964, 1965, 
1968) to adopt this as a definition of a kind of asymptotic flatness. We 
shall only consider strongly causal spaces. Penrose does not make the 
requirement of strong causality. However it simplifies matters and im- 
plies no loss of generality in the kind of situation we wish to consider. 
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A time- and space-orientable space (4, §)is said to be asymptotically 
simple if there exists a strongly causal space (.#, g) and an imbedding 
0: M > AM which imbeds Æ as a manifold with smooth boundary 3M 
in #, such that: 

(1) there is a smooth (say C? at least) function Q on A such that on 
O(A), Qis positive and 0g = 6,(%) (i.e. Z is conformal to g on 6(.4)); 

(2) on IM, Q = Oand dQ + 0; 

(3) every null geodesic in Æ has two endpoints on 2.4. 

We shall write M U 3M = A. 

In fact this definition is rather more general than one wants since 
it includes cosmological models, such as de Sitter space. In order to 
restrict it to spaces which are asymptotically flat spaces, we will say 
that a space (4, g) is asymptotically empty and simple if it satisfies 
conditions (1), (2), and (3), and 

(4) Ra = 0 on an open neighbourhood of 2M in Æ. (This condition 
can be modified to allow the existence of electromagnetic radiation 
near ôM). 

The boundary 2 can be thought:of as being at infinity, in the 
sense that any affine parameter in the metric g on a null geodesic in Æ 
attains unboundedly large values near 2.#. This is because an affine 
parameter v in the metric g is related to an affine parameter @ in the 
metric ğ by dv/dð = Q. Since Q = 0 at aM, [du diverges. 

From conditions (2) and (4) it follows that the boundary 3M is a 
null hypersurface. This is because the Ricci tensor R, of the metric 
§,» is related to the Ricci tensor Ra» of gas by 

Bè = QR? — AH Aaf + { — O-10,.g + 80-20, 1g} 9°48," 
where | denotes covariant differentiation with respect to fa. Thus 
B = OR- 607 0,,39¢8 + 80-20, QyaG4. 
Since the metric ĝa, is C3, Ž is C? at 2M where Q = 0. This implies 
that Q Qag? = 0. However by condition (2), Qe + 0. Thus 0,,g°¢ is 
a null vector, and the surface 2 (Q = 0) is a null hypersurface. 

In the case of Minkowski space, 0. consists of the two null surfaces 
J+ and J-, each of which has the topology R? x S*. (Note that it does 
not include the points 7°, i+ and i since the conformal boundary is not 
a smooth manifold at these points.) We shall show that in fact 0. has 
this structure for any asymptotically simple and empty space. 

Since 3M is a null surface, Æ lies locally to the past or future of it. 
This shows that 2. must consist of two disconnected components: 
I+ on which null geodesics in æ have their future endpoints, and S- 
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on which they have their past endpoints. There cannot be more than 
two components of @.#, since there would then be some point p Eæ 
for which some future-directed null geodesics would go to one com- 
ponent and others to another component. The set of null directions 
at p going to each component would be open, which is impossible, 
since the set of future null directions at p is connected. 

We next establish an important property. 


Lemma 6.9.1 
An asymptotically simple and empty space (4, é) is causally simple. 


Let W be a compact set of Æ. One wants to show that every null 
geodesic generator of J/+(W) has past endpoint at W. Suppose there 
were a generator that did not have endpoint there. Then it could not 
have any endpoint in æ, so it would intersect %-, which is im- 
possible. Oo 


Proposition 6.9.2 
An asymptotically simple and empty space (.#,§) is globally 
hyperbolic. 


The proof is similar to that of proposition 6.6.7. One puts a volume 
element on Æ such that the total volume of @ in this measure is unity. 
Since (Æ, g) is causally simple, the functions f+(p), f-(p) which are 
the volumes of I+(p), I-(p) are continuous on Æ. Since strong causality 
holds on Æ, ft(p) will decrease along every future-directed non- 
spacelike curve. Let A be a future-inextendible timelike curve. Sup- 
pose that F = f I+(p) was non-empty. Then F would be a future set 


and the null ae of the boundary of F in Æ would have no past 
endpoint in Æ. Thus they would intersect %-, which again leads to 
a contradiction. This shows that f+(p) goes to zero as p tends to the 
future on A. From this it follows that every inextendible non-spacelike 
curve intersects the surface #7 = {p: f+(p) = f~(p)}, which is therefore 
a Cauchy surface for M. Oo 


Lemma 6.9.3 

Let W be a compact set of an asymptotically empty and simple space 
(M, g). Then every null geodesic generator of S+ intersects IHW , M) 
once, where ` indicates the boundary in A. 

Let p EÀ, where A is a null geodesic generator of S+. Then the past set 
(in 4) J-(p, 4) M must be closed in Æ, since every null geodesic 
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generator of its boundary must have future endpoint on St at p. 
Since strong causality holds on #, æ —J-(p, ) will be non-empty. 
Now suppose that A were contained in J+(W’, M). Then the past set 
AN (J-(p, #)n M) would be non-empty. This would be impossible, 
pe 


since the null generators of the boundary of the set would intersect S+. 

Suppose on the other hand that A did not intersect J+(W, M). Then 

M~U (J-(p, HN M) would be non-empty. This would again lead 
per 


to a contradiction, as the generators of the boundary of the past set 
U (J-(p, M@)n M) would intersect S+. 0 
per 


Corollary 

J+ is topologically R! x (J+(W,, Myn aM). 

We shall now show that %+ (and %-) and Æ are the same topologically 
as they are for Minkowski space. 


Proposition 6.9.4 (Geroch (1971)) 
In an asymptotically simple and empty space (.#, g), f+ and S- are 
topologically R! x S?, and Æ is R°. 
Consider the set N of all null geodesics in Æ. Since these all intersect 
the Cauchy surface 3, one can define local coordinates on N by the 
local coordinates and directions of their intersections with 3. This 
makes N into a fibre bundle of directions over #% with fibre S2. How- 
ever every null geodesic also intersects %+. Thus N is also a fibre 
bundle over #£+. In this case, the fibre is S? minus one point which 
corresponds to the null geodesic generator of S+ which does not enter 
M. In other words, the fibre is R?. Therefore N is topologically 
J+ x R?. However S+ is Rix (J+(W, M)n aM). This is consistent 
with N x # x S* only if # ~ R? and S+ x Rix 82, Oo 
Penrose (19655) has shown that this result implies that the Weyl 
tensor of the metric g vanishes on “+ and £-. This can be interpreted 
as saying that the various components of the Weyl tensor of the 
metric g ‘peel off’, that is, they go as different powers of the affine 
parameter on a null geodesic near S+ or %-. Further Penrose (1963), 
Newman and Penrose (1968) have given conservation laws for the 
energy-momentum as measured from J+, in terms of integrals on £+., 
The null surfaces f+ and S- form nearly all the c-boundary A of 
(4, 8) defined in the previous section. To see this, note first that any 
point pe f+ defines a TIP I-(p,#)n Mm. Suppose A is a future- 
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inextendible curve in Æ. If A has a future endpoint at p € 2+, then the 
TIP I-(A) is the same as the TIP defined by p. If A does not have a 
future endpoint on J+, then Æ — I-(A) must be empty, since if it were 
not, the null geodesic generators of /-(A) would intersect A+ which is 
impossible as A does not intersect +. The TIPs therefore consist of 
one for each point of %+, and one extra TIP, denoted by i+, which is 
A itself. Similarly, the TIFs consist of one for each point of %~, and 
one, denoted by i~, which again is æ itself. 

One now wants to verify that one does not have to identify any 
TIPs or TIFs, i.e. that .&# is Hausdorff. It is clear that no two TIPs 
or TIFs corresponding to S+ or S- are non-Hausdorff separated. If 
pest then one can find ge. such that p¢I+(g,M). Then 
(I+(q, #))¢** is a neighbourhood in #* of the TIP I-(p, #)n M, and 
(I+(q, M))"* is a disjoint neighbourhood of the TIP i+. Thus it is 
Hausdorff separated from every point of S+. Similarly it is Hausdorff 
separated from every point of %-. Thus the c-boundary of any 
asymptotically simple and empty space (.#, g) is the same as that of 
Minkowski space-time, consisting of f+, %— and the two points it, i-. 

Asymptotically simple and empty spaces include Minkowski space 
and the asymptotically flat spaces containing bounded objects such as 
stars which do not undergo gravitational collapse. However they do 
not include the Schwarzschild, Reissner—-Nordstrém or Kerr solutions, 
because in these spaces there are null geodesics which do not have 
endpoints on %+ or %—-. Nevertheless these spaces do have asympto- 
tically flat regions which are similar to those of asymptotically empty 
and simple spaces. This suggests that one should define a space (4, g) 
to be weakly asymptotically simple and empty if there is an asymp- 
totically simple and empty space ( 4’, $’) and a neighbourhood @ of 
aM’ in M' such that Y'n M’ is isometric to an open set Y of M. This 
definition covers all the spaces mentioned above. In the Reissner- 
Nordstrém and Kerr solutions there is an infinite sequence of asymp- 
totically flat regions Y which are isometric to neighbourhoods @’ of 
asymptotically simple spaces. There is thus an infinite sequence of 
null infinities A+ and *—-. However we shall consider only one asymp- 
totically flat region in these spaces. One can then regard (4, g) as 
being conformally imbedded in a space (.W, &) such that a neighbour- 
hood X of 3K in Æ is isometric to X’. The boundary 2M consists of 
a single pair of null surfaces %+ and #-. 

We shall discuss weakly asymptotically simple and empty spaces 
in §9.2 and §9.3. 


7 
The Cauchy problem in General Relativity 


In this chapter we shall give an outline of the Cauchy problem in 
General Relativity. We shall show that, given certain data on a space- 
like three-surface S, there is a unique maximal future Cauchy 
development Dt(./) and that the metric on a subset Y of DHS) 
depends only on the initial data on J-(%)n S. We shall also show 
that this dependence is continuous if Y has a compact closure in DHS). 
This discussion is included here because of its intrinsic interest, 
because it uses some of the results of the previous chapter, and because 
it demonstrates that the Einstein field equations do indeed satisfy 
postulate (a) of § 3.2 that signals can only be sent between points that 
can be joined by anon-spacelike curve. However it is not really needed 
for the remaining three chapters, and so could be skipped by the 
reader more interested in singularities. 

In §7.1, we discuss the various difficulties and give a precise formu- 
lation of the problem. In §7.2 we introduce a global background 
metric 8 to generalize the relation which holds between the Ricci 
tensor and the metric in each coordinate patch to a single relation 
which holds over the whole manifold. We impose four gauge conditions 
on the covariant derivatives of the physical metric g with respect to 
the background metric 8. These remove the four degrees of freedom 
to make diffeomorphisms of a solution of Einstein’s equations, and 
lead to the second order hyperbolic reduced Einstein equations for é 
in the background metric 8. Because of the conservation equations, 
these gauge conditions hold at all times if they and their first deriva- 
tives hold initially. 

In §7.3 we show that the essential part of the initial data for g on 
the three-dimensional manifold S can be expressed as two three- 
dimensional tensor fields 4°, vy on S. The three-dimensional mani- 
fold is then imbedded in a four-dimensional manifold Æ and a 
metric § is defined on S such that h2? and x” become respectively the 
first and second fundamental forms of S in g. This can be done in such 
a way that the gauge conditions hold on /. In § 7.4 we establish some 
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basic inequalities for second order hyperbolic equations. These relate 
integrals of squared derivatives of solutions of such equations to their 
initial values. These inequalities are used to prove the existence and 
uniqueness of solutions of second order hyperbolic equations. In §7.5 
the existence and uniqueness of solutions of the reduced empty space 
Einstein equations is proved for small perturbations of an empty space 
solution. The local existence and uniqueness of empty space solutions 
for arbitrary initial data is then proved by dividing the initial surface 
up into small regions which are nearly flat, and then joining the 
resulting solutions together. In §7.6 we show there is a unique maximal 
empty space solution for given initial data and that in a certain sense 
this solution depends continuously on the initial data. Finally in §7.7 we 
indicate how these results may be extended to solutions with matter. 


7.1 The nature of the problem 


The Cauchy problem for the gravitational field differs in several 
important respects from that for other physical fields. 

(1) The Einstein equations are non-linear. Actually in this respect 
they are not so different from other fields, for while the electromagnetic 
field, the scalar field, etc., by themselves obey linear equations in a given 
space-time, they form a non-linear system when their mutual inter- 
actions are taken into account. The distinctive feature of the gravita- 
tional field is that it is self-interacting: it is non-linear even in the 
absence of other fields. This is because it defines the space-time over 
which it propagates. To obtain a solution of the non-linear equations 
one employs an iterative method on approximate linear equations 
whose solutions are shown to converge in a certain neighbourhood of 
the initial surface. 

(2) Two metrics gé, and gon a manifold Æ are physically equivalent 
if there is a diffeomorphism ¢:.—.M which takes g, into g; 
($481 = 2), and clearly g, satisfies the field equations if and only if g, 
does. Thus the solutions of the field equations can be unique only up to 
a diffeomorphism. In order to obtain a definite member of the equiva- 
lence class of metrics which represents a space-time, one introduces 
a fixed ‘background’ metric and imposes four ‘gauge conditions’ on 
the covariant derivatives of the physical metric with respect to the 
background metric. These conditions remove the four degrees of 
freedom to make diffeomorphisms and lead to a unique solution for 
the metric components. They are analogous to the Lorentz condition 
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which is imposed to remove the gauge freedom for the electromagnetic 
field. 

(3) Since the metric defines the space-time structure, one does not 
know in advance what the domain of dependence of the initial surface 
is and hence what the region is on which the solution is to be deter- 
mined. One is simply given a three-dimensional manifold S with 
certain initial data w on it, and is required to find a four-dimensional 
manifold Æ, an imbedding 6: S >M and a metric g on Æ which 
satisfies the Einstein equations, agrees with the initial values on 6(7) 
and is such that O(S) is a Cauchy surface for Æ. We shall say that 
(4,6, 8), or simply K, is a development of (F, w). Another develop- 
ment (.#’, 6’, 8’) of (F, w) will be called an extension of if there is 
a diffeomorphism a of æ into æ’ which leaves the image of S point- 
wise fixed and takes g’ into g (i.e. 0-10-16’ = id on & and a, 8’ = g). 
We shall show that provided the initial data w satisfies certain 
constraint equations on S, there will exist developments of (7, w) and 
further, there will be a development which is maximal in the sense 
that it is an extension of any development of (S, w). Note that by 
formulating the Cauchy problem in these terms we have included the 
freedom to make diffeomorphisms, since any development is an 
extension of any diffeomorphism of itself which leaves the image of S 
pointwise fixed. 


7-2 The reduced Einstein equations 


In chapter 2, the Ricci tensor was obtained in terms of coordinate 
partial derivatives of the components of the metric tensor. For the 
purposes of this chapter it will be convenient to obtain an expression 
that applies to the whole manifold .W and not just to each coordinate 
neighbourhood separately. To this end we introduce a background 
metric % as well as the physical metric g. With two metrics one has to 
be careful to maintain the distinction between covariant and contra- 
variant indices. (To avoid confusion, we shall suspend the usual con- 
ventions for raising and lowering indices.) The covariant and contra- 
variant forms of é and § are related by 


IIo = 8% = I oc (7.1) 


It will be convenient to take the contravariant form g° of the metric 
to be more fundamental and the covariant form g„, as derived from it 
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by (7.1). Using the alternating tensor 9,,.3 defined by the background 
metric, this relation can be expressed explicitly as 


1 
Gar = 31% geig (det g) facet Neary (7.2) 
where (det g) = ggg I acei Poari 


is the determinant of the components of g°® in a basis which is ortho- 
normal with respect to the metric 8. 

The difference between the connection T defined by g and the con- 
nection f defined by ĝ is a tensor, and can be expressed in terms of the 
covariant derivative of g with respect to f (cf § 3.3): 


Srey = F4,,— f,, 
= $9 (Go: geg — goii". 8%; — Goi Oy 8%), (7.3) 


where we have used a stroke to denote covariant differentiation with 
respect to f and the symbol ô to denote the difference between 
quantities defined from g and 9. Then from (2.20), 


Rab = ST? apa raed oF ay + or, ores, = or?,, Tya- (7.4) 
Thus 


A(R — $9 R) = grghiOR,, + 28ga g R — ogrigi R 
— 4ôg®R — 49% dg B, + gSR,,) 
= ggu — g Yh + 49° Wi geag O94) 


+(terms in dg°4,, and dg), (7.5) 
Y? = 9-49" GueI i. = (det g) (det 8)g"),, = (det g)> phe (7.6) 
and p% = (det g) dg’. 


The plan is now as follows. We choose some suitable background 
metric § and express the Einstein equations in the form 


Re — Rg = A(R — Rg) + Ra — gR = 87T%. (7.7) 


One regards this as a second order non-linear set of differential equa- 
tions to determine g in terms of the values of it and its first derivatives 
on some initial surface. Of course to complete the system one has to 
specify the equations governing the physical fields which make up the 
energy-momentum tensor 7è, However even when this is done one 
does not have a system of equations which uniquely determines the 
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time development in terms of the initial values and first derivatives. 
The reason for this is, as was mentioned above, that a solution of the 
Einstein equations can be unique only up to a diffeomorphism. In 
order to obtain a definite solution one removes this freedom to make 
diffeomorphisms by imposing four gauge conditions on the covariant 
derivatives of § with respect to the background metric 8. We shall use 
the so-called ‘harmonic’ conditions 


y= e= 0 
which are analogous to the Lorentz gauge conditions A*‘,; = 0 in 
electrodynamics. With this condition one obtains the reduced Einstein 
equations 

gg + (terms in $3, and ¢%) = 1677 — 2R geh. (7.8) 


We shall denote the left-hand side of (7.8) by E%,a(9°%), where H™,, is 
the Einstein operator. For suitable forms of the energy-momentum 
tensor T% these are second order hyperbolic equations for which we 
shall demonstrate the existence and ‘uniqueness of solutions in § 7.5. 
We still have to check that the harmonic conditions are consistent 
with the Einstein equations. That is to say: we derived (7.8) from the 
Einstein equations by assuming that ø?‘ was zero. We now have to 
verify that the solution that (7.8) gives rise to does indeed have this 
property. To do this, differentiate (7.8) and contract. This gives an 
equation of the form 


FP gt Br + CP = 1677. o (7.9) 


where a semi-colon denotes differentiation with respect to g, and the 
tensors B! and Cè depend on 9”, Re, a, g% and g% Equations (7.9) 
may be regarded as second order linear hyperbolic equations for yè. 
Since the right-hand side vanishes, one can use the uniqueness 
theorem for such equations (proposition 7.4.5) to show that y? will 
vanish everywhere if it and its first derivatives are zero on the initial 
surface. We shall see in the next section that this can be arranged by 
a suitable diffeomorphism. 

We still have to show that the unique solution obtained by imposing 
the harmonic gauge condition is related by a diffeomorphism to any 
other solution of the Einstein equations with the same initial data. 
This will be done in § 7.4 by making a special choice of the background 
metric. 
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7.3 The initial data 


As (7.8) is a second order hyperbolic system it seems that to determine 
the solution one should prescribe the values of g% and g*,,ue on the 
initial surface 6(), where u° is some vector field which is not tangent 
to OLS). However not all these twenty components are significant or 
independent: some can be given arbitrary initial values without 
changing the solution by more than a diffeomorphism, and others have 
to obey certain consistency conditions. 

Consider a diffeomorphism u: Æ -> M which leaves O(S) pointwise 
fixed. This will induce a map pz, which takes g® at p€6() into a new 
tensor 449% at p. If n, €7*, is orthogonal to O(S) (i.e. na Ve = 0 for 
any V°eT, tangent to 6(/)) and normalized so that n,9%n, = — 1 
then, by suitable choice of x, ng/g% can be made equal to any vector 
at p which is not tangent to O(S). Thus the components 7g are not 
significant. On the other hand as y leaves O(S) pointwise fixed, the 
induced metrich,, = 6*g,, on S will remain unchanged. It is therefore 
only this part of g which lies in 6(%) which need be given to determine 
the solution. The other components 7, g* can be prescribed arbitrarily 
without changing the solution by more than a diffeomorphism. 
Another way of seeing this is to recall that we formulated the Cauchy 
problem in terms of certain data on a disembodied three-manifold S 
and then looked for an imbedding into some four-manifold M. Now 
on itself one cannot define a four-dimensional tensor field like g but 
only a three-dimensional metric h, which we shall take to be positive 
definite. The contravariant and covariant forms of h are related by 


hh, = 6%, (7.10) 
where now 6, is a three-dimensional tensor in S. The imbedding 6 will 
carry ka, into a contravariant tensor field 6,4 on O(S) which has 
she. property. ig, h® = 0. (7.11) 


As nag% is arbitrary, one may now define £ on 6(.) by 
g® = Oph” — utut, (7.12) 


where u° is any vector field on 6(.) which is nowhere zero or tangent 
to OY). Defining gas by (7.1), one has: 


has = O%Gay, Nag? = —n, UU, Gautu? = — i. (7.18) 


Thus ka is the metric induced on / by g and w? is the unit vector 
orthogonal to O(S) in the metric g. 
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The situation with the first derivatives g°",,u° is similar: n, g°® cu" 
can be given any value by suitable diffeomorphisms. However there is 
now an additional complication in that g™,, depends not only on g but 
also on the background metric & on æ. In order to give a description 
of the significant part of the first derivative of g in terms only of tensor 
fields defined on , we proceed as follows. We prescribe a symmetric 
contravariant tensor field y on S. Under the imbedding y is 
mapped into a tensor field 0,7 on O(S). We require that this is 
equal to the second fundamental form (see § 2.7) of the submanifold 
GS) in the metric g. This gives 


Opx” = Oy hO py hU geo); a 
= 0 ph*0 ph’ (U gec) — SI ea Uger). (7.14) 
Using (7.3), one has 
Bg XO? = Op hO phet — oigas U* + goi Uet geiw). (7.15) 
This may be inverted to give g™,, u° in terms of 6,7: 
$97 Ul = — 84H HORO hg uty + Ul W, (7.16) 


where W? is some vector field on 6(./). It can be given any required 
value by a suitable diffeomorphism x. 

The tensor fields k% and y% cannot be prescribed completely 
independently on S. For multiplying the Einstein equations (7.7) by 
Na one obtains four equations which do not contain gautus, the 
second derivatives of g out of S. Thus there must be four relations 
between g®, g® u° and na T. Using (2.36) and (2.35), they can be 
expressed as seiaiions in the three-manifold S: 


Xa bce X hehea = 87O*(Ty,u4), (7.17) 
PR’ + (x hac)? — XOX hacthoa) = 87O*(Ty, uur), (7.18) 


where a double stroke || denotes covariant differentiation in S with 
respect to the metric h, and R’ is the curvature scalar of h. 

The data w on ¥ that is required to determine the solution therefore 
consists of the initial data for the matter fields (in the case of a scalar 
field ¢ for example, this would consist of two functions on £ repre- 
senting the value of ¢ and its normal derivative) and two tensor fields 
hè and y% on S which obey the constraint equations (7.17-18). These 
contraint equations are elliptic equations on the surface Y which 
impose four constraints on the twelve independent components of 
(h, yè). In such situations, one can show one can prescribe eight of 
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these components independently and then solve the constraint equa- 
tions to find the other four, see e.g. Bruhat (1962). We shall call a pair 
(F, w) satisfying these conditions, an initial data set. We then imbed S 
in some suitable four-manifold Æ with metric g and define g% on 
O(S) by (7.12) for some suitable choice of u*. We shall take u* to be 
g*n,. Thus it will be the unit vector orthogonal to O(S) in both the 
metric g and 8. We shall also exploit our freedom of choice of W in 
the definition of g*,,w° by (7.16) to make y zero on O(S). This requires 


We = — GP 198 uhh + b9 cae Oh? 
+ (Goa aX? — Iich ahah). (7.19) 


(Note that all the derivativesin (7.19) are tangent to 0( S) as is required 
by the fact that the fields involved have been defined only on 6(.Y).) To 
ensure that 4? vanishes everywhere one also needs y? u° to be zero 
on O(S). However this now follows from the constraint equations 
providing the reduced Einstein equations (7.8) hold on O(S). One 
may therefore proceed to solve (7.8) as a second order non-linear 
hyperbolic system on the manifold Æ with metric §. 

(Note that there are 10 such equations for the ¢’s; in proving the 
existence of solutions of these 10 equations we do not split them into 
a set of constraint equations and a set of evolution equations, and so 
the question as to whether the constraint equations are conserved does 
not arise.) 


7.4 Second order hyperbolic equations 


In this section we shall reproduce some results on second order 
hyperbolic equations given in Dionne (1962). They will be generalized 
to apply to a whole manifold, not just one coordinate neighbourhood. 
These results will be used in the following sections to prove the exist- 
ence and uniqueness of developments for an initial data set (SY, w). 
We first introduce a number of definitions. We use Latin letters to 
denote multiple contravariant or covariant indices; thus a tensor of 
type (r, s) will be written as K’,, and we denote by |I| = r the number 
of indices that the multiple index J represents. We introduce a positive 
definite metric e,, on Æ and define 
elJ = etbecd epa, 


S or” 
r times r times 


Cry = Cap lca -pqs 
N_e 
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where |I| = |J| = r. We then define the magnitude |K/,| (or simply, 
|K|) as (K1,K"y,e;,e7™)# where repeated multiple indices imply 
contraction over all the indices they represent. We define | D™K7, | 
(or simply, |D™K]) to be |K*j,;| where |L| = m and as before, | indi- 
cates covariant differentiation with respect to 8. 

Let M be an imbedded submanifold of Æ with compact closure 
in Æ. Then ||K1,,/|,, is defined to be 


U5, [arcing 


where do is the volume element on induced by e. We also define 
K, n Thm to be the same expression where the derivatives are taken 
only in directions tangent to 1. Clearly, |K, |, > K, N flm 

The Sobolev spaces W™(r,s, VW) (or simply W™(/ )) are then defined 
to be the vector spaces of tensor fields K1, of type (r,s) whose values 
and derivatives (in the sense of distributions) are defined almost every- 
where on “M (i.e. except, possibly, on a set of measure zero; for the 
rest of this section ‘almost everywhere’ is to be understood almost 
everywhere) and for which |K!,,W]|,, is finite. With the norms 
| lin the Sobolev spaces are Banach spaces in which the C™ tensor 
fields of type (r, 8) form dense subsets. If e’ is another continuous posi- 
tive definite metric on then there will be positive constants C, and 
C, such that 

OJK] < KOV <C,[K4| on v, 

and ONE 7, Nlm < [Ern Nin < Oal E r N hm: 


Thus | ‚Mim will be an equivalent norm. Similarly another C™ 
background metric 8’ will give an equivalent norm. In fact it follows 
from two lemmas given below that if 8”« W"(/) and 2m is greater 
than the dimension of M, then the norm obtained using the covariant 
derivatives defined by 8” is again equivalent. 

We now quote three fundamental results on Sobolev spaces. The 
proofs can be derived from results given in Sobolev (1963). They 
require a mild restriction on the shape of W. A sufficient condition will 
be that for each point p of the boundary @/ it should be possible to 
imbed an n-dimensional half cone in W with vertex at p, where 7 is 
the dimension of . In particular this condition will be satisfied if 
the boundary ôM is smooth. 
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Lemma 7.4.1 
There is a positive constant P, (depending on M, e and 8) such that 
for any field K1, e W™(/) with 2m > n, wheren is the dimension of Y, 


|K] < B |K, Mm on N. 


From this and the fact that the vector space of all continuous fields 
KI, on W is a Banach space with norm sup |K], it follows that if 
N 


K! E W”®( W ) where 2m > n, then K/, is continuous on /. Similarly 
if K1; e W™tr( N ), then KI; is CP onw. 


Lemma 7.4.2 


There is a positive constant P, (depending on M, e and §) such that 
for any fields K1,, LP gE W"( N) with 4m > n, 


[E LP o N lo < PAK, Alm ILA im 


From this and the previous lemma it follows that ifn < 4and 2m > n, 
then for any two fields K!,, LPgeW"(/), the product K!; LP is 
also in W™(Y1). 


Lemma 7.4.3 
If." is an (n— 1)-dimensional submanifold smoothly imbedded in M, 


there is a positive constant P, (depending on M, M’, e and 8) such 
that for any field K1; e WHN), 


IKAN Iim < PaK, Njim 


We shall prove the existence and uniqueness of developments for 
(F,w) when hte Wit S) and èe WHS) where a is any non- 
negative integer. (If F is non-compact, we mean by h% e W™() that 
he WN ) for any open subset M of F with compact closure.) 
A sufficient condition for this is that h® be C4+¢ and yè be C3+4 on S; 
by lemma 7.4.1, a necessary condition is that h% be C?+* and 7® be 
C+, The solution obtained for g% will belong to W4+*(#) for each 
smooth spacelike surface # and so the (2+a)th derivatives will be 
bounded, i.e. g% will be C@+@- on <M. 

These differentiability conditions can be weakened to cases such as 
shock waves where the solution departs from W‘ behaviour on well- 
behaved hypersurfaces; see Choquet~Bruhat (1968), Papapetrou and 
Hamoui (1967), Israel (1966), and Penrose (1972a). However no proof 


236 THE CAUCHY PROBLEM [7.4 


is known for cases in which such departures occur generally. The W4 
condition for the existence and uniqueness of developments is an 
improvement on previous work (Choquet-Bruhat (1968)) but it is 
somewhat stronger than one would like since the Einstein equations 
can be defined in a distributional sense if the metric is continuous and 
its generalized derivatives are locally square integrable (i.e. if g is C° 
and W3). On the other hand any W? conditions for p less than 4 would 


A 


EA 


a 


a 


Ficure 48. % is an open set with compact closure in the manifold M = # x Ri, 
U , is the region of X for which t > 0 and Ut’) is the region of Y between t = 0 
and t= t’> 0. 


not guarantee the uniqueness of geodesics, or, for p less than 3, their 
existence. Our own view is that these differences of differentiability 
conditions are not important since as explained in § 3.1, the model for 
space-time may as well be taken to be C™. 

In order to prove the existence and uniqueness of developments we 
now establish some fundamental inequalities (lemmas 7.4.4 and 7.4.6) 
for second order hyperbolic equations, in a manner similar to that of 
the conservation theorem in § 4.3. 

Consider a manifold Æ of the form X x Re where # is a three- 
dimensional manifold. Let Y be an open set of 4 with compact closure 
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which has boundary @Y and which intersects #(0), where X(t) 
denotes the surface # x {t}, te Rt. Let Y, and Y(t’) denote the parts 
of Y for which t > 0 and t’ > t > O respectively (figure 48). On X, let 
& be a C?- background metric and let e be a Ct- positive definite 
metric. We shall consider tensor fields K7, which obey second order 
hyperbolic equations of the form 


L(K) = APK! yo+ BPI, KO p+ CPlg, Kop = Fy, (7.20) 


where A is a Lorentz metric on Y, (i.e. a symmetric tensor field of 
signature + 2), B, C and F are tensor fields of type indicated by their 
indices, and | denotes covariant differentiation with respect to the 
metric 8. 


Lemma 7.4.4 
If(1) 2% n Z, is achronal with respect to A, 


(2) there exists some Q, > 0 such that on Z, 
Alabo < -Q 
and ADW, W, > Q,e°W, W, 


for any form W which satisfies A”t,,W, = 0, 
(3) there exists some Q; such that on Y, 


JA] < Q» |DA] < Qa |B| <Q, |C| <Q 


then there exists some positive constant P, (depending on X, e, ĝ, 
Q, and Q,) such that for all solutions K7 y of (7.20), 


1K, 2A Uyla < PAK, #00 Lh +F, ZON: 


One forms the ‘energy tensor’ S% for the field K1; in analogy to the 
energy-momentum tensor of a scalar field of unit mass (§ 3.2): 


The tensor S% obeys the dominant energy condition (§4.3) with 
respect to the metric A (i.e. if W, is timelike with respect to A then 
SW. W, > 0 and S@W, is non-spacelike with respect to A). Moreover 
by conditions (2) and (3) there will be positive constants Q, and Q, 


such that 
Qa(|K|?+ |DK|?) < 84,4, < Q,(|K|? + |DK]?). (7.22) 


We now apply lemma 4.3.1 to S%, taking X, as the compact region F 
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and using the volume element dô and covariant differentiation defined 
by the metric 8: 


f — Seha dô, < f _ St, dé, 
WOUE (0) 2H 5 
t 
+ f f _ (PS, t Sa) aô,) dt’ (7.23) 
ol ean Fy 


where P is a positive constant independent of S%. (The sign has been 
changed in the first term on the right-hand side since the surface 
element dé, of the surface 3/(t) is taken to have the same orientation 
as ty, ie. dÔ, = t, dé where dé is a positive definite measure on #(t).) 
Since e and are continuous there will be positive constants Q, and Qe 


such that on X, Qsdo < dë < Qedo, (7.24) 


where do is the area element on 3# (t) induced by e. Thus by (7.22) 
and (7.23) there is some Q, such that 


IK, 26()0 Lhè < [IK ion eah 
+ fix, KAANE A paraf (S%, £00) ar). (7.25) 
By (7.20), i 
Sp = AVK! jie FP oe erp + (terms quadratic in K1; and 

KP oie with coefficients involving 4°, A%,,, 
Re,,, BPI y and CP!g,). (7.26) 
Since the coefficients are all bounded on %,, there is some Q, such that 
S*ptia < Os{|F |? + |K]? + [DK]. (7.27) 

Thus there is some Q, such that, from (7.25) and (7.27), 


IK, 200 hi? < Q 1K, 200 ht 
+ f j [K, ZENA Y hedt +F, a het). 
This is of the form dzjdt < Qf +y}, (7.28) 
where a(t) = f i |K, En Y hedt’. 


t 
Therefore x < elt f ety) det’. (7.29) 
0 
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Since y is a monotonically increasing function of t and since £ is 
bounded on X, there is some Qo such that 


z < Qrwy- 

Thus |K, #(t)n Yili < BAEK, 97(0)0 Yala + IE, Xlo} where 

P, = (Qa + Qio)t. m 
With this inequality one can immediately prove the uniqueness of 
solutions of second order hyperbolic equations which are linear, i.e. 
for which A, B, C and F do not depend on K. For suppose KY, and 
K% , were solutions of the equation L(K) = F which had the same 
initial values and first derivatives on #(0)n X. Then one can apply 
the above result to the equation L(K! — K?) = 0 and obtain 

[K1 —K?, #(t)n Zh = 0. 

Therefore K! = K? on Y,. One has thus 


Proposition 7.4.5 

Let A be a C!- Lorentz metric on Ê and let B, C, and F be locally 
bounded. Let X < æ be a three-surface which is spacelike and acausal 
with respect to A. Then if ¥ is a set in D*(#, A), the solution on ¥ of 
the linear equation (7.20) is uniquely determined by its values and 
the values of its first derivatives on n J-(¥, A). 


By proposition 6.6.7, D+(#, A) is of the form # x Rt. If ge¥, then 
by proposition 6.6.6, J-(q)n J+(3/) is compact and so may be taken 
for Z. oO 


Thus a physical field obeying a linear equation of the form (7.20) will 
satisfy the causality postulate (a) of §3.2 provided the null cone of A 
coincides with or lies within the null cone of the space-time metric g. 

In order to prove the existence of solutions of the equations (7.20) 
we shall need inequalities for higher order derivatives of K. We shall 
now take the background metric § to be at least C5+4 where a is a non- 
negative integer and we shall take Y to be such that 3(0)n Z has 
a smooth boundary and such that there is a diffeomorphism 


A: (#(0)N Z) x [0, t] >Z, 
which has the property that for each te [0, t], 
A(H(0)n F), = H(tyn Z. 


We do this so that there shall be upper bounds P,, P, and P; to the 
constants P}, P, and P,in lemmas 7.4.1—7.4.3 for the surface #(t)n Y.. 
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Lemma 7.4.6 
If conditions (1) and (2) of lemma 7.4.4 hold and if 
(4) there is some Q; such that 
A, Valara < Qs IB, Valasa < Qo IC, Zallara < Qa 
(by lemma 7.4.1, this implies condition (3)), then there exist positive 
constants P, a (depending on X, e, 8, a, Q, and Qs) such that 


IK, N Wy llasa < Ps, aflK, (0) Villarta +E, UOllara}- (7.30) 


From lemma 7.4.4 one hasan inequality for |K, #(t)/n @,|,. To obtain 
an inequality for ||K, #(t)n Yj, one forms the ‘energy’ tensor S@ 
for the first derivatives K1,,, and proceeds as before. The divergence 
S% , can now be evaluated by differentiating equations (7.20): 
N% p = AKT jea F Po), e%e7 erp + (terms quadratic in K/,, 
K! pe and K! pea with coefficients involving A™, 
Ah pr R:,,, Re ueno Bogs, Bly sa, CP gy 


and CPT 9 ja). (7.31) 


With the possible exceptions of BP“ za and CP! ya these coefficients 
are all bounded on X, in the case a = 0. When integrated over the 
surface H(t’) N &@,, the term in (7.31) involving BY?! gj), is 


— Í APK! 5 4 BR ose K paee epr dôa (7.32) 
RONUA 
There is some Q, such that for all t’, (7.32) is less than or equal to 
Qu f |DB| |DK] |D?K]| do 
HENRY 
< 40, (|D2K|2+ |DB|?|DK|*)do. (7.33) 
ELOLE I 
By lemma 7.4.2, 
l: „_ [DBJ IDK [do < PayB, (0) n EIE, XE) Lafi, 
PRUA 


where, by condition (4) and lemma 7.4.3, |B, #(t’)n Ulla < sQ. 
The term involving CP!o za can be bounded similarly. Thus by lemma, 
4.3.1 there is some constant Q, such that 


f (ID?K] + |DK|2)do < R f (|D®K|?+ [DK|2) do 
P40 ou HON 


t 
+f |K, #(t’)n ajara f [DF]żdo}. (7.34) 
0 Uit) 
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By lemma 7.4.4, 


O E ELA 
HORU 
< 2PAK, £0)n 2+ E, Xl- (7-35) 
Adding this to (7.34), one obtains 
1K, 0A Lala < QfIK, #0 Lha 
t 
+ f |K, #(t')n Yill + |E, aol). (7.36) 
0 
where Q, = Q; + 2P,. By a similar argument to that in lemma 7.4.4, 
there is some constant Q, such that 
PK, N Lale < QIK, ON Yla +F MOI} (1-37 
From lemma 7.4.1 it now follows that on %,, 
IK] < P, QAIK, 27(0)n Uja + IF, Xlo. (7.38) 


Using this one may proceed in a similar way to establish an inequality 
for |K, X(t) n Z, ||la- The divergence of the ‘energy’ tensor now gives 
a term of the form 


Qs Í ({D°K|? + |D*B|? |DK]?) do. (7.39) 
HUY OM, 


By lemma 7.4.2 the second term above is bounded by 
Qe Pe |B, £N Ws? [E, AEN Yla, 


where by condition (4), |B, #(t)n Y ls is defined for almost all 
values of t’ and is square integrable with respect to t’. Thus one can 
obtain an inequality for |K, X(t) n Z lla in the same manner as for 
|K, #(t)n X lla The procedure for higher order derivatives is 
similar. m) 


Corollary ; 
There exist constants P, a and P, , such that 
IK, X(t) n Us lara < R, allK, X (0) n Ulara 
+E zaut, AON Ulosa +F, Villata), 
and IK, Valara < P; a{ditto}, 


where u* is some C*+4 vector field on X (0) which is nowhere tangent 


to X (0). 
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By (7.20), the second and higher derivatives of K out of the surface 
X (0) may be expressed in terms of F and its derivatives out of 3(0), 
K! jaut and derivatives of K in the surface 3(0). By lemma 7.4.3, 


JA, 37(0)N Bare < PQs, 
|B, 47(0)n Vlora < PQs, 
JC, 27(0)N lara < PQs, 
JF, 2(0)0 Plasa < FoF, Valara- 
Thus there will be some constant Q, such that 
IK, 200) Wasa < QIK, HON Vara 
+] pat, HON Viasat IF, Valera} (7-41) 


The second result follows immediately, since t is bounded on %,. O 


(7.40) 


We can now proceed to prove the existence of solutions of linear 
equations of the form (7.20). We first suppose that the components of 
A, B, C; F, u and ĝ are analytic functions of the local coordinates 
a, x2, 23 and x‘ (a = t) on a coordinate neighbourhood ¥ and take the 
initial data K1, = „K1; and K!,,,u* = ,K'y to be analytic functions 
of the coordinates x}, x? and z3 on H (0)n Y. Then from (7.20) one can 
calculate the partial derivatives 8? (KT ;)/3t?, a8(K7,)/at? dat, (KI ,)/3t, 
etc. of the components of K out of the surface 3(0) in terms of 
derivatives of ¿K and ,K in 3# (0). One can then express K!, as a formal 
power series in 2}, x?, x? and t about the origin of coordinates p. By the 
Cauchy—Kowaleski theorem (Courant and Hilbert (1962), p. 39) this 
series will converge in some ball Y (r) of coordinate radius r to give a 
solution of (7.20) with the given initial conditions. One now selects 
an analytic atlas from the C” atlas of æ, covers X (0)n X with co- 
ordinate neighbourhoods of the form Y (r) from this atlas, and in each 
coordinate neighbourhood constructs a solution as above. One thus 
obtains a solution on a region (tz) for some t; > 0. One then repeats 
the process using X (t). By the Cauchy—Kowaleski theorem, the ratio 
of successive intervals of t for which the power series converges is 
independent of the initial data and so the solution can be extended to 
the whole of Y, in a finite number of steps. This proves the existence 
of solutions of linear equations of the form (7.20) when the coefficients, 
the source term and the initial data are all analytic. We shall now 
remove the requirement of analyticity. 
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Proposition 7.4.7 
If conditions (1), (2) and (4) hold and if 


(5) Fe W*+9(%,), 
(6) Ke Wt ONZ), Ke W+7#7(0)n %), 


then there exists a unique solution Ke W4+4(%, ) of the linear equation 
(7.20) such that on #(0), K1, = 9K’, and K! jaut = ,K’,. 


We prove this result by approximating the coefficients and initial data 
by analytic fields and showing that the analytic solutions obtained 
converge to a field which is a solution of the given equations with the 
given initial conditions. Let A, (n = 1,2,3,...) be a sequence of 
analytic fields on Z , which converge strongly to A in W4t4(%,). (A, is 
said to converge strongly to A in W™ if ||A,, — Al], converges to zero.) 
Let B,,, C,, and F, be analytic fields on Y, which converge strongly 
to B, Cand F respectively in W5+4(@,), and let „K, and ,K,, be analytic 
fields on 3(0)0 Z which converge strongly to K and ,K in 
Waira HON Y) and W+4(47(0)n Y) respectively. For each value 
of n there will be an analytic solution K, to (7.20) with the initial 
values Kp! = Knl, Ky jaut = Kny. By the corollary to lemma 
7.4.6, ||K,,, W4l|4,q will be bounded as n->œ. Therefore by a theorem 
of Riesz (1955) there will be a field Ke W4+*(Y,) and a subsequence 
K,, of the K, such that for each b, 0 < b < 4+a, D°K,, converges 
weakly to D°K. (A sequence of fields 7, on W is said to converge 
weakly to I’, if for each C@ field J7}, 


f IlJa- | 11, 34,0.) 
N wv 


Since A,, B, and C, converge strongly to A, B and Cin W%(%,), 
sup |A—A,|, sup|B—B,]| and sup|C—C,]| will converge to zero. 
Thus L,,(K,,) will converge weakly to L(K). But Z,,(K,,-) is equal to F,,. 
which converges strongly to F. Therefore L(K) = F. On 3(0)n Y 
K,77 and K,,77,,u% will converge weakly to K1, and K!,,,u* which 
must therefore be equal to >K‘, and ,K!, respectively. Thus K is a 
solution of the given equation with the given initial conditions. By 
proposition 7.4.5 it is unique. Since each K, satisfies the inequality in 
lemma 7.4.6, K will satisfy it also. (m) 


244 THE CAUCHY PROBLEM [7.5 


7.5 The existence and uniqueness of developments for the 
empty space Einstein equations 
We shall now apply the results of the previous section to the Cauchy 
problem in General Relativity. We shall first deal with the Einstein 
equations for empty space (7' = 0), and shall discuss the effect of 
matter in §7.7. 
The reduced Einstein equations 


E alp?) = 8nT2>— (Ra — 4 Roe») (7.42) 


are quasi-linear second order hyperbolic equations. That is, they have 
the form (7.20) where the coefficients A, B and C are functions of 
K and DK (actually, in this case 4% = g is a function of ¢°° and 
not of ¢,). To prove the existence of solutions of these equations we 
proceed as follows. We take some suitable trial field ¢’@ and use this 
to determine the values of the coefficients A, B and Cin the operator £. 
Using these values we then solve (7.42) as a linear equation with the 
prescribed initial data and obtain a new field ¢°”. We thus have a 
map a which takes ¢’ into $”, and we show that under suitable condi- 
tions this map has a fixed point (i.e. there is some ¢ such that 
a(p) = $). This fixed point will be the desired solution of the quasi- 
linear equation. 

We shall take the background metric 8 to be a solution of the empty 
space Einstein equations and choose the surfaces #(t)n Z, and 
3U n Y, to be spacelike in 8. Then by lemma 7.4.1 there will be some 
positive constants Q, such that if for some value of a > 0 


IP's Uilara < Qo (7.43) 


then the coefficients A’, B’ and C’ determined by ¢’ satisfy conditions 
(1), (2) and (4) of lemma 7.4.6 for given values of Q, and Q,. From 
(7.41) one then has 


WP", Yallara < Pr, allo, (0) Dl arat lhe, 4°(0) 0 Uara- 


Thus the map a: W4+4(Y,) > W4+4(%, ) will take the closed ball W (r) 
of radius r (r < @,) in W4+*(%,) into itself provided that 


lop, 90(0) 0 llasa < AB, a 
and la, 20) Dara < rP,,q*. (7.44) 


We shall show that a has a fixed point if (7.44) holds and if r is 
sufficiently small. 
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Suppose #,’ and œ, are in W(r). The fields $,” = a(@,') and 
$? = alp) satisfy H,'(p,") = 0, Hy'(f.") = 0 where EF,’ is the 
Einstein operator with coefficients A,’, B,’ and G,’ determined by ¢,’. 
Th , ” LA , r ” 

i Eih" — $2") = -Br - By’) (h). (7.45) 


Since the coefficients A,’, B,’ and C,’ depend differentiably on ¢,’ and 
De,’ for p,’ in W(r), there will be some constant Q, such that on %, 


[A A] < Qp- Hal, 
IB- B'h] < Q(16',— a1 +[Db'1—De's)),) (7.46) 
[0-0] < Qa(|$'1— L+ DE- Dd’, )). 


Therefore by lemmas 7.4.1 and 7.4.6, 
[(E'1— B'a) ($°)| < 3rQa P Pri, alB D'al + DE- DA). 
We now apply lemma 7.4.4 to (7.45) to obtain the result 


Ii bo ilh < RID- P'o Zali (7.47) 


where Q, is some constant independent of r. Thus for sufficiently 
small r, the map « will be contracting in the |], norm (ie. 
lel) -alpa 1 < [11 — Alı) and the sequence «(¢’,) will converge 
strongly in W1(%,) to some field $. But by the theorem of Riesz some 
subsequence of the a”(’,) will converge weakly to some field 
de Wir). Thus œ must equal ¢ and so be in W(r). Therefore a(ġ) will 
be defined. Now 


lelh) -atp Yala < Qs b—2°(F',), Yala 
As n—>œ, the right-hand side tends to zero. This implies that 


let) - $, lı = 0 and so that a($) = $. Since the map a is con- 
tracting the fixed point is unique in W (r). We have therefore proved: 


Proposition 7.5.1 

If ĝ is a solution of the empty space Einstein equations, the reduced 
empty space Einstein equations have a solution ge W4*4(Y,) if 
fop, 20) Ulaa and fip, #0) Ziara are sufficiently small. 
ip, 210)n Z|. will be bounded and so ¢ will be at least C2+®-, D 


This solution will be locally unique even among solutions which are 
not in W4(%,). 
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Proposition 7.5.2 

Let ¢ be a C- solution of the reduced empty space Einstein equations 
with the same initial data on an open set Y = 3(0)n Y. Then $ = $ 
on a neighbourhood of ¥ in %,. 


Since ¢ is continuous one can find a neighbourhood @ of ¥ in Y such 
that the conditions of lemma 7.4.4 hold for A, B and C. As before one 


ji Eg -$) =- (E-E) ($). (7.48) 
Similarly there will be some Q, such that 
NE-E) (p), HON Kila < Ql- p, HON Wh 
Applying lemma 7.4.4 to (7.48) one obtains an inequality of the form 
dæj/dt < Q7, 
where z= f I$- p, H(t’) n v hat. 


Therefore $ = ¢ on Y',. Oo 


Proposition 7.5.1 shows that if one makes a sufficiently small 
perturbation in the initial data of an empty space solution of the 
Einstein equations one obtains a solution in a region %,. What one 
wants however is to prove the existence of developments for any initial 
data h% and x%° which satisfy the constraint equations on a three- 
manifold S. To do this we proceed as follows. We take Æ to be R’, 
e to be the Euclidean metric and $ to be the flat, Minkowski metric 
(this is a solution of the empty space Einstein equations). In the usual 
Minkowski coordinates z!, x?, 2? and xt (z* = t) we take Y to be such 
that 2%n X, is spacelike and 3(0)n Z consists of the points for 
which (21)? + (x2)? + (2°)? < 1, z4 = 0. The idea now is that any metric 
appears nearly flat if looked at on a fine enough scale. Therefore if one 
maps a sufficiently small region of Y onto #(0)n Z, one can use 
proposition 7.5.1 and obtain a solution on Y,. We then repeat this for 
other portions of and join up the resulting solutions to form a 
manifold Æ with metric § which is a development of (F, w). 

Let ¥, be a coordinate neighbourhood in S with coordinates y}, y? 
and y? such that at p, the origin of the coordinates, the coordinate 
components of h% equal 3. Let %;(f,) be the open ball of coordinate 
radius f, about p. Define an imbedding 6,: Yf) > UY by xt = f,-“1y4 
(i = 1, 2, 3), x? = 0. By the usual law of transformation of a basis, the 
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components of 6,,4@ and 6,7” with respect to the coordinates {x} are 
fv? times the components of h® and y% with respect to the co- 
ordinates {y}. We define new fields h’ and x’ on Y% by h’® = f,?7h® 
and y’® = f,37%. Then since h is continuous (in fact C?+*) on S one 
can make g’%— 92> and g’ uc arbitrarily small on 3#(0)n Y by 
taking f, sufficiently small, where g’® and g'%®% „u! are defined from 
h’® and x’” in the manner of §7.3. The derivatives of g’® and g’%,, ue 
in the surface (0) will also become smaller as f, is made smaller. 
Thus [[o9’, 3(0)N Dara and iØ’, (0)n Ziza can be made small 
enough that proposition 7.5.1 can be applied and a solution for œ’ 
obtained on %,. Then g? = fy ?g'® will be a solution of the reduced 
Einstein equations with the initial data determined by h% and y. 
Similarly one can obtain a solution on Y_, the part of Y on whicht < 0. 

One can now cover S by coordinate neighbourhoods ¥,(f,) of the 
form ¥;(f,), map them by imbeddings 0, to neighbourhoods Y, of the 
form Y and obtain solutions g,” on Y,. The problem now is to 
identify suitable points in the overlaps to make the collection of the 
U, into a manifold with a metric g. To do this we make use of the 
harmonic gauge condition 


Pc = ag — 39° gage = 0. (7.49) 


By the definition (7.3) of I,e, this is equivalent to g% ôT®, = 0. 
Therefore for any function z, 


2s ab” = Zang” — OV a21” = Zang. (7.50) 


If the background metric is the Minkowski metric and z is one of the 
Minkowski coordinates z!, z?, z? and z4, the right-hand side of (7.50) 
will vanish. Suppose now one has an arbitrary W‘+¢ Lorentz metric g 
on a manifold æ. In some neighbourhood Y € M one can find four 
solutions 2!, z?, z3 and 2‘ of the linear equation 


Z; ag” = 0 (7.51) 


which are such that their gradients are linearly independent at each 
point of Y. We may then define a diffeomorphism p: Y >Ê by 
zt = z2 (a = I, 2, 3, 4). This diffeomorphism will have the property 
that the metric p„g® on AM will satisfy the harmonic gauge condition 
with respect to the Minkowski metric 8 on AM. Thus if the metric g is 
a solution of the Einstein equations on æ, the metric 4, will be 
a solution of the reduced Einstein equations on .#with the background 
metric ĝ. 
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The procedure to identify points in the overlap between two neigh- 
bourhoods Y, and Yp is therefore to solve (7.51) on Y, for the coordi- 
nates xsl, Xa, xa? and zp* using the initial values for x," and 2,4%),u? 
determined by the overlap of the coordinate neighbourhoods %, and 
Vp, on SY. In fact Tpu! =0 (i= 1, 2, 3) and z,4,u* = 1 where 
ut = 8/dx,% is the unit vector in Y, orthogonal to 2# (0) in the metric ĝ. 
Thus z’ = z,4though x, will not in general be equal to x,t. By proposi- 
tion 7.4.7. the coordinates z,* will be C@+®- functions on Ya. (In 
proposition 7.4.7 the background metric with respect to which the 
covariant derivatives are taken has to be C+@)-, Thus it cannot be 
applied directly to (7.51), since the covariant derivatives are taken 
with respect to g, which is only W4+*. However one can introduce 
a C54 background metric % and express (7.51) in the form 


Zar 9” + %jqB* = 0, 


where || indicates covariant differentiation with respect to 8. Proposi- 
tion 7.4.7 can then be applied to this equation.) 

Since the gradients of z,° are linearly independent on#(0)n Ua, 
they will be linearly independent on some neighbourhood Y", of 
(0) in Y, The metric pyg% will be at least C1- on u(Y",) in 
Up. Since it will obey the reduced empty space Einstein equations 
on %, in the background metric 8 and since it has the same initial data 
on 6,(¥,,.n Yp), it must coincide with g, on some neighbourhood YW,’ of 
6,(% N Yp) in Up. This shows that one may join together Y”, and U's 
to obtain a development of the region ¥,U%, of S. Taking the 
covering {¥,} of F to be locally finite, one may proceed in a similar 
fashion to join together the subsets of the other neighbourhoods {Y,} 
to obtain a development of S, i.e. a manifold Æ with a metric g and 
an imbedding 6: S -> M such that g satisfies the empty space Einstein 
equations and agrees with the prescribed initial data w on O(S), which 
is a Cauchy surface for #. If (#’, g’) is another development of (F, w) 
one can by a similar procedure establish a diffeomorphism p between 
some neighbourhood of 6’(.7’) in æ’ and some neighbourhood of 6(7) 
in Æ such that ug’ = g%. We have therefore proved: 


The local Cauchy development theorem 

If he WiP) and ye WaS) satisfy the empty space constraint 
equations there exist developments (Æ, g) for the empty space 
Einstein equations such that ge W4+4(.#@) and ge Wite 97) for any 
smooth spacelike surface #. These developments are locally unique 
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in that if ( 4’, 8’) is another W4+¢ development of (F, w) then (4, g) 
and (.#’,$') are both extensions of some common development of 
(F, w). 


That ge Wite( 3) follows from lemma 7.4.6 since the surfaces of 
constant £ can be chosen arbitrarily. Oo 


7.6 The maximal development and stability 


We have shown that if the initial data satisfied the empty space 
constraint equations one can find a development, i.e. one can construct 
a solution some distance into the future and past of the initial surface. 
In general, this development can be extended further into the future 
and past to give a larger development of (F, w). However we shall 
show by an argument similar to that of Choquet-Bruhat and Geroch 
(1969) that there is a unique (up to a diffeomorphism) development 
(, g) of (Y,w) which is an extension of any other development 
of (F, w). 

Recall that (4, £)) is an extension of (4z, g2) if there is an imbed- 
ding p: M, >M, such that 4462 = g, and such that 0,7140, is the 
identity map on Z. Given a point qe F, and a distance s one can 
uniquely determine points p,€.4, and pE M, by going a distance s 
along the geodesics orthogonal to 0,(S) and 0 (S) through 6,(q) and 
0 (q) respectively. Since (p,) must equal p,, the imbedding 4 must be 
unique. One can therefore partially order the set of all developments 
of (F, w), writing (4, 62) < (4i g1) if (4, gı) is an extension of 
(42, b2). If now {( 4, &,)} is a totally ordered set (a set £ is said to be 
totally ordered if for every pair a, b of distinct elements of £, either 
a <b orb < a) of developments of (F, w), one can form the manifold 
A’ as the union of all the Æ, where for (4,,8.) < (M, £p) each 
PaE Ma is identified with Hap(Pa)E Mg, where Hap: M, -> Mp is the 
imbedding. The manifold æ’ will have an induced metric ¢’ equal to 
Hax a ON each pal H,) where Ha: M, —>M' is the natural imbedding. 
Clearly ( 4’, g’) will also be a development of (F, w); therefore every 
totally ordered set has an upper bound, and so by Zorn’s lemma (see, 
for example, Kelley (1965), p. 33) there is a maximal development 
(4, È) of (F, w) whose only extension is itself. 

We shall now show that (/, 8) is an extension of every development 
of (F, w). Suppose (.#’, 8’) is another development of (F, w). By the 
local Cauchy theorem, there exist developments of (F, w) of which 
(4, B) and (.4’, 8’) are both extensions. The set of all such common 
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developments is likewise partially ordered and so again by Zorn’s 
lemma there will be a maximal development ( 4”, g”) with the imbed- 
dings ji: ">A and p': M”->M', etc. Let M+ be the union of 
A, M' and M”, where each pe” is identified with B(p")e.A and 
H'(p")EM'. If one can show that the manifold æ+ is Hausdorff, the 
pair (æ+, g+) will be a development of (S, w). It will be an extension 
of both (M, č) and (.4’, 8’). However the only extension of (M, ğ) is 
(Å, č) itself, and so (4, &) must equal (æ+, g+) and be an extension 
of (4', g’). 

Suppose that æ+ were not Hausdorff. Then there exist points 
pel M")Y < A and p’e(u'(M")) = M such that every neighbour- 
hood & of # has the property that w’ (#-1Y)) contains p’. Now since 
(4", 6”) is a development, it will be globally hyperbolic as will its 
image Ž(æ”) in Á. Therefore the boundary of ñ( æ”) in Æ must be 
achronal. Let y be a timelike curve in A with future endpoint at ĝ. 
Then p’ must be a limit point in Æ’ of the curve p’ji“!(y). In fact it 
must be a future endpoint, since strong causality holds in (4’, g’). 
Thus the point p’ is unique, given ~. Further, by continuity vectors 
at p’ can be uniquely associated with vectors at ø. Thus one can find 
normal coordinate neighbourhoods Z of pin # and Y of p’ in 4’ such 
that under the map p’/i-' points of Yn ñ( K”) are mapped into points 
of Y'n u'( 4”) with the same coordinate values. This shows that the 
set F of all ‘non-Hausdorff’ points of (Z(#”"))’ is open in (Z(.4"))’. 
We shall suppose that. is non-empty, and so obtain a contradiction. 

If X is a past-directed null geodesic in A through JeF, then since 
one can associate directions atp with directionsatp’, one can construct 
a past-directed null geodesic A’ through p’ in æ” in the corresponding 
direction. To each point of An (#(#”))’ there will correspond a point 
of A'n (u’'(M")) and so every point of An (f(.#”)) will be inF. Since 
6(f) is a Cauchy surface for 7, X must leave (Z(#”))’ at some point ĝ. 
There will be some point fFe F in a neighbourhood of g such that there 
is a spacelike surface # through # which has the property that 
(3% —#) c ji( M”). There will be a corresponding spacelike surface 
HX = (K'A —#)) Ur’ in M’ through the corresponding point r’. 
The surfaces #7 and 3’ may be regarded as images of a three- 
dimensional manifold 2 under imbeddings ý: H >Æ and 
Y: #>M' such that J-\iip'—1y’ is the identity map on Æ — (9). 
The induced metrics /,(%) and y” ,(¢’) on H will agree since #—% 
and #’—p’ are isometric. By the local Cauchy theorem, they will be 
in W4+4(4). Similarly the second fundamental forms will agree and 
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be in W+4(9/). Neighbourhoods of # in W and 3’ in æ’ would be 
Wite developments of #. By the local Cauchy theorem they must be 
extensions of the same common development (.#*,$*). Joining 
(#*, 8*) to (.#”, 8”) one would obtain a larger development of (F, w), 
of which (Æ, &) and (.4’, 8’) would be extensions. This is impossible, 
since (#”, g”) was the largest such common development. This shows 
that + must be Hausdorff, and so that (Č, %) must be an extension 
of (.#’, g’). 
We have therefore proved: 


The global Cauchy development theorem 

If h e WHS) and xe Wf) satisfy the empty space constraint 
equations, there exists a maximal development (K, g) of the empty 
space Einstein equations with g e W4+*(.@) and g e Wita W) for any 
smooth spacelike surface #. This development is an extension of any 
other such development. 


We have so far only proved that this development is maximal among 
Wita developments. If a is greater than zero, there will also be 
Wita, Wata-2,_.., W* developments which are extensions of the 
W4+ development. However, Choquet-Bruhat (1971) has pointed out 
that these developments must all coincide with the W4 development. 
This is because one can differentiate the reduced Einstein equations 
and then regard them as linear equations on the W4 development, for 
the first derivatives of g*. Then using proposition 7.4.7 one can show 
that g% is W5 on the W+ development, if the initial data is W5. By 
continuing in this way, one can show that if the initial data is C™, there 
will be a C% development which will in fact coincide with the W4 
development. 

We have proved the existence and uniqueness of maximal develop- 
ments only for W or higher metrics. In fact, it is possible to prove the 
existence of developments for W°? initial data, but we have not been 
able to prove the uniqueness in this case. It may be possible to extend 
the W4 maximal development either so that the metric does not remain 
in W4, or so that 6() does not remain a Cauchy surface. In the latter 
case, a Cauchy horizon occurs; examples of this were given in 
chapter 6. On the other hand it may be that some sort of singularity 
occurs, in which case the development cannot be extended with a 
metric which is sufficiently differentiable to be interpreted physically. 
In fact, theorem 4 of the next chapter will show that if Y is compact 
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and xh, is negative everywhere on JS, then the development cannot 
be extended to be geodesically complete with a C?~ metric, i.e. with 
locally bounded curvature. 

We have shown there is a map from the space of pairs of tensors 
(ho, x) on S which satisfy the constraint equations to the space of 
equivalence classes of metrics g on a manifold æ, which, by proposi- 
tion 6.6.8, is diffeomorphic to S x R. If two pairs (h%, y%) and 
(h'a, y'%) are equivalent under a diffeomorphism A: >F (i.e. 
Ayh = h'® anda, x” = x'%) they will produce equivalent metrics g. 
We thus have a map from equivalence classes of pairs (h®, x) to 
equivalence classes of metrics g. Now h® and x together have twelve 
independent components. The constraint equations impose four rela- 
tions between these, and the equivalence under diffeomorphisms may 
be regarded as removing a further three arbitrary functions, leaving 
five independent functions. One of these functions may be regarded as 
specifying the position of 0( S) within the development (æ, g). There- 
fore maximal developments of the empty space Einstein equations 
are specified by four functions of three variables. 

One would like to show that the map from equivalence classes of 
(bh, y*) to equivalence classes of g is continuous in some sense. The 
appropriate topology on the equivalence classes for this is the 
W" compact-open topology (cf. §6.4). Let 8 be a C” Lorentz metric on æ 
and X be an open set with compact closure. Let V be an open set in 
W*(%) and let O(Y, V) be the set of all Lorentz metrics on # whose 
restrictions to Y lie in V. The open sets of the W” compact open 
topology on the space (A) of all W7” Lorentz metrics on WM are 
defined to be the unions and finite intersections of sets of the form 
O(U, V). The topology of the space &*(.#) of equivalence classes of 
W” metrics on Æ is then that induced by the projection 


N: EAM) > LM) 


which assigns a metric to its equivalence class (i.e. the open sets of 
L *( M) are of the form 7(Q) where Q is open in 4(#)). Similarly the 
W” compact open topology on the space Q,( S) of all pairs (hè, 7%) 
which satisfy the constraint equations is defined by sets of the form 
O(%, V, V') consisting of the pairs for which k% e V and y“e V’ where 
V and V’ are open sets in W(S) and Wr-() respectively. The C% 
metrics on æ form a subspace &(.#) of the space L (4) of all 
Lorentz metrics on æ. Since a C° metric is W” for any r, one has the 
W” topology on L (M). One can then define the C® or W” topology 
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on &,() as that given by all the open sets in the W” topologies on 
L (M) for every r. The C” topology on #,,*(-#) and on ,,(%) are 
defined similarly. 

One would like to show that the map A, from the space Q,*( S) of 
equivalence classes of pairs (h, v) to the space ¥*(M) of equiva- 
lence classes of metrics is continuous with the W” compact open 
topology on both spaces. In other words, suppose one has initial data 
h e WS) and ye WS) which gives rise to a solution ge W(.#) 
on &. Then if ¥ isa region of æ with compact closure, and e > 0, one 
would like to show there was some region Y of ¥ with compact closure 
and some ô > Osuch that |g'— g, Y ||; < efor all initial data (h’%, 7’) 
such that ||h’—h, a, < 46 and |x’-x,Y]|,. < $6. This result may 
be true, but we have been unable to prove it. What we can prove is 
that this result holds if the metric is C’+—. This follows immediately 
from proposition 7.5.1, taking g to be the background metric and Y 
to be some suitable neighbourhood of J-(V) n J+(6()). In fact if one 
examines lemma 7.4.6, one sees that the condition on the background 
metric can be weakened from C’+)- to W¢+», but not to W”, since the 
(ry —1)th derivatives of the Riemann tensor of the background metric 
appear. (By the background metric being W'+! we mean that it is 
Wr+! with respect to a further C' background metric.) Thus the map 
A,: 0,*(7)> Y*(M) from the equivalence classes of initial data to 
the equivalence classes of metrics will be continuous in the W” compact 
open topology at every W'+! metric. Although the W*+! metrics form 
a dense set in the W” metrics, there is a possibility that the map might 
not be continuous at a W” metric which was not also a W+ metric. 
However 00+ 1 = œ and so the map A, : 0*,,(7)>-2*,,(-#) will be 
continuous in the C” topology on both spaces. 

One can express this result as: 


The Cauchy stability theorem 

Let (#,g) be the W5+ (0 < a < œ) maximal development of initial 
data he WAS) and ye WAS), and let VY be a region of JHOSS )) 
with compact closure. Let Z be a neighbourhood of g in #,,,(”) and 
U be an open neighbourhood in 6() of J-(V)n OF) with compact 
closure. Then there is some neighbourhood Y of (h, x) in Q5,a(X) such 
that for all initial data (h’, x’) € Y satisfying the constraint equations, 
there is a diffeomorphism yp: Æ’ ->M with the properties 

(1) 6-126’ is the identity on 6-(%), 
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(2) #8’ EZ, 

where (.#’, £’) is the maximal development of (h’, x’). oO 
Roughly speaking what this theorem says is that if the perturbation 
of initial data on the Cauchy surface O(S) is small on J-N O(Y), 
then one gets a new solution which is near the old solution in ”. In 
fact the perturbation of the initial data has to be small on a slightly 
larger region of the Cauchy surface than J ~(V)n O(S), since the null 
cones will be slightly different in the new solution and so YW may not 
lie in the Cauchy development of J-(Y)n AUS). 


7.7 The Einstein equations with matter 
For simplicity we have so far considered the Einstein equations only 
for empty space. However similar results hold when matter is present 
providing that the equations governing the matter fields Yi!) obey 
certain physically reasonable conditions. The idea is to solve the 
matter equations with the prescribed initial conditions in a given 
space-time metric g’. One then solves the reduced Einstein equations 
(7.42) as linear equations with the coefficients determined by g’ and 
with the source term 7’ determined by g’ and by the solution for the 
matter fields. One thus obtains a new metric g” and repeats the 
procedure with g” in place of g’. To show that this converges to a 
solution of the combined Einstein and matter equations one has to 
impose certain conditions on the matter equations. We shall require: 
(a) if {E} E WHH) and {Fo} E W3) are the initial data on 
an achronal spacelike surface # in a W4t metric g, there exists a 
unique solution of the matter equations in a neighbourhood of # in 
DHH) with {Py} e Wit’) for any smooth spacelike surface W’, 


and Fo = ho, Forat" = Foy on #; 
(b) if {Fio} is a W5+* solution in the W5+¢ metric g on the set Y,, 
then there exist positive constants @, and @, such that 
2 [Eo — Yor U lara < Gilg’ —É, U slave 
+ 2 loto- oF, (0) Ularat X IP’ — Bin, 30) Ula} , 
for any W4+ solution {Fp} in the metric g’ such that 
ls’ — 8, Vara < & 


and 
2 {loo ~o Fan HON Ulata thE: Pa, (0) lesa} <Q; 
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(c) the energy-momentum tensor Ty, is polynomial in 
Fols Fosa and g”. 


Condition (a) is the local Cauchy theorem for the matter field in 
a given space-time metric. Condition (b) is the Cauchy stability 
theorem for the matter field under a variation of the initial conditions 
and under a variation of the space-time metric g. If the matter 
equations are quasi-linear second order hyperbolic equations, these 
conditions may be established in a similar manner to that for the 
reduced Einstein equations, providing that the null cones of the 
matter equations coincide with or lie within the null cone of the space- 
time metric g. In the case of the scalar field or the electromagnetic 
potential which obey linear equations, these conditions follow from 
proposition 7.4.7. One can also deal with a scalar field coupled tothe 
electromagnetic potential; one fixes the metric and the electro- 
magnetic potential, solves the scalar field as a linear equation in that 
metric and potential, and then solves the electromagnetic field in the 
given metric with the scalar field as the source. Iterating this procedure 
one can show that one converges on a set of the form Y,, to a solution 
of the coupled scalar and electromagnetic equations in the given 
metric, providing that the initial data are sufficiently small. One then 
shows, by rescaling the metric and the fields, that for Y, sufficiently 
smal] (as measured by thespace—time metricg) onecan obtain a solution 
for any suitable initial data. The same procedure will work forany finite 
number of coupled quasi-linear second order hyperbolic equations, 
where the coupling does not involve derivatives higher than the first. 

The equations of a perfect fluid are not second order hyperbolic, but 
form a quasi-linear first order system. (For the definition of a first order 
hyperbolic system, see Courant and Hilbert (1962), p. 577.) Similar 
results can be obtained for such systems providing that the ray cone 
coincides with or lies within the null cone of the space-time with 
metric g. The requirement that the matter equations should be second 
order hyperbolic equations or first order hyperbolic systems with their 
cones coinciding with or lying within that of the space-time metric g, 
may be thought of as a more rigorous form of the local causality 
postulate of chapter 3. 

With the conditions (a), (b) and (c) one can establish propositions 
7.5.1 and 7.5.2 for the combined reduced Einstein’s equations and the 
matter equations; from these, the local and global Cauchy develop- 
ment theorems and the Cauchy stability theorem follow. 


8 
Space-time singularities 


In this chapter, we use the results of chapters 4 and 6 to establish some 
basic results about space-time singularities. The astrophysical and 
cosmological implications of these results are considered in the next 
chapters. 

In §8.1, we discuss the problem of defining singularities in space- 
time. We adopt b-incompleteness, a generalization of the idea of 
geodesic incompleteness, as an indication that singular points have 
been cut out of space-time, and characterize two possible ways in 
which b-incompleteness can be associated with some form of curvature 
singularity. In §8.2, four theorems are given which prove the existence 
of incompleteness under a wide variety of situations. In §8.3 we give 
Schmidt’s construction of the b-boundary which represents the 
singular points of space-time. In §8.4 we prove that the singularities 
predicted by at least one of the the theorems cannot be just a dis- 
continuity in the curvature tensor. We also show that there is not only 
one incomplete geodesic, but a three-parameter family of them. In 
§8.5 we discuss the situation in which the incomplete curves are totally 
or partially imprisoned in a compact region of space-time. This is 
shown to be related to non-Hatusdorff behaviour of the b-boundary. 
We show that in a generic space-time, an observer travelling on one of 
these incomplete curves would experience infinite curvature forces. 
We also show that the kind of behaviour which occurs in Taub-NUT 
space cannot happen if there is some matter present. 


8-1 The definition of singularities 


By analogy with electrodynamics one might think it reasonable to 

define a space-time singularity as a point where the metric tensor was 

undefined or was not suitably differentiable. However the trouble with 

this is that one could simply cut out such points and say that the 

remaining manifold represented the whole of space-time, which would 

then be non-singular according to this definition. Indeed, it would seem 
[ 256 ] 
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inappropriate to regard such singular points as being part of space- 
time, for the normal equations of physics would not hold at them and 
it would be impossible to make any measurements. We therefore 
defined space-time in §3.1 as a pair (4#, g) where the metric £ is 
Lorentzian and suitably differentiable and we ensured that no regular 
points were omitted from the manifold Æ along with the singular 
points by requiring that (#, g) could not be extended with the 
required differentiability. 

The problem of defining whether space-time has a singularity now 
becomes one of determining whether any singular points have been 
cut out. One would hope to recognize this by the fact that space-time 
was incomplete in some sense. 

In the case of a manifold with a positive definite metric g, one 
can define a distance function p(x, y) which is the greatest lower bound 
of the length of curves from x to y. The distance function p(x, y) is 
a metric in the topological sense; that is, a basis for the open sets of # 
is provided by the sets (x, r) consisting of all points y E æ such that 
p(x, y) < r. The pair (M, g) is said to be metrically complete (m-complete) 
if every Cauchy sequence with respect to the distance function p 
converges to a point in Æ. (A Cauchy sequence is an infinite sequence 
of points x„ such that for any e > 0 there is a number N such that 
PlEn: Xm) < € whenever n and m are greater than N.) An alternative 
formulation is that (4, g) is m-complete if every C’ curve of finite 
length has an endpoint in the sense of §6.2 (note that the curve need 
not be C at the endpoint). It therefore follows that m-completeness 
implies geodesic completeness (g-completeness), that is every geodesic 
can be extended to arbitrary values of its affine parameter. In fact it 
can be shown (see Kobayashi and Nomizu (1963)) that g-completeness 
and m-completeness are equivalent for a positive definite metric. 

A Lorentz metric, on the other hand, does not define a topological 
metric and so one is left only with g-completeness. One can distinguish 
three kinds of g-incompleteness: that of timelike, null and spacelike 
geodesics. If one cuts a regular point out of space-time, the resulting 
manifold is incomplete in all three ways and so one might hope that 
a space-time which was complete in one of the above senses would also 
be complete in the other two. Unfortunately this is not necessarily so 
(Kundt (1963)), as is shown by the following example given by Geroch 
(19686). Consider two-dimensional Minkowski space with coordinates 
x and t and metric gap. Define a new metric 9,, = Q*g,, where the 
positive function © has the properties: 
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(1) Q = 1 outside the region between the vertical lines x = — 1 and 
x=+1; 

(2) Q is symmetric about the t-axis, that is, Q(t, x) = Q(t, — x); 

(3) on the é-axis, tO -> 0 as t-> 00, 

By (2) the ¢-axis is a timelike geodesic which by (3) is incomplete as 
too. However every null and spacelike geodesic must leave and not 
re-enter the region between x = — 1 and z = + 1. Therefore by (1) the 
space is null and spacelike complete. In fact one can construct 
examples which are incomplete in any of the three possible ways and 
complete in the remaining two. 

Timelike geodesic incompleteness has an immediate physical signifi- 
cance in that it presents the possibility that there could be freely 
moving observers or particles whose histories did not exist after (or 
before) a finite interval of proper time. This would appear to be an 
even more objectionable feature than infinite curvature and so it 
seems appropriate to regard such a space as singular. Although the 
affine parameter on a null geodesic does not have quite the same 
physical significance as proper time does on timelike geodesics, one 
should probably also regard a null geodesically incomplete space-time 
as singular both because null geodesics are the histories of zero rest- 
mass particles and because there are some examples (such as the 
Reissner-Nordstrém solution, §5.5) which one would think of as 
singular but which are timelike but not null geodesically complete. 
As nothing moves on spacelike curves, the significance of spacelike 
geodesic incompleteness is not so clear. We shall therefore adopt the 
view that timelike and null geodesic completeness are minimum condi- 
tions for space-time to be considered singularity-free. Therefore if a 
space-time is timelike or null geodesically incomplete, we shall say 
that it has a singularity. : 

The advantage of taking timelike and/or null incompleteness as 
being indicative of the presence of a singularity is that on this basis 
one can establish a number of theorems about their occurrence. How- 
ever, the class of timelike and/or null incomplete space-times does not 
include all those one might wish to consider as singular in some sense. 
For example Geroch (19686) has constructed a space-time which is. 
geodesically complete but which contains an inextendible timelike 
curve of bounded acceleration and finite length. An observer with 
a suitable rocketship and a finite amount of fuel could traverse this 
curve. After a finite interval of time he would no longer be represented 
by a point of the space-time manifold. If one is going to say that there 
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is a singularity in a space-time in which a freely falling observer comes 
to an untimely end, one should presumably do the same for an 
observer in a rocketship. What one needs is some generalization of the 
concept of an affine parameter to all C! curves, geodesic or non- 
geodesic. One could then define a notion of completeness by requiring 
that every C! curve of finite length as measured by such a parameter 
had an endpoint. The idea we are going to use seems to have been first 
suggested by Ehresman (1957), and has been reformulated in an 
elegant manner by Schmidt (1971). 

Let A(t) be a C? curve through pe æ and let {E,} (i = 1, 2,3, 4) be 
a, basis for 7,. One can parallelly propagate {E,} along A(t) to obtain 
a basis for Tẹ for each value of t. Then the tangent vector 
V = (0/ét),y can be expressed in terms of the basis as V = V*(t) E, and 
one can define a generalized affine parameter u on A by 


u= | (E Viy dt. 
p i 


The parameter u depends on the point p and the basis {E,} at p. If {E,} 
is another basis at p, then there is some non-singular matrix A,’ such 


that E, = 5 AjJE,. 
F2 


As {E,,} and {E,} are parallelly transported along A(t), this relation is 
maintained with constant 4,”. Thus 


Vit) = DA, Vit). 
j 
Since 4,” is a non-singular matrix, there is some constant C > 0 such 
that OE VEV < VEVE < 0S ViVi, 
i v i 


Thus the length of a curve A is finite in the parameter u if and only if 
it is finite in the parameter u’. If A is a geodesic curve then v is an affine 
parameter on A, but the beauty of the definition is that u can be defined 
on any C! curve. We shall say that (4, g) is b-complete (short for 
bundle complete, see §8.3) if there is an endpoint for every C? curve 
of finite length as measured by a generalized affine parameter. If the 
length is finite in one such parameter it will be finite in all such 
parameters, so one loses nothing by restricting the bases to be ortho- 
normal bases. If the metric g is positive definite, the generalized affine 
parameter defined by an orthonormal basis is arc-length and so 
b-completeness coincides with m-completeness. However b-complete- 
ness can be defined even if the metric is not positive definite; in fact it 
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can be defined providing there is a connection on æ. Clearly 
b-completeness implies g-completeness, but the example quoted 
shows that the converse is not true. 

We shall therefore define a space-time to be singularity-free if it is 
b-complete. This definition conforms with the requirement made 
above, that timelike and null geodesic completeness are minimum 
conditions for a space-time to be considered singularity-free. One 
might possibly wish to weaken this condition slightly, to say that 
space-time is singularity-free it it is only non-spacelike b-complete, 
i.e. if there is an endpoint for all non-spacelike C? curves with finite 
length as measured by a generalized affine parameter. However this 
definition would appear rather awkward in the bundle formulation of 
b-completeness which we shall give in § 8.3. In fact each of the theorems 
we give in §8.2 implies that (4, g) is timelike or null g-incomplete and 
hence has a singularity by both the above definitions. 

One feels intuitively that a singularity ought to involve the curva- 
ture becoming unboundedly large near a singular point. However 
since we have excluded singular points from our definition of space- 
time, difficulty arises in defining both ‘near’ and ‘unboundedly large’. 
One can say that points on a b-incomplete curve are near the singu- 
larity if they correspond to values of a generalized affine parameter 
which is near the upper bound of that parameter. ‘Unboundedly 
large’ is more difficult, since the size of components of the curvature 
tensor depend on the basis in which it is measured. One possibility is 
to look at scalar polynomials in gab, Nasca, aNd Rasca- We shall say that 
a b-incomplete curve corresponds to a scalar polynomial curvature 
singularity (s.p. curvature singularity) if any of these scalar poly- 
nomials is unbounded on the incomplete curve. However, with a 
Lorentz metric these polynomials do not fully characterize the 
Riemann tensor since, as Penrose has pointed out, in plane-wave 
solutions the scalar polynomials are all zero but the Riemann tensor 
does not vanish. (This is similar to the fact that a non-zero vector may 
have zero length.) Thus the curvature might become very large in 
some sense even though the scalar polynomials remained small. 
Alternatively one might measure the components of the curvature ° 
tensor in a basis that was parallelly propagated along a curve. We shall 
say that a b-incomplete curve corresponds to a curvature singularity 
with respect to a parallelly propagated basis (a p.p. curvature singu- 
larity) if any of these components is unbounded on the curve. Clearly 
an s.p. curvature singularity implies a p.p. curvature singularity. 
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One might expect that in any physically realistic solution, a 
b-incomplete curve would correspond both to an s.p. and a p.p. 
curvature singularity. However an example of a solution where this 
does not seem to be true is provided by Taub-NUT space (§5.8). Here 
the incomplete geodesics are totally imprisoned in a compact neigh- 
bourhood of the horizon. As the metric is perfectly regular on this 
compact neighbourhood, the scalar polynomials in the curvature 
remain finite. Because of the special nature of this solution, the com- 
ponents of the curvature in a parallelly propagated basis along the 
imprisoned geodesics remains bounded. Since the imprisoned geo- 
desics are contained in a compact set, one could not extend the 
manifold to a larger four-dimensional Hausdorff paracompact 
manifold æ’, in which the incomplete geodesics could be continued. 
Thus there is no possibility of the incompleteness having arisen from 
the cutting out of singular points. Nevertheless it would be unpleasant 
to be moving on one of the incomplete timelike geodesics for although 
one’s world-line never comes to an end and would continue to wind 
round and round inside the compact set, one would never get beyond 
a certain time in one’s life. It would, therefore, seem reasonable to say 
that such a space-time was singular even though there is no p.p. ors.p. 
curvature singularity. By lemma 6.4.8, such totally imprisoned in- 
completeness can only occur if strong causality is violated. In §8.5 we 
shall show that in a generic space-time, a partially or totally im- 
prisoned b-incomplete curve will correspond to a p.p. curvature 
singularity. We shall also show that the Taub-NUT kind of totally 
imprisoned incompleteness cannot occur if there is some matter 
present. 


8.2 Singularity theorems 


In §5.4 it was shown that there would be singularities in spatially 
homogeneous solutions under certain reasonable conditions. Similar 
theorems can be obtained for a number of other types of exact sym- 
metry. Such results, although suggestive, do not necessarily have any 
physical significance because they depend on the symmetry being 
exact and clearly in any physical situation this will not be the case. It 
was therefore suggested by a number of authors that singularities 
were simply the result of symmetries and that they would not occur in 
general solutions. This view was supported by Lifshitz, Khalatnikov 
and co-workers who showed that certain classes of solutions with space- 
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like singularities did not have the full number of arbitrary functions 
expected in a general solution of the field equations (see Lifshitz and 
Khalatnikov (1963) for an account of this work). This presumably 
indicates that the Cauchy data which gave rise to such singularities 
is of measure zero in the set of all possible Cauchy data and so should 
not occur in the real universe. However more recently Belinskii, 
Khalatnikov and Lifshitz (1970) have found other classes of solutions 
which seem to have the full number of arbitrary functions and to 
contain singularities. They have therefore withdrawn the claim that 
singularities do not occur in general solutions. Their methods are 
interesting for the light they shed on the possible structure of singu- 
larities but it is not clear whether the power series which are used will 
converge. Neither does one obtain general conditions which imply that 
a singularity is inevitable. Nevertheless we may take their results as 
supporting our view that the singularities implied by the theorems of 
this section involve infinite curvature in general. 

The first theorem about singularities which did not involve any 
assumption of symmetry was given by Penrose (1965c). It was 
designed to prove the occurrence of a singularity in a star which 
collapsed inside its Schwarzschild radius. If the collapse were exactly 
spherical, the solution could be integrated explicitly and a singularity 
would always occur. However it is not obvious that this would be the 
case if there were irregularities or a small amount of angular 
momentum. Indeed in Newtonian theory the smallest amount of 
angular momentum could prevent the occurrence of infinite density 
and cause the star to re-expand. However Penrose showed that the 
situation was very different in General Relativity: once the star had 
passed inside the Schwarzschild surface (the surface r = 2m) it could 
not come out again. In fact the Schwarzschild surface is defined only 
for an exactly spherically symmetric solution but the more general 
criterion used by Penrose is equivalent for such a solution and is 
applicable also to solutions without exact symmetry. It is that there 
should exist a closed trapped surface F. By this is meant a C? closed 
(i.e. compact, without boundary) spacelike two-surface (normally, 82) 
such that the two families of null geodesics orthogonal to J are con-: 
verging at 7 (i.e. 2,.9” and fag are negative, where ,%,, and afos 
are the two null second fundamental forms of 7. In the following 
chapters we shall discuss the circumstances under which such a surface 
would arise.) One may think of 7 as being in such a strong gravita- 
tional field that even the ‘outgoing’ light rays are dragged back and 
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are, in fact, converging. Since nothing can travel faster than light, the 
matter within J is trapped inside a succession of two-surfaces of 
smaller and smaller area and so it seems that something must go 
wrong. That this is so is shown rigorously by Penrose’s theorem: 


Theorem i 
Space-time (K, g) cannot be null geodesically complete if: 


(1) Ra K° K? > 0 for all null vectors K? (cf. §4.3); 
(2) there is a non-compact Cauchy surface # in M; 
(3) there is a closed trapped surface 7 in #. 


Note: the method of proof is to show that the boundary of the future 
of 7 would be compact if Æ were null geodesically complete. This is 
then shown to be incompatible with # being non-compact. 


Proof. The existence of a Cauchy surface implies that Æ is globally 
hyperbolic (proposition 6.6.3) and therefore causally simple (proposi- 
tion 6.6.1). This means that the boundary of J+(.7) will be #+(7) and 
will be generated by null geodesic segments which have past endpoints 
on J and which are orthogonal to 7. Suppose æ were null geo- 
desically complete. Then by conditions (1) and (3) and proposition 
4.4.6 there would be a point conjugate to 7 along every future- 
directed null geodesic orthogonal to 7 within an affine distance 2071 
where c is the value of „ĝapg® at the point where the null geodesic 
intersects 7. By proposition 4.5.14, points on such a null geodesic 
beyond the point conjugate to 7 would lie in J+(7). Thus each 
generating segment of J+(7) would have a future endpoint at or 
before the point conjugate to 7. At Z one could assign, in a con- 
tinuous manner, an affine parameter on each null geodesic orthogonal 
to J. Consider the continuous map p: J x [0,b]x QM (Q is the 
discrete set 1, 2) defined by taking a point pe 7 an affine distance 
ve(0, b} along one or other of the two future-directed null geodesics 
through p orthogonal to 7. Since 7 is compact, there will be some 
minimum value Cy of (— 12.9%) and (— Rabg). Then if by = 200%, 
A(T x [0,69] xQ) would contain J+(7). Thus J+(7) would be 
compact being a closed subset of a compact set. This would be possible 
if the Cauchy surface # were compact because then J+(7) could 
meet up round the back and form a compact Cauchy surface homeo- 
morphic to 7 (figure 49). However there is clearly going to be trouble 
if one demands that 37 is non-compact. To show this rigorously one 
can use the fact (see §2.6) that Æ admits a past-directed C? timelike 


264 SPACE-TIME SINGULARITIES [8.2 


ce 
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FIGURE 49. A two-dimensional section of a geodesically complete space with 
a compact Cauchy surface W. The two-sphere 7 has a compact boundary 
J+(7) to its future J+(7), as the outgoing null geodesics from Y meet up 
round the back of the cylinder. 


vector field. Each integral curve of this field will intersect #7 (as it is 
a Cauchy surface) and will intersect J+(7) at most once. Thus they 
will define a continuous one-to-one map a: J+(7)-> #. If J+(7) were 
compact, its image a(J+(7)) would also be compact and would be 
homeomorphic to J+(7). However as # is non-compact, a(J+(7)) 
could not contain the whole of # and would therefore have to have 
a boundary in #. This would be impossible since by proposition 6.3.1, 
J+(7), and therefore a(J+(7)), would be a three-dimensional mani- 
fold (without boundary). This shows that the assumption that æ is 
null geodesically complete (which we made in order to prove J+(7) 
compact) is incorrect. (m) 


Condition (1) of this theorem (that Rap KeK? > 0 for any null vector K) 
was discussed in §4.3. It will hold no matter what value the value of 
the constant A, provided that the energy density is positive for every 
observer. It will be shown in chapter 9 that condition (3) (that there is 
a closed trapped surface) should be satisfied in at least some region 
of space-time. This leaves condition (2) (that there is a non-compact 
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spacelike surface 3 which is a Cauchy surface) to be discussed. By 
proposition 6.4.9, the existence of spacelike surfaces is guaranteed 
provided one assumes stable causality. That the spacelike surface 37 
be non-compact is not too serious a restriction since the only place it 
was used was to show that a(J+(7)) could not be the whole of #7. 
This could also be shown if, instead of taking # to be non-compact, 
one required that there exist a future-directed inextendible curve 
from 3 which did not intersect J+(7 ). In other words, the theorem 
would still hold even if # were compact, provided there was some 
observer who could avoid falling into the collapsing star. This might 
not be possible if the whole universe were collapsing also, but in such 
a case one would expect singularities anyway as will be shown 
presently. The real weakness of the theorem is the requirement that 
# bea Cauchy surface. This was used in two places: first, to show that 
A was causally simple which implied that the generators of J+(7) 
had past endpoints on 7, and second, to ensure that under the map a 
every point of J+(7) was mapped into a point of #. That the Cauchy 
surface condition is necessary is shown by an example due to Bardeen. 
This has the same global structure as the Reissner-Nordstrém solution 
except that the real singularities at r = 0 have been smoothed out so 
that they are just the origins of polar coordinates. The space-time 
obeys the condition R,, K*K° > 0 for any null but not timelike vector 
K, and contains closed trapped surfaces. The only way in which it fails 
to satisfy the conditions of the theorem is that it does not have 
a Cauchy surface. 

It therefore seems that what the theorem tells us is that in a col- 
lapsing star there will occur either a singularity or a Cauchy horizon. 
This is a very important result since in either case our ability to pre- 
dict the future breaks down. However it does not answer the question 
of whether singularities occur in physically realistic solutions. To 
decide this we need a theorem which does not assume the existence of 
Cauchy surfaces. One of the conditions of such a theorem must be that 
Ra K°K? > 0 for all timelike as well as null vectors, since failure to 
obey this condition is the only way in which Bardeen’s example is 
unreasonable. The theorem we shall give below requires this condition 
and also the chronology condition that there be no closed timelike 
curves. On the other hand it is applicable to a wider class of situations 
since the existence of a closed trapped surface is now only one of three 
possible conditions. One of these alternative conditions is that there 
should be a compact partial Cauchy surface, and the other is that there 
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Past light cone 


Ficure 50. A point p whose past light cone starts reconverging. 


should be a point whose past (or future) light cone starts converging 
again (figure 50). The first of these other conditions is satisfied in 
a spatially closed solution while the second is closely related to the 
existence of a closed trapped surface but is in a form which is more 
convenient for some purposes; for in the case in which the light cone 
is our own past light cone, one can directly determine whether this 
condition is satisfied. In the last chapter it will be shown that recent 
observations of the microwave background indicate that it is. 
The precise statement is: 


Theorem 2 (Hawking and Penrose (1970)) 
Space-time (æ, g) is not timelike and null geodesically complete if: 

(1) Ra KK? > 0 for every non-spacelike vector K (cf. §4.3). 

(2) The generic condition is satisfied (§4.4), i.e. every non-spacelike 
geodesic contains a point at which K,.RpateK sy) K°K? + 0, where K is 
the tangent vector to the geodesic. 

(3) The chronology condition holds on - (i.e. there are no closed 
timelike curves). 

(4) There exists at least one of the following: 

(i) a compact achronal set without edge, 
(ii) a closed trapped surface, 
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(iii) a point p such that on every past (or every future) null geodesic 
from p the divergence @ of the null geodesics from p becomes negative 
(i.e. the null geodesics from p are focussed by the matter or curvature 
and start to reconverge). 


Remark. An alternative version of the theorem is that the following 
three conditions cannot all hold: 

(a) every inextendible non-spacelike geodesic contains a pair of 
conjugate points; 

(b) the chronology condition holds on æ; 

(c) there is an achronal set.Y such that EHS) or B-() is compact. 
(We shall say that such a set is, respectively, future trapped or past 
trapped). 

In fact it is this form of the theorem that we shall prove. The other 
version will then follow since if Æ were timelike and null geodesically 
complete, (1) and (2) would imply (a) by propositions 4.4.2 and 4.4.5, 
(3) is the same as (b), and (1) and (4) would imply (c), since in case (i) 
F would be the compact achronal set without edge and 


EHS) = E-P) = 


in cases (ii) and (iii) S would be the closed trapped surface and the 
point p respectively, and by propositions 4.4.4, 4.4.6, 4.5.12 and 
4.5.14 EHF) and #-(/) would be compact respectively, being the 
intersections of the closed sets J+(Y) and J-(/) with compact sets 
consisting of all the null geodesics of some finite length from /. 


Proof. As the proof is rather long, we shall break it up by first estab- 
lishing a lemma and corollary. We note that by an argument similar 
to that of proposition 6.4.6, (a) and (6) imply that strong causality 
holds on #. 


Lemma 8.2.1 


If F is a closed set and if the strong causality condition holds on 
JHP) then Ht+(E+(f)) is non-compact or empty (figure 51). 


By lemma 6.3.2, through every point geJ+(7)—YF there is a past- 
directed null geodesic segment lying in JHS) which has a past end- 
point if and only if ge H+{(S). (Note that as we no longer assume the 
existence of a Cauchy surface, & may not be causally simple and so 
HS) —E*(/) may be non-empty.) Therefore if ged +(S)— EHP), 
there is a past-inextendible null geodesic through g which lies in J+(S) 
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Identify 


Identify 


H(E*(S)) 


H*(E*(S)) 


Ficure 51. A future trapped set S; nul) lines are at. + 45°, three lines have been 
identified and the points g are at infinity. The achronal sets EHS), J+(P) and 
H+(E+()) are shown. A future-inextendible timelike curve ye Dt(E+(S)) is 
shown. 


and so does not intersect I-(J+(S)). From lemma 6.6.4 it then follows 
that g is not in DHHS) —H+(J+(P)). Hence 


D+(E+(S)) — HHBHP Y) = DHHS Y -HHI HP) 
and HHHP) € HHHP). 


Now suppose that H+(E£+(/)) was non-empty and compact. Then 
it could be covered by a finite number of local causality neighbour- 
hoods %,. Let p, be a point of J+(S)n [%,— D+(J+(F))]. Then from 
P, there would be a past-inextendible non-spacelike curve A, which did 
not intersect either J+(.Y) or D+(£+()). Since the V, have compact 
closure, A, would leave Z. Let g, be a point on A, not in Y,. Then since 
g,€J+(f) there would be a non-spacelike curve z from q, to S. This 
curve would intersect D+(£+(S)) and hence would intersect some 2%; 
other than X, (say, Xa). Then let p, be a point of p, N [W,—Dt(J+(F))] 
and continue as before. 

This leads to a contradiction since there were only a finite number 
of the local causality neighbourhoods %,, and one could not return to 
an earlier X, because no non-spacelike curve can intersect a Y, more 
than once. Thus H*(#+()) must be non-compact or empty. O 


Corollary 
If S is a future trapped set, there is a future-inextendible timelike 
curve y contained in D+(E+(F)). 
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Put a timelike vector field on Æ. If every integral curve of this field 
which intersected E+) also intersected H+(E+(f)) they would 
define a continuous one-one mapping of EHS) onto Ht(E+(f)) and 
hence H+(#+(#)) would be compact. The intersection of IHS) with 
a curve which does not intersect H+(E+(/)) gives the desired curve y 
(figure 51 indicates one possible situation). o 


Now consider the compact set F defined as E+HS)N J-(y). Since 
y was contained in intI+(#+(Y)), H-(F) would consist of F and 
a portion of J~(y). Since y was future inextendible, the null geodesic 
segments generating J-(y) could have no future endpoints. But by (a) 
every inextendible non-spacelike geodesic contains a pair of conjugate 
points. Thus by proposition 4.5.12, the past-inextendible extension v’ 
of each generating segment v of J-(y) would enter J~(y). There would 
be a past endpoint for v at or before the first point p of v’ n I-(y). 
As I-(y) would be an open set, a neighbourhood of p would contain 
points in J-(y) on neighbouring null geodesics. Thus the affine distance 
of the points p from F would be upper semi-continuous, and E-(F ) 
would be compact being the intersection of the closed set J~(y) with 
a compact set generated by null geodesic segments from F of some 
bounded affine length. It would then follow from the lemma that 
there would be a past-inextendible timelike curve A contained in 
int D-(E-(F)) (figure 52). Let a„ be an infinite sequence of points on A 
such that: 

(1) any ET (an), 

(II) no compact segment of A contains more than a finite number 
of the a,,. 


Let b„ be a similar sequence on y but with J+ instead of J~ in (I) and 
with b, €I+(a,). 

As y and A were contained in the globally hyperbolic set 
int D(E-(F)) (proposition 6.6.3), there would be a non-spacelike geo- 
desic 4,, of maximum length between each a,, and the corresponding 
b,, (proposition 6.7.1). Each would intersect the compact set EHS). 
Thus there would be a ge E+(*) which was a limit point of the 
En N EHS) and a non-spacelike direction at g which is a limit of the 
directions of the ,,. (The point g and the direction at g define a point 
of the bundle of directions over Æ. Such a limit point exists because 
the portion of the bundle over EHS) is compact.) Let w, be a 
subsequence of the x, such that w'„ N H+(Y) converges to g and such 
that the directions of the x’, at E+(S) converge to the limit direction. 
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Identify 


EF) 


Figure 62. As figure 51, but with three further lines identified. F is the set 
Ex(S)nJ-(y); the points p are past endpoints of null geodesic generating 
segments of E-(F). The curve A is a past-inextendible timelike curve contained 
in int D-(E-(F)). 


(More precisely, the points defined by the’, in the bundle of directions 
over E+() converge to the limit point.) Let x be the inextendible 
geodesic through g in the limit direction. By (a) there would be 
conjugate points x and y on y with yel+(z). Let x’ and y’ be on y to 
the past and future of x and y respectively. By proposition 4.5.8, there 
is some ¢ > 0 and some timelike curve a from 2’ to y’ whose length 
is € plus the length of x from 2’ to y’. Let Y and Y be convex normal 
coordinate neighbourhoods of x’ and y’ respectively, each of which 
contains no curve of length łe. Let x” and y” be Una and Vo a 
respectively. Let x’,, and y’,, be points on “’,, converging to x’ and y’ 
respectively. For n sufficiently large, the length x’, from z’,, to y’,, will 
be less than łe plus the length of « from x’ to y’. Also for n sufficiently 
large, x’, and y’,, would be in I-(x”,@) and It(y’,¥) respectively. 
Then going from x’, to x”, along « to y”, and from y” to y’, would 
give a longer non-spacelike curve than yx’, from 2’, to Y'a But by 
property (II), a’, would lie to the past of x’, on x’, and b’,, would lie 
to the future of y’,, on y’,,, for n large enough. Therefore ’,, ought to 
be the longest non-spacelike curve from z’, to y'n». This establishes the 
desired contradiction. (m 
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While this theorem establishes the existence of singularities under 
very general conditions, it has the disadvantage of not showing 
whether the singularity is in the future or the past. In case (ii) of 
condition (4), when there is a compact spacelike surface, one has no 
reason to believe that it should be in the future rather than in the past, 
but in case (i) when there is a closed trapped surface, one would expect 
the singularity to be in the future, and in case (iii) when the past null 
cone starts reconverging, one would expect the singularity to be in the 
past. One can show that there is a singularity in the past if condition 
(iti) is strengthened somewhat to say that all past-directed timelike 
as well as null geodesics from p start to reconverge within a compact 
region in J~(p). 


Theorem 3 (Hawking (1967)) 
If (1) Ra KK? > 0 for every non-spacelike vector K (cf. §4.3); 

(2) the strong causality condition holds on (4, g); 

(3) there is some past-directed unit timelike vector W at a point p 
and a positive constant b such that if V is the unit tangent vector to 
the past-directed timelike geodesics through p, then on each such 
geodesic the expansion 0 = V2., of these geodesics becomes less than 
— 3c/b within a distance b/c from p, where c = — W*Y,, 
then there is a past incomplete non-spacelike geodesic through p. 


Let K* be the parallelly propagated tangent vector to the past- 
directed non-spacelike geodesics through p, normalized by K°W, = — 1. 
Then for the timelike geodesics through p, K*=c"!V@ and so 
K? a =cV4,,. Since K*,, is continuous on the non-spacelike geo- 
desics, it will become less than — 3/6 on the null geodesics through p 
within an affine distance b. If Y,, Y., Y, and Y, are a pseudo-ortho- 
normal tetrad on these null geodesics with Y, and Y, spacelike unit 
vectors and Y, and Y, null with Y, Y,a = —1 and Y, = K, the expan- 
sion 6 of the null geodesics through p is defined as 


6= Kazo," Y +Y YP) 
= KS. at Ka; y(¥3* Yp + Ye Yp). 
The second term is zero because K” is parallelly propagated. The third 
term can be expressed as 4(K,K*).,Y,°, which is less than zero as 
K, K* is zero on the null geodesics and negative for timelike geodesics. 


This shows that 6 will become less than — 3/b within an affine distanceb 
along each null geodesic from p. Thus if all past-directed null geodesics 
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from p were complete, E-(p) would be compact. Any point 
qeJ-(E-(p))—E-(p) would be in I-(p). Thus it could not be in 
J+(E-(p)) since E-(p) is achronal. Therefore 
J*(E~(p)) 0 J-(E“(p)) = E-(p) 

and so would be compact. Then by proposition 6.6.7, D-(E-(p)) would 
be globally hyperbolic. By proposition 6.7.1, each point r e D-(E-(p)) 
would be joined to p by a non-spacelike geodesic which did not contain 
any point conjugate to p between r and p. Thus by proposition 4.4.1, 
D-(E-(p)) would be contained in exp, (F) where F is the compact 
region of T, consisting of all past-directed non-spacelike vectors K* 
such that K¢W, < — 2b. If all past non-spacelike geodesics from p were 
complete, exp, (K*) would be defined for every K° €F, and so exp, (F) 
would be compact being the image of a compact set under a continuous 
map. However by the corollary to lemma 8.2.1, D-(E-(p)) contains 
a past-inextendible timelike curve. By proposition 6.4.7 this could not 
be totally imprisoned in the compact set exp,(F), therefore the 
assumption that all past-directed non-spacelike geodesics from p are 
complete must be false. Oo 


Theorems 2 and 3 are the most useful theorems on singularities since 
it can be shown that their conditions are satisfied in a number of 
physica] situations (see next chapter). However it might be that what 
occurred was not a singularity but a closed timelike curve, violating 
the causality conditions. This would be much worse than the mere 
breakdown of prediction which was the alternative after theorem 1, 
and it is our personal opinion that it would be physically more objec- 
tionable than a singularity. Nevertheless one would like to know 
whether such causality violations would prevent the occurrence of 
singularities. The following theorem shows that they cannot in certain 
situations. This means that we have to take singularities seriously and 
it gives us confidence that, in general, causality breakdowns are not 
the way out. 


Theorem 4 (Hawking (1967)) 
Space-time is not timelike geodesically complete if: 

(1) Rap KeK? > 0 for every non-spacelike vector K (cf. §4.3); 

(2) there exists a compact spacelike three-surface Y (without 
edge); 

(3) the unit normals to Y are everywhere converging (or every- 
where diverging) on S. 
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Remarks. Condition (2) may be interpreted as saying that the universe 
is spatially closed and condition (3) as saying that it is contracting 
(or expanding). As explained in $6.5 one may take a covering manifold 
AM in which each connected component of the i image of F is diffeo- 
morphic to S and is a partial Cauchy surface in A We shall work in. & 
and shall denote by Ê one connected component of the image of S. 
Considering the Cauchy evolution problem in AM one sees that the 
occurrence of singularities (though not necessarily their nature) is a 
stable property of the Cauchy data on Ê since a sufficiently small 
variation of the data on Ê will not violate condition (3). This is a 
counterexample to the conjecture by Lifshitz and Khalatnikov that 
singularities occur only for a set of Cauchy data of measure zero, 
though it must be remembered that the definition of a singularity 
adopted here is not that used by Lifshitz and Khalatnikov 


Proof. By conditions (2) and (3) the contraction y, of the second 
fundamental form of Ê has a negative upper bound on S. Thus if M 
(and hence .#) was timelike geodesically complete there would be 
a point conjugate to Ê on every future-directed geodesic orthogonal 
to Ê within a finite upper bound b of distance from Ê (proposition 
4.4.3). But by the corollary to proposition 6.7.1, to every point 
qe D+(f) there is a future-directed geodesic orthogonal to Ê which 
does not contain any point conjugate to Ê between Ê and q. Let 
B: FS x (0, bl> Ê be the differentiable map which takes a point pe Ì 
a distance se[0, 6] up the future-directed geodesic through p ortho- 
gonal to S. Then f(P x [0,b]) would be compact and would contain 
DHP). Thus DHP) and hence H+(P) would be compact. If one 
assumed the strong causality condition the desired contradiction 
would follow from lemma 8.2.1. However even without strong 
causality one can obtain a contradiction. Consider a point ge HÊ). 
Since every past-directed non-spacelike curve from g to Ê would 
consist of a (possibly zera) null geodesic segment in H+(7) and then 
a non-spacelike curve in D+(P), it follows that d(P,q) would be less 
than or equal to b. Thus, as d is lower semi-continuous, one could find 
an infinite sequence of points r,,¢D+(P) converging to g such that 
UF, Tn) converged to UF, q). To each r,, there would correspond at 
least one element f~1(r,,) of P x [0,b] Since Ê x (0, b] is compact there 
would be an element (p, s) which was a limit point of the #-\(r,.). By 
continuity s = d(7,q) and f(p,s) = g. Thus to every point ge H HF ) 
there would be a timelike geodesic of length dF, 7) from Ê. Now let 
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qeH +(F) lie to the past of g on the same null geodesic generator A of 
H+(P). Joining the geodesic of length d(Ê,q,) from Ê to q, to the 
segment of A between g, and g, one would obtain a non-spacelike curve 
of length d(Ê,q,) from Ê to g which could be varied to give a longer 
curve between these endpoints (proposition 4.5.10). Thus d(Ê,q), 
qe H+(), would strictly decrease along every past-directed generator 
of H+(P). But by proposition 6.5.2, such generators could have no 
past endpoints. This leads to a contradiction since as dP, q) is lower 
semi-continuous in q, it would have a minimum on the compact 
set HHP). Oo 


Condition (2) that. is compact is necessary, since in Minkowski space 
(.@,n) the non-compact surface S: (x1)? + (x?) + (x3)? (x*)? = —1, 
x4 < 0, is a partial Cauchy surface with y, = — 3 at all points. If one 
took the region of Minkowski space defined by 


gt < 0, (x1)? + (x?)? + (x3)? at (x4)? < Q, 


one could identify points under a discrete group of isometries G such 
that SIG was compact (Löbell (1931)). As required by theorem 4, the 
space (K |G, n) would be timelike geodesically incomplete because one 
could not extend the identification under G to the whole of (neither 
conditions (1) nor (2) of §5.8 would hold at the origin). In this case the 
incompleteness singularity arises from bad global properties and is not 
accompanied by a curvature singularity. This example was suggested 
by Penrose. 
Conditions (2) and (3) can be replaced by: 


(2') Ê is a Cauchy surface for AM ; 
(3’) x%, is bounded away from zero on S; 


since in this case there cannot be a Cauchy horizon, yet all the future- 
directed timelike curves from Ê must have lengths less than some 
finite upper bound. 

Geroch (1966) has shown that if condition (2) holds, and if conditions 
(1) and (3) are replaced by: 

(1”) Ry, KK > 0 for every non-spacelike vector, equality holding 
only if Ra = 0; 

(3”) there is a point pe such that any inextendible non-spacelike 
curve which intersects Ê also intersects both J+(p) and J —(p); 


then either the Cauchy development of Ê is flat, or M is timelike 
geodesically incomplete. 
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Condition (3”) requires that an observer at p can see, and be seen by, 
every particle that intersects Ê. The method of proof is to consider all 
spacelike surfaces without edge which contain p. One can form a 
topological space S(p) out of all these surfaces, in a manner analogous 
to that in which one forms a topological space out of all the non- 
spacelike curves between two points. Conditions (2) and (3”) then 
imply that S(p) is compact. One can show that the area of the surfaces 
is an upper semi-continuous function on S(p) and so there will be some 
surface S” through p which has an area greater than or equal to that 
of any other surface. By a variation argument similar to that used for 
non-spacelike curves, one can show that x°, vanishes everywhere on 
SF’ except possibly at p, where the surface may not be differentiable. 

Consider a one-parameter family of spacelike surfaces S (u) where 
S(0) = F. The variation vector W = 8/éu can be expressed as fn 
where n is the unit normal to the surfaces and f is some function. One 
can apply the Raychaudhuri equation to the congruence of integral 
curves of W to show 


a6/ou = Ji a 402 —20?— Ray nan? +f-f, ab he}, 
where B= Xa, Can = Xav— Fan, ran = Gant May, 
and o? = 40,,0%. 


If there is some point qe S” at which R,,n%° + 0 or Xap + 0 one can 
find an f such that 26/0u is negative everywhere on S’. If R,,7%n° and 
Xap Were zero everywhere on S’, but there was some point gon S” at 
which C,,,.¢7°n* was not equal to zero, then éo/@u + 0 and one could 
find an f such that 06/éu = 0 and 076/éu? < 0 everywhere on S’. In 
either case, one would obtain a surface S” on which x", < 0 every- 
where, and so . would be timelike geodesically incomplete by 
theorem 4. If Raps Xab and C;,,47n? were zero everywhere on S”, then 
the Ricci identities for n° show that Caseg = 0 on’. Hence space-time 
is flat in D(). An example in which conditions (1”), (2) and (3”) hold 
and in which D() is flat is Minkowski space with {x}, x?, 2°, x4} 
identified with {x! + 1, x?, x5, x4}, {al x? + 1, 23, 24}, and {x!, 2, 23+ 1, 24}. 
This is geodesically complete. However the example given previously 
also satisfies these conditions and shows that D(F) can be both 
geodesically incomplete and flat. 
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8.3 The description of singularities 
The preceding theorems prove the occurrence of singularities in a large 
class of solutions but give little information as to their nature. To 
investigate this in more detail, one would need to define what one 
meant by the size, shape, location and so on ofa singularity. This would 
be fairly easy if the singular points were included in the space-time 
manifold. However it would be impossible to determine the manifold 
structure at such points by physical measurements. In fact there 
would be many manifold structures which agreed for the non-singular 
regions but which differed for the singular points. For example, the 
manifold at the t = 0 singularity in the Robertson—Walker solutions 
could be that described by the coordinates 
{t, r cos 6, r sin 6 cos ġ, r sin Osin ø} 
or that described by 
{t, Sr cos 6, Sr sin 6 cos ġ, Srsin Osin ø}. 

In the first case the singularity would be a three-surface, in the second 
case a single point. 

What is needed is a prescription for attaching some sort of boundary 
ð to . which is uniquely determined by measurements at non- 
singular points, i.e. by the structure of (.#, 8). One would then like to 
define at least a topology, and possibly a differentiable structure and 
metric, on the space M+ = A u ð. One possibility would be to use the 
method of indecomposable infinity sets described in §6.8. However 
since this depends only on the conformal metric, it does not distinguish 
between infinity and singular points at a finite distance. To make this 
distinction it would seem one should base one’s construction for M+ 
on the criterion that has been adopted for the existence of a singularity : 
namely b-incompleteness. An elegant way of doing this has been 
developed by Schmidt. This supersedes earlier constructions by 
Hawking (19666) and Geroch (1968a) which defined the singular 
points as equivalence classes of incomplete geodesics. These construc- 
tions did not necessarily provide endpoints for all b-incomplete curves, 
such as incomplete timelike curves of bounded acceleration. There was 
also a certain ambiguity in their definition of equivalence classes. 
Schmidt’s construction does not suffer from thése weaknesses. 

Schmidt’s procedure is to define a positive definite metric e on the 
bundle of orthonormal frames 7: O(.#)->.@. Here O( M) is the set of 
all orthonormal! four-tuples of vectors {E,}, E,¢7,, for each pew 
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(a ranges from 1 to 4), and 7 is the projection which maps a basis at 
a point p to the point p. It turns out that O(.#) is m-incomplete in 
the metric e if and only if æ is b-incomplete. If O(.#) is m-incomplete, 
one can form the metric space completion O(.#) of O(.@) by Cauchy 
sequences, The projection 7 can be extended to O(.#), and the 
quotient of O( M ) by 7 is defined to be æ+ which is the union of æ with 
a set of additional points 3. The set ô consists of the singular points 
of M in the sense that it is the set of endpoints for every b-incomplete 
curve in <M. 

To perform this construction, we recall (§ 2.9) that the connection on 
M given by the metric g defines a four-dimensional horizontal subspace 
H, of the ten-dimensional tangent space T, at the point ueO( M). 
Then 7, is the direct sum of H, and the vertical subspace V, consisting 
of all the vectors in T, which are tangent to the fibre 7—1(7(x)). We now 
construct a basis {G4} = {E,, F,} for T, where A runs from 1 to 10, 
a runs from 1 to 4 and i runs from 1 to 6; {E,} is a basis for H,, and 
{F;} is a basis for V,. 

Given any vector X € T (M) there is a unique vector X e H,(O(.@)) 
such that 7, X = X. Thus on O(.#) there are four uniquely defined 
horizontal vector fields E, which are the horizontal lifts of the ortho- 
normal basis vectors E, for each point ue O(.#). The integral curves of 
the field E, in O( 4) represent parallel propagation of the basis {E,} 
along the geodesic in Æ in the direction of the vector E,. 

The group O(3, 1), the multiplicative group of all non-singular 4 x 4 
real Lorentz matrices A,,, acts in the fibres of O(.@) sending a point 
u = {p, E} EO( K) to the point A(u) = {p, Am E} EO( M). One can 
regard O(3, 1) as a six-dimensional manifold and represent the tangent 
space T;(O(3, 1)) to O(3, 1) at the unit matrix J by the vector space of 
all 4 x 4 matrices a such that a,,G,,. = — Qep Coa- Then if ae T,(0(3, 1)), 
one can define a curve in O(3, 1) by A; = exp (ta) where 


e] br 
exp (b) = a 


Thus if w€O(.@) one can define a curve through u in 7—'(7(u)) by 
Agult) = A,(u). As the curve A,,(¢) lies in the fibre, its tangent vector 
(2/ét),_,, is vertical. For each ae T}, one can therefore define a vertical 
vector field F(a) by F(a)|,, = (@/ét),,|, for each ueO( A). If {a;} 
(i = 1,2,...,6) are a basis for 7;, then F, = F(a;) will be six vertical 
vector fields on O(.@) which will provide a basis for V,, at each point 
uEO(M). 


278 SPACE-TIME SINGULARITIES [8.3 


A matrix Be O(3, 1) defines a mapping O(.#)>O(#) by u> B(u). 
Under the induced map B,: T, >Tpu the vertical and horizontal 
vector fields transform as follows: 


B,(E,) = By E, 
B,(F;) = Ci F, 


where Cj = Byy Qj p¢B- og 4g, and {a4} are the basis for T*; dual to the 

basis {a,} for 7,(thus a!,,0;4, = 8%, a44,4joq = 46ac5pa)- The property 

of these induced maps which will be important for what follows is not 

their actual form but the fact that they are constant over O( 4). 
One now has a basis {G,} = {En F} (A = 1,..., 10) for T, at each 

point we O(.@). One can thus define a positive definite metric e on 

OIM) by e(X, Y) = $ X4Y4 where X, YeT(u) and X4, Y4 are the 

A 


components of X, Y respectively in the basis {G ,}. 

Using the metric e, one can define a distance function p(u, v), 
u, vEO(M), as the greatest lower bound of lengths (measured by e) 
of curves from u to v. One can then ask whether O(.#) is m-complete 
with the distance function p. 


Proposition 8.3.1 
(O(.@), e) is m-complete if and only if (4, 8) is b-complete. 


Suppose y(t) is a curve in æ. Then given a point we7—(p) where pey 
one can construct a horizontal curve F(t) through u such that 
m(y(t)) = y(t). From the definition of the positive definite metric e, it 
follows that the arc-length of y(t) as measured in this metric is equal 
to the generalized affine parameter of y(t), defined by the basis at p 
represented by the point u. If therefore y(t) has no endpoint but has 
finite length as measured by the generalized affine parameter, then 
F(t) will also have no endpoint but will have finite length in the 
metric e. Thus m-completeness in O(.#) implies b-completeness in Æ. 

To prove the converse, one needs to show that if A(t) is a O? curve in 
O( M) of finite length without endpoint, then 7(A(¢)) is a C? curve in K 
with 

(1) finite affine length, 

(2) no endpoint in M. 

To prove (1), one proceeds as follows. Let weA(t). Then one can 
construct a horizontal curve A(t) through u such that 7(A(£)) = 7(A()). 
For each value of t, A(t) and X(t) will lie in the same fibre, so there will 
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be a unique curve B(t) in O(3,1) such that A(t) = B(t)A(t). This 
implies 3 3 

A Sen = `p- 

(a), = 2 (a) +728. 


where B’ = dB/dt. Therefore 


((2)-(@)~ 2 (Qe) ep warr sot 


where {E9} is the basis of H*,, dual to the basis {F,} (i.e. (E*, E) = 8%) 
and at, is the basis of T,* dual to the basis a; a (i-€. @; gp 4/4) = 6,4). 
The matrix B,, satisfies Bap G,, Ba, = Caa- Therefore 


Bar Cac Bea = Coa 
as Gap = G-1,,. Differentiating with respect to t, one has 
By B'ye Goa = — Qac B ap Bre 


Thus B’,, B-1,, E T,(0(3, 1)). Since the at,» are a basis for 7*,, there is 
some constant C such that 


z (B` ap Boy, atsa)? > C(B' ap B'ye B aa Bac). 


Any matrix Be0(3,1) can be expressed in the form B = QAQ, 
where (i) © and Q are orthogonal matrices of the form 


(HH) = (+7) 


where O and O are 3 x 3 orthogonal matrices, and the basis {E,} has 
been numbered so that E, is the timelike vector; these matrices 
represent rotations; and (ii) A is the matrix 


coshě 0 O sinhé 
0 1 0 0 
0 0 1 0 
sinh 0 0 cosh 
which represents a change of velocity in the 1-direction. With this 
decomposition, B` n Bry, B'a Btn > UE’). 
For any vector Xe 7, 


x (Ee, X) Qa)? = py (<E2, X))?. 


me a (m (P) yea (EE 

Therefore = e(a) a) 

OG O Gaer 
KO Sp > ale (a)r (a) +a 


Let £, < œ be the least upper bound for |£| on A(t). Then 
L(A) > $L(A) et. + CtE,, 


where L(A) is the length of the curve A in the metric e. Since this is 
finite, č, and L(A) must be finite. Thus the affine length of the curve 
n(A(t)) in Æ, which is equal to L(A), will be finite. 

To complete the proof of proposition 8.3.1, we have to show that the 
curve 7(A(t)) in æ has no endpoint, that is, we have to show that there 
is no point pe K such that 7(A(t)) enters and remains within every 
neighbourhood X of p. Because of the existence of norma] neighbour- 
hoods X of p, this is a consequence of the following result: 


Proposition 8.3.2 (Schmidt (1972)) 

Let.” be a compact subset of æ. Suppose there is a curve A(t) in O(.#) 
without endpoint and of finite length, which enters and remains 
within 7~1(.”). Then there is an inextendible null geodesic y contained 
in NM. 


Let A(t) be the horizontal curve through some point ue A(t) such 
that 7(A(t)) = 7(A(t)). The curve A(t) has no endpoint. Suppose 
there were a point veO( æ) which was an endpoint of the hori- 
zontal curve A(t). Then there would be an open neighbourhood W of v 
with compact closure such that A(t) entered and remained within W. 
Let W" be the set {xe O(.M): Bxe W for all matrices B with |E] < £5}. 
Since W was compact and £, is finite, W’ would be compact. The 
curve A(t) would enter and remain within W”. But any compact set 
is m-complete with respect to the positive definite metric e. Thus 
A(t), having finite length, would have an endpoint in W”. This shows 
that A(t) has no endpoint. 
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Let {z,,} be a sequence of points on A(é) without any limit point. 
Since W is compact, there will be a point xe M which is a limit point 
of (x,,). Let Y be a normal neighbourhood of x with compact closure, 
and let o: Y —O( M) be a cross-section of O(.M) over Y, i.e. o(p) pEY, 
is an orthonormal basis at p. Let A(t) = o(m(A(t))) for A(t)en—'(Z). 
Then as in the previous proposition, there will be a unique family of 
matrices A(t)¢O(3, 1) such that A(t) = A(t)A(t), and one can express 
the matrix A in the form A = QAQ. Suppose that |&(¢,,-)| had a finite 
upper bound £,, where z, = A(t») is a subsequence of the z, which 
converges to x. Then the points z,- would be contained in the set 
U = {vEeO(M): Av =€ o(%) for some AeEO(3,1) with |é| < ë}. 
However Y would be compact and so would contain a limit point of 
the {x,,}, which is contrary to our choice of the {z,}. Thus |&(¢,,)| has 
no finite upper bound. Since the orthogonal group is compact, one can 
choose a subsequence {z,,-} such that Q,- converges to some 1)’, Qu 
converges to some Q’, £,-->0o, and 


Exes Ear > a>0 (8.1) 


for some constant a (here ©,,- = Oi(t,-), etc.). 

Let A’(t) = (Q’)-1 X(t), and let 2,,-(t) = Ap- OA). Then A,,-(,-) 
tends to 2 = 'o(z). Since the length of the curve A(é) is finite, the 
curve A’(¢) also has finite length. This means that 


f A (X24 (XP+ (KP (X3Edt 
tn 
tends to zero, where 
X4 = (E4, (8/at),), A= u,v, 2,3, 
and Ev = E+E), E = pE-E». 
Thus f ~H xalat 
ta 


tends to zero, for each A. The components Y„-4 of the tangent vector 
of the horizontal curve 1,,-(t) are 


Yp” = etn Xu, Viv = ém Xe, Y? =X? Y, = X. 


tn? 41 
Thus Í “W¥,4|dt (A= u, 2,3), (8.2) 
ty” 


tend to zero. 
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Let u be the integral curve of the horizontal vector field E” through 2. 
Then 7() will be a null geodesic in Æ. Suppose that m(x) left M in 
both the past and future directions. Then there would be some 
neighbourhood ¥ of 2 with compact closure and with the property 
that in each direction left and did not re-enter the set 7’, where 
y’ = {veO( K): there is a A with Av contained in %}. One could 
choose ¥ sufficiently small that it had this property for any integral 
curve of E” which intersected Y and so that any such curve would 
leave 1-1(/W) in both directions. Let Y be the tube consisting of all 
points on integral curves of E” which intersect Y. Then YN 77.1’) 
would be compact. For sufficiently large n”, A,,-(t,,-) would be con- 
tained in ¥. By (8.2) the components of the tangent vector to Âp” 
transverse to the direction E” are so small that for large n” and 
t > tye, the curve A,,-(t) could not leave the tube YN 7—(.’) except at 
its ends where Y left 7’). However A,,-(t) cannot leave m~ M), as 
A(t) does not leave 7-4). Thus i,,-(t) would be contained in 
YNN) for t> ta. This leads to a contradiction as follows: 
Înalta) is contained in Y. However by (8.1), ¥ can be chosen 
sufficiently small that 


Înalta) = Anaa An Ansila) 
is not contained in %, though it is contained in ¥’. This shows that 
our assumption that the null geodesic 7(z) left W in both directions 
is false. Thus there will be some point pe M which is a limit point of 
nm). By lemma 6.2.1 there will be an inextendible null geodesic 
y through p which is contained in. and which is a limit curve of 
n(4). B 


If O(.#) is m-incomplete, one can form the metric space completion 

O( M). This is defined to be the set of equivalence classes of Cauchy 

sequences of points in O( 4). If x = {x,} and y = {y,,} are Cauchy 

sequences in O( M), the distance p(x, y) between x and y is defined to 

be lim p(£,„, Yn) where p is the distance function on O( M) defined by 
n> 


the positive definite metric e; x and y are said to be equivalent if 
p(x, y) = 0. One can decompose OLM) into a part homeomorphic to 
O(.#) and a set of boundary points ĝ (i.e. O(A) = O(.M) u ĝ). The 
distance function @ defines a topology on O( Æ). From (8.1), it follows 


that the topology on O(.#) is independent of the choice of basis 
{a} of 77. 
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One can extend the action of O(3, 1) to O(#). For under the action 
of A €0(3, 1), the transformation of the basis {G 4} is independent of 
position in O(.#). Thus there are positive constants C} and C, 
(depending only on A) such that C p(u, v) < p(A(u), A(v)) < Cyp(u, v). 
This means that under the action of A, Cauchy sequences will map to 
Cauchy sequences and equivalence classes of Cauchy sequences are 
mapped to equivalence classes of Cauchy sequences. Therefore the 
action of O(3, 1) extends to O( Æ) ina unique way. One can then define 
M+ to be the quotient of O(#) by the action of O(3, 1). Since the 
quotient of O( 4) by 0(3, 1) is Æ, and since O(3, 1) maps incomplete 
Cauchy sequences to incomplete Cauchy sequences, one can express 
A* as the union of Æ and a set ô of points called the b-boundary of M. 
One can regard points of ô as representing the endpoint of equivalence 
classes of b-incomplete curves in M. 

The projection 7: O(#)->.#+, which assigns a point in O( Æ) to its 
equivalence class under O(3, 1), induces a topology on æ+ from the 
topology on O(.#). However 7 does not induce a distance function 
on æ+ because p is not invariant under O(3, 1). Thus although the 
topology of O( Æ) is a metric topology, and so Hausdorff, that of æ+- 
need not be Hausdorff. This means that there may be a point p E M 
and a point g € ĉ such that every neighbourhood of p in Æ+ intersects 
every neighbourhood of q. This happens when the point q corresponds 
to an incomplete curve which is totally or partially imprisoned in æ. 
We shall discuss imprisoned incompleteness further in §8.5. 

If g is a positive definite metric on Æ, then Æ+ is homeomorphic 
to the completion of (4, g) by Cauchy sequences. Schmidt’s construc- 
tion also has the desirable property that if one cuts a closed set out 
of a space, then one gets at least one point of the b-boundary for every 
point of £” that is the endpoint of a curve in .#—&. An example 
where one gets more than one b-boundary point for a point of Z` is 
provided by two-dimensional Minkowski space in which the set ~ is 
taken to be the t-axis between — 1 and +1. Then there will be two 
b-boundary points for each point (0, t) where — 1 < t < 1. An example 
where a point in Z` cannot be reached by a curve in Æ — æ% is given 
by the set 

of =ft=sni t+ ofu{—t <t<1,x= 0}. 


There is no curve in Æ — æ which has an endpoint at the origin, and 
hence this point will not be in (4 —.%)t, although it is in 27". 
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Although Schmidt’s construction has an elegant formulation, it is 
unfortunately very difficult to apply in practice. The only solutions 
for which .#+ has been found, apart from spaces of constant curvature, 
are the two-dimensional Robertson—Walker solutions with normal 
matter. In these ô turns out to be a spacelike one-surface as might be 
expected from the conformal picture. In this case, one can define a 
natural differential structure on 2 and make Æ+ into a manifold with 
boundary. However there does not seem to be any general way of 
defining a manifold structure on 3. Indeed one might expect that in 
generic situations @ would be highly irregular and could not be given 
a smooth structure. 


8.4 The character of the singularities 


In this and the following section we shall discuss the character of the 
singularities predicted by theorem 4. We consider this theorem rather 
than the others because more information about the singularity can 
be obtained. We expect however that the singularities predicted by 
the other theorems will have similar properties. 

First there is the question of how bad the breakdown of differenti- 
ability of the metric must be. The theorems of the previous section 
showed that space-time must be geodesically incomplete if the metric 
was 0?. The C? condition was necessary in order that the conjugate 
points and variation of arc-length should be well-defined; in other 
words, in order that solutions of the geodesic equation should depend 
differentiably on their initial position and direction. However one can 
talk about geodesic incompleteness provided that solutions of the 
geodesic equation are defined. They will exist if the metric is C! and 
will be unique and depend continuously on initial position and direction 
if the metric is C?- (i.e. if the connection is locally Lipschitz). In fact 
one can discuss b-incompleteness provided merely that the positive 
definite metric e on the bundle of frames O(.#) is defined almost every 
where and is locally bounded. This will be the case if the components 
T,, of the connection are defined almost everywhere and are locally 
bounded, i.e. if the metric is C!-. 

It thus might appear that what the theorems indicate is not that 
the curvature becomes unboundedly large but merely that it has a 
discontinuity (i.e. the metric is C?- rather than C?). We shall show that 
this is not the case: under the conditions of theorem 4 space-time must 
be timelike geodesically incomplete (and hence b-incomplete) even if 
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the metric is only required to be C?-. The method of proof is to 
approximate the C?- metric by a C? metric and to perform variation 
of arc-length in this metric. 

Suppose that space-time is defined to be inextendible with a C?- 
metric and that the conditions of theorem 4 are satisfied. The timelike 
convergence condition, Ra, K°K® > 0, is now required to hold ‘almost 
everywhere’ with the Ricci tensor defined by generalized derivatives. 
The only part of the proof of theorem 4 that does not hold in a C?- 
metric is where variation of arc-length is used to show that there can 
be no point pe DHÈ) such that dif, p) > — 3/8, where 8, is the 
maximum value of x°, on S. Thus if Æ were timelike geodesically 
complete there would be some such point p and a geodesic orthogonal 
to of length d(F, p) from F to p. Let Y be an open set with compact 
closure which contains J-(p)n J+(P) and let e and ĝ be C” positive 
definite and Lorentz metrics respectively. For any € > 0 one could 
find a C® Lorentz metric g,” such that on Z 


(1) |g -g”] < e, 

(2) 9. 10-9 rel <€, 

(3) |9.”:cal < C, where C is a constant depending on %, e, ĝ and g, 

(4) Rean K2K? > —e|K°}? for any vector K such that g,,,K°K° > 0. 
(The g? may be constructed by covering Y by a finite number of 
local coordinate neighbourhoods (¥,, ¢,), integrating the coordinate 
components of g” with a suitable smoothing function p,(x) and 
summing with a partition of unity {y,}, i.e. 


g) = Sela) f g(x) pele $_(q)) dtz, 
a ala) 


where f p(x) d4x = 1.) 

Property (1) implies that for sufficiently small values of e, p would 
be in DÊ, g.) and J-(p, g) N J+(P, g.) would be contained in %. 
There would therefore be a geodesic y, in the metric g, from Ê to p of 
length d,(P, p). Also \d.(P, p)-UFP, p)| would tend to zero as e-> 0. 

By properties (1), (2) and (3), and the standard theorems on ordinary 
differential equations, as e->0 the tangent vector to a geodesic 
in the metric g, would tend to that of the geodesic in the metric 
é with the same initial position and direction. There would be 
some upper bound to | V°] on Zn A(F x [0, 24(F, p)]), where V° is the 
unit tangent vector to the geodesic orthogonal to Ê in the metric g. 
Thus for any 6 > 0 there would be an €, > 0 such that for any e < 6, 
Rea Ve V? > — ô. We can now establish a contradiction by showing that 
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a sufficiently small variation of the energy condition will not prevent 
the occurrence of conjugate points in the metric g, within a distance 
less than d,(P, p). For the expansion 8, of the geodesics in the metric 
g. obeys the Raychaudhuri equation: 


d6,/ds = — 36,2 -20,°— Rea KV. 


Thus d(6,-)/ds > $+ Reap V°V°O,*. Therefore if the initial value 6,, 
were negative and 360,,~? were less than one, 6,-1 would become zero 
within a distance 3/69(1—360,-*) from S. But 6,,-> ĝo as €-> 0. This 
shows that for sufficiently small values of € there would be a conjugate 
point on every geodesic in the metric g, orthogonal to Ê within a 
distance less than d,(f, p). Therefore Æ must be timelike geodesically 
incomplete even if the metric is required only to be C?-. 

This result implies that if space-time is extended to try to continue 
the incomplete geodesics, the metric must fail to be Lorentzian or the 
curvature must be locally unbounded, i.e. there would be a curvature 
singularity. However even though the curvature were locally un- 
bounded, the metric might still be able to be interpreted as a distribu- 
tional solution of the Einstein equations provided that the volume 
integrals of the components of the curvature tensor over any compact 
region were finite. This would be the case if the metric were Lorentz, 
continuous and had square integrable first derivatives. In particular 
this would be true if the metric were Lorentz and C1~ (i.e. locally 
Lipschitz). Examples of such C1~ solutions include gravitational shock 
waves (where the curvature has a d-function behaviour on a null three- 
surface, see, for example, Choquet-Bruhat (1968) and Penrose 
(1972a)); thin mass shells (where the curvature has a é-function 
behaviour on a timelike three-surface, see, for example, Israel (1966)); 
and solutions containing pressure-free matter where the geodesic flow 
lines have two- or three-dimensional caustics (see Papapetrou and 
Hamoui (1967), Grischuk (1967)). Because of the non-linear depend- 
ence of the curvature on the metric one cannot necessarily approxi- 
mate a C?- distributional solution by a C? metric which obeys the 
convergence condition at every point, or at least does not violate it 
by more than a small amount as in the case above (property (4)). 
However in all the examples given above one can. Indeed this is their 
physical justification: they are regarded as mathematical idealizations 
of C? or C°” solutions which obey the convergence condition and in 
which the curvature is very large in a small region. One could apply 
the theorems of §8.2 to these C? solutions and prove the existence of 
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incomplete geodesics in them. This shows that the singularities pre- 
dicted cannot be just gravitational impulse waves or caustics of flow 
lines but must be more serious breakdowns of the metric. (Ordinary 
hydrodynamic shock waves involve only discontinuities of density 
and pressure and so can exist with a C?- metric.) Although we are not 
quite able to prove it we believe that the singularities must be such 
that the metric cannot be extended to be even a distributional solution 
of the Einstein equations, i.e. as well as the components of the curva- 
ture being unbounded at a singular point, their volume integral over 
any neighbourhood of such a point must also be unbounded. This is so 
in all known examples of singularities other than the exceptional case 
of the Taub-NUT solution, which will be dealt with in the next section. 
If this conjecture is correct for ‘generic’ singularities (i.e. except for 
those arising from a set of initial conditions of measure zero), then one 
can regard a singularity as a point where the Einstein equations (and 
presumably the other presently known laws of physics) break down. 

Another question one would like to answer is: how many incomplete 
geodesics are there? If there were only one, one might be tempted to 
feel that the singularity could be ignored. From the proof of theorem 4 
one can see that if there is no Cauchy horizon, i.e. if Pisa Cauchy 
surface, then no timelike curve from 7 (geodesic or not) can be 
extended to a length greater than — 3/0, where 6 is the maximum 
value of x°, on S. In fact this result is true even if Y is non-compact 
provided that x“, still has a negative upper bound. However this does 
not necessarily indicate that what happens is that every timelike curve 
hits the singularity. Rather it suggests that a singularity will be 
accompanied by a Cauchy horizon and so our ability to predict the 
future will break down. An example of this is shown in figure 53. Here 
the metric is singular at the point p and so this point has been removed 
from the space-time manifold. Spreading out from this hole there is 
a Cauchy horizon. This example shows that the most one can hope to 
prove is that there is a three-dimensional family of geodesics which 
are incomplete and which remain within the Cauchy development of 
F (in the example these are the geodesics which would pass through p). 
There may be other geodesics which leave the Cauchy development 
of F and which are incomplete but one cannot predict their behaviour 
from knowledge of conditions on Ê. 

It is clear that there must be more than one incomplete geodesic in 
D+(f). For from theorem 4 it follows that there must be a geodesic y, 
orthogonal to Ê, which remains in D+() but which is incomplete. 
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P 
g 


Fiaure 58. The point p has been removed from space-time because & singularity 
occurs there. Consequently there is a Cauchy horizon H uf ) for the surface S. 


Let p be the point where y intersects 7. Then one can make a small 
variation of Ê in a neighbourhood of p to obtain a new surface P” for 
which x“, is still negative, but which is not orthogonal to y. Then by 
theorem 4 there must be some other timelike geodesic y’ orthogonal 
to P’ which is incomplete and which does not cross H HP ’), which is 
the same as HHP). 

One can in fact prove that there is at least a three-dimensional 
family of timelike geodesics (one through each point of some achronal 
surface) which remain within D+() and which are incomplete. These 
geodesics all correspond to the same boundary point in the sense of the 
indecomposable past sets of §6.8, that is, they all have the same past. 
They may not, however, all correspond to the same points as defined 
by the construction of the previous section. An outline of the proof is 
as follows: in theorem 4 it was shown that there must be a future- 
directed timelike geodesic orthogonal to S which cannot be extended 
to length 3/6). One can say more than this: there must be such a 
geodesic y which remains within D+(P7) and is at each point a curve 
of maximum length from Ê, i.e. for each gey, the length of y from 7 
to g equals d(,q). The idea is now to consider the function d(r, y) for 
reJ-(y). Clearly this is bounded on J+()n J-(y). From the fact that 
yis a curve of maximum length from Ê it follows that in a neighbour- 
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hood of y, d(r, y) is continuous and the surfaces of constant d(r, y) are 
spacelike surfaces which intersect y orthogonally. The timelike geo- 
desics orthogonal to these surfaces will then remain within J~(y) and 
so will be incomplete. 


8.5 Imprisoned incompleteness 


In §8.1 we proposed b-incompleteness as a definition of a singularity. 
The idea was that a b-incomplete curve corresponded to a singular 
point which had been left out of space-time. However suppose that 
there is a b-incomplete curve A which has a limit point pe Æ, i.e. A is 
partially or totally imprisoned in a compact neighbourhood of p. Then 
one cannot imbed Æ in a larger four-dimensional Hausdorff para- 
compact manifold Æ’ such that A can be continued in æ’. For if g were 
the point where A intersected the boundary of Æ in #’, then any 
neighbourhood of g would intersect any neighbourhood of p, which 
would be impossible as Æ’ is Hausdorff and q + p. In fact, one can 
characterize imprisoned incompleteness of . by non-Hausdorff 
behaviour of the Schmidt completion 4+. 


Proposition 8.5.1 

A point pe is not Hausdorff separated in æ+ from a point reô if 
there is an incomplete curve A in Æ which has p as a limit point and 
which has 7 as an endpoint in æ+. 


Suppose that » €-@ is a limit point of a b-incomplete curve A. One can 
construct a'horizontal lift A of A in the bundle of orthonormal frames 
O( 4). This will have an endpoint at some point 


xen \(r) © 8 = O(M)—O(4#). 
If% is a neighbourhood of 7 in æ+ then 7—1(Y) is an open neighbour- 
hood of xin O( 4). Thus it contains all pointson À beyond some pointy. 


Therefore all points on X beyond 7(y) will lie in W and hence will 
intersect any neighbourhood of p since p is a limit point of A. o 


Taub-NUT space (§5.8) is an example where there are incomplete 
geodesics which are all totally imprisoned in compact neighbourhoods 
of the past and future horizons U(t) = 0. As the metric is perfectly 
regular on these compact neighbourhoods, the incomplete geodesis. 
do not correspond to s.p. (scalar polynomial) curvature singularities. 
Consider a future incomplete closed null geodesic A(v) in the future 
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horizon U(t) = 0. Let p = A(0) and let v, be the first positive value of v 
for which A(v) = p. Then as in §6.4, the parallelly propagated tangent 
vector to A will satisfy 

(2/20) | yao, = 22/2) o0 
where a > 1. For each n, the point A(v,,) = p, where 


n 1—a-* 
OE E 
and (2/22) |v, = a(8/0v)|,29- 


Thus if one takes a pseudo-orthonormal parallelly propagated basis 
{Ea} on A(v), where E, = 2/dv, then the other null basis vector E, obeys 
E,|,-1, = 2-"Es|y-o. Each time one goes round the closed null geo- 
desic A, the vector E, gets bigger and the vector E, gets smaller. The 
vectors E, and E, remain the same. If therefore there were some non- 
zero component of the Riemann tensor which involved E, and 
possibly E, and E,, it would appear bigger and bigger each time one 
went round A and so there would be a p.p. (parallelly propagated) 
curvature singularity. However in Taub-NUT space it turns out that 
the vector E, can be chosen so that there is only one independent non- 
zero component of the Riemann tensor, which is R(E}, Ey, Es, E,). 
This involves E, and E, equally, and so has the same value each time 
round. Since a similar argument will probably hold for any imprisoned 
curve, it seems there is no p.p. curvature singularity in Taub-NUT 
space, although this space is singular by our definition. One would like 
to know whether this kind of behaviour would occur in physically 
realistic solutions containing matter, or whether Taub-NUT space is 
an isolated pathological example. This question is important because, 
as we shall argue in the next chapter, we interpret the preceding 
theorems as indicating not that geodesic incompleteness necessarily 
occurs, but that General Relativity breaks down in very strong gravita- 
tional fields. Such fields donot occur in the Taub-NUT kind of situation. 
This conclusion is a result of the very special nature of the Riemann 
tensor in Taub-NUT space. In general, one would expect some other 
components of the Riemann tensor to be non-zero on the imprisoned 
curve, and so there would be a p.p. curvature singularity even though 
there might be no s.p. curvature singularity. In fact one can prove: 


Proposition 8.5.2 
If pe. is a limit point of a b-incomplete curve A and if at p, 
R,,K*K® + 0 for all non-spacelike vectors K, then A corresponds to 
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a p-p. curvature singularity. (This condition can be replaced by the 
condition that there do not exist any null directions K® such that 
K*K Cy aK a = 0.) 


Let Y be a convex normal coordinate neighbourhood of p with com- 
pact closure, and let {Y,}, {Y*} be a field of dual orthonormal bases 
on V. Let {E,}, {E°} be a parallelly propagated dual orthonormal basis 
on the curve A(t). Let ? be a parameter on A such that in X, 


aif/dt = ($ XiX’), 
i 


where Xt are the components of the tangent vector 2/é in the basis 
{Y,}. Then 7 measures arc-length in the positive definite metric on Y 
in which the bases {Y,}, {Y‘} are orthonormal. 

Since Rap, KeK’? + 0 at p for any non-spacelike vector K”, there is 
a neighbourhood ¥ c Y such that Rap = CZ,Z, + R'a, where C + 0 
is a constant, Z, is a unit timelike vector, and R'a is such that 
CR’, K°K® > 0 for any non-spacelike vector K*. Suppose that after 
some value f, of £ the curve A intersects ¥. Since A has no endpoint 
and since p is a limit point of A, the part of A in W will have infinite 
length as measured by #. However, the generalized affine parameter is 


given by du/df = {> (E%, X*)}4, 


where Š: are the components of the tangent vector (8/@),, so 
x X‘X = 1, and E*, are the components of the basis {E% in the basis 


{¥*}. Since v is finite on the curve, the modulus of the column vector 
E°, Xt must go to zero, and so the Lorentz transformation represented 
by the components E", must become unboundedly large. Since Z is 
a unit timelike vector, the components of Z in the basis {E,} will 
therefore become unboundedly large and hence some component of 
the Ricci tensor in the basis {E,} will become unboundedly large. O 


This result shows that an observer whose history was a b-incomplete 
imprisoned non-spacelike curve in a generic space-time would be torn 
apart by unboundedly large curvature forces in a finite time. However 
another observer could travel through the same region without experi- 
encing any such effects. An interesting example in this connection is 
provided by Taub-NUT space in which the metric has been altered 
by a conformal factor Q which differs from one only in a small neigh- 
bourhood of a point p on the horizon. This conformal transformation 
would not alter the causal structure of the space and would not affect 
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the incompleteness of the closed null curve through the point p. How- 
ever in general R,,K°K® + 0 where K@ is the tangent vector to the 
closed null geodesic. After each cycle, Rap KK? increases by a factor a? 
and so there is a p.p. curvature singularity. Yet the metric is perfectly 
regular on a compact neighbourhood of the horizon and so there is 
no s.p. curvature singularity associated with the incompleteness. 

One would like to rule out this kind of situation in which the 
incomplete curves are totally imprisoned in a compact region. This 
kind of behaviour might occur in a countably infinite number of 
different regions of space-time. Thus one cannot describe it by saying 
that all the incomplete curves are totally imprisoned in one compact 
set. Instead one wants to describe it by saying that a set of incomplete 
curves which are compact in some sense are totally imprisoned in a 
compact region of æ. To make this concept precise, we define 
b-boundedness as follows. 

We define the space B( 4) to be the set of all pairs (A, u), where u is 
a point in the bundle of linear frames L( M) and A is a C? curve in M 
which has only one endpoint, which is at 7(w). Let Y be an open set 
in Æ and ¥ be an open set in L(.#). We define the open set O(U, %) 
to be the set of all elements of B(.#) such that A intersects Vand ue Y. 
The sets of the form O(U,%) for all Y, W form a sub-basis for the 
topology of B(.#). Recall that the map exp: T(4)-> is defined by 
taking a vector X at a point p and proceeding along the geodesic 
from p in the direction of X a unit distance as measured in the 
affine parameter defined by X. Similarly we may define a map 
Exp: B(4#)> by proceeding from 7(z) along the curve A a unit 
distance as measured in the generalized affine parameter on A defined 
by u. The map Exp is continuous and will be defined for all of B(.#) 
if Æ is b-complete. We shall say that (4, g) is b-bounded if for every 
compact set W c B( 4), Exp(W) has a compact closure in Æ. Since 
Exp is continuous, (4, g) is b-bounded if it is b-complete. However, 
Taub-NUT space is an example which is b-bounded but not b-com- 
plete. We shall show that this can be possible only because Taub-NUT 
space is completely empty. The presence of any matter on the surface 
F in theorem 4 will mean that the space is both b-incomplete and 
b-unbounded. 


Theorem 5 
Space-time is not b-bounded if conditions (1)-(3) of theorem 4 hold, and 
(4) the energy-momentum tensor is non-zero somewhere on SZ 
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(5) the energy-momentum tensor obeys a slightly stronger form of 
the dominant energy condition (§4.3): if K@ is a non-spacelike vector, 
then T?°K,, is zero or non-spacelike and 7,, K°K® > 0, equality holding 
only if T% K, = 0. 


Remark. Condition (4) could be replaced by the generic condition 
(see Theorem 2). 


Proof. Consider the covering space Æg (§6.5) defined as the set of all 
pairs (p, 2[A]), where A is a curve from q to p, p, qE M, and i[A] is the 
number of times A cuts F in the future direction minus the number of 
times it cuts it in the past direction. For each integer a, 


L = {P IAN: PEF, iA] = a} 
is diffeomorphic to F and is a partial Cauchy surface in Mg. In 
general Mg need not be b-bounded if Æ is, but in the situation under 
consideration we have the following result: 


Lemma 8.5.3 

Let conditions (1)-(3) hold and let D+ł(%) not have compact closure 
in Mg; then if y is the covering projection Y: Mg> M, y(D*(S)) 
will not have compact closure in <M. 


A is either diffeomorphic to Mg or to 4, the portion of Mg between 
SF, and F with Y and LY, identified. If for any a > 0, M, n DHR) 
does not have compact closure in Mg, then y(D+t(%)) will not have 
compact closure in Æ. If however 4, D+(A%) had compact closure 
for all a > 0 it would also have to be non-empty for all a > 0 since 
DHR) is non-compact. But for peZ, the proper volume of 
I-(p)n M, has some lower bound c. Thus for every a > 0 the proper 
volume of M, n D+(S%) could not be less than c. But this is impossible 
since by conditions (1)-(3) and proposition 6.7.1, the proper volume of 
D+(S4%) is less than 3/(— 6p) x (area of S), where 6, is the negative 
upper bound of x°, on F. o 


Using this result, one can prove: 


Lemma 8.5.4 
If D+(.4%) does not have compact closure, Æ is not b-bounded. 


Let W be the subset of B( Kg) consisting of all pairs (A, u) where A is 
any future-inextendible timelike geodesic curve in Æg orthogonal to 
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& with endpoint re $, and ue7—(r) is any basis at r, one of whose 
vectors is tangent to A and of length — 3/6), the remaining vectors 
being an orthonormal basis in %. 

Let {Z} be a collection of open sets which cover W. Each Z will 
be the union of finite intersections of sets of the form O(Y,%). It is 
sufficient to consider the case when the # can be represented as 


Pa = O(W ap, Fa) 
£ 


where for each « the Y,, are a finite number of open sets in Æg, and 
¥,, is an open set in L( Mg). Let (u,v) E %. Then there is some «œ such 
that (u, v) e Z. This means that the geodesic x intersects the open set 
Ua, for each value of £ and that ve ¥,. Since geodesics depend con- 
tinuously on their initial conditions there will be some neighbourhood 
WY of n(v) such that every future-inextendible geodesic through %, 
orthogonal to % will intersect Y,, for each value of J. Let Y’, be an 
open set contained in ¥, such that 7(¥",) € Y,. Then 


(p, 0) EOI a) Va) 


is contained in ,. Thus the sets {O(7(¥",), Y 'a)} form a refinement of 
the covering Z,. 

Consider the subset 2 of L(g) consisting of all bases over 4% 
where one of the basis vectors is orthogonal to .% and of length 
— 3/6), and the remaining vectors are an orthonormal basis of 4. 
Since 2 is compact, it can be covered by a finite number of the sets 
Y'a Thus W is compact since it can be covered by a finite number of 
the sets O(7(¥"..), Y'a). 

By proposition 6.7.1 each point of D+(%) lies within a proper 
distance — 3/0, along the future-directed geodesic orthogonal to %. 
This means that Exp(W) contains DHK). Let Ya: B(4M@q)> B(M) 
be the map which takes (A, u)E B( Mg) to (¥(A), Yxu) E B(M). Then 
Ya W will be a compact subset of B(.#) such that 


Exp (Ya W) > y(D*(S)). 
Thus if D+H) is not compact, y(D+(.%)) is not compact, so (4, g) 
is not b-bounded. ao 


This shows that it is sufficient to prove Dt(.%) non-compact. Suppose 
it were compact. Then H+(.4) would also be compact. We show below 
that this would imply that the divergence of the null geodesic 
generators would have to be zero everywhere on H+(.4). This would 
be impossible if the matter density were non zero somewhere on H+). 
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Lemma 8.5.5 

If H+(2) is compact for a partial Cauchy surface 2, then the null 
geodesic generating segments of H+(2) are geodesically complete in 
the past direction. 


From proposition 6.5.2 it follows that the generating segments have 
no past endpoints. They must therefore form ‘almost closed’ curves 
in the compact set H+(2). If they formed actual closed curves, one 
could use proposition 6.4.4 to show that if they were incomplete in the 
past direction, they could be varied towards the past to give closed 
timelike curves. This however would be impossible since such curves 
would lie in D+(2). The proof in the case when the null geodesic 
generators of H+{2) are only ‘almost closed’ is similar though a little 
more delicate. 

Introduce a future-directed timelike unit vector field V which is 
geodesic in a neighbourhood X of H+(2) with compact closure. Define 
the positive definite metric g’ as in proposition 6.4.4 by 


g'(X, Y) = 9(X, Y) + 29(X, V)g(Y, V) 
and let £ be a parameter which measures proper distance in the metric 
g' along a null geodesic generating segment y of H+(2), and which is 


zero at some point qey. Then 9(V, d/at) = — 2-4. As y has no past 
endpoint, t will have no lower bound. Let f and h be given by 


@ Da ð a 
farala) eae 
where vis an affine parameter. Suppose y were geodesically incomplete 
in the past, then the affine parameter 


t 
v firar 
0 


would have a lower bound v, as t>—cœ. Now consider a variation 
a of y whose variation vector 0/du is equal to —xV. Then 

ð {ê ð dx dh 

—gl—,— = 24| — aA 

A z) Pa (5 a =): (8:3) 
Since h->0o as t—>-— œ, one could find a bounded function x(t) such 
that (8.3) was negative for all £ < 0. However this would not be suff- 


cient to ensure that the variation gave an everywhere timelike curve 
since it could be that the range of u for which (8.3) remained negative 
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tended to zero as {->—co. To deal with this we shall consider the 
second derivative under the variation: 


a (a 2) = a (a Dâ) 
E -jlolran 


PA T E 

I TA Ot Ou IE +| (Soa du)" 
Choosing 02/@u to be zero and using the fact that V is a geodesic in 
a neighbourhood Y of H+(2) this reduces to 


dz)? DV DV a a 
(a) + oC a) +o@ a)n) 
for 0 < u < c. In any basis orthonormal with respect to the metric g’, 


the components of the Riemann tensor and of the covariant derivative 
of V (with respect to g) will be bounded on X. Thus there is some 


C > 0 such that æ (a 2) Pee: a a) 
FTAA ae He) <9 (ra : 


a a dz 
Now AG (v 3) =~ oP 


80 g 


Therefore 

aa aa daz dz\? 
PS oo S ees 2 
g (© 5) = (5 $) +1- (24/2) ur + 2u (5) 


for 0 < u <e, where d = (2,/2)eC, + 2e°C,2+1, and C, is an upper 
bound to s làz/an, Thus we have 


Ie < Cx? (y +d) 


oy 


Bulumo 
where y = g(8/ĉt, 8/at). Therefore 
y < d(cosh Cxu— 1) -+ asinh Cxu 
< sinh Cxu(d tanh 4Cxu +a), 
where a = 2-*C-"d (log hx) /dt. 


and = 27th Š (he), Ylueo = 0, 
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0 -1 
Now take z=r| -f miar+K]| ; 
t 


0 
where K= 2f hdt’; 


thena = — 2-40-thx. Since f = — h-1(dh/dt) is bounded on the compact 

set H+(2) and since d 

Í h-tdt = —v 
t 


was assumed to converge as f->— œ, there would be upper bounds for 
x and |dz/dé| and a positive lower bound C, for h when —co < t < 0. 
Then for 0 < u < min (e,2C-*d—"C,), y would be negative when 
~o<t<0. 

In other words, the variation « would give a past-inextendible time- 
like curve which lay in int D+(2) and which was totally imprisoned in 
the compact set X. But this is impossible, since by lemma 6.6.5 the 
strong causality condition holds on int D+(2). Thus y must be geo- 
desically complete in the past direction. Oo 


Consider the expansion 6 of the tangent vectors a/ét to the null 
geodesic generators of H+(%). Suppose that 8 > 0 at some point g on 
a generator y and let 7 be a spacelike two-surface through q in a 
neighbourhood of q in H+(4). The generators of H+(.%) will be 
orthogonal to 7 and would be converging into the past. Then by 
condition (1) and the above lemma there would be a point 7 € y conju- 
gate to 7 along y (proposition 4.4.6). Points on y beyond r could be 
joined to 7 by timelike curves (proposition 4.5.14). But this would 
be impossible since H+(.%) is an achronal set. Therefore 6< 0 on 
HHR). 

Now consider the family of differentiable maps f,: HHA) > HHA) 
defined by taking a point qe H+( F.) a distance z (measured in the 
metric g’) to the past along the null geodesic generator through q. 
Let dA be the area measured in the metric g’ of a small element of 
H*(SA). Under the map £,, 


ad = —ĝdA. 
dz 
d 


a A ee f Odd. 
dz J pce) PAHS) 


But £, maps H+ K) into H+(.%) (and onto if the generating segments 
have no future endpoints). Thus (8.4) must be less than or equal to 


Thus (8.4) 
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zero. Together with the previous result this would imply 6 = 0 on 
H+ R). By the propagation equation (4.35) this is possible only if 
Rœ K*K® = Oeverywhere on H+(.4), where K is the tangent vector to 
the null geodesic generator. However by the conservation theorem 
of §4.3 condition (5) implies that T p, KeK? is non-zero somewhere 
on H+(/) and by the Einstein equations (with or without A), Tap, KeK? 
equals R,, KK. (Strictly, the form of the conservation theorem 
required is slightly different from that in §4.3. Since there are no 
suitable spacelike surfaces which intersect H+(.%), one uses instead 
a family of surfaces one of which is H+(), the others being spacelike. 
These surfaces can be defined by taking the value of the function ¢ at 
the point p € DHZ) to be minus the proper volume of J+(p) n DHZ). 
Since £, „ becomes null on H+(.4), it is no longer necessarily true that 
there is a constant C > 0 such that on DHS), 


T% ab S OTE, atp- 
However if V° is a timelike vector field‘on DHL), there is a constant O 
such that Tot, < CTL, atott aR) 
and TY,» < CTP at;o +t a h). 


One can then proceed as in §4.3 using T(t, a+ V,,,) in place of 
Tat, ap and proving that T(t, «t;a +t; a W) cannot be zero on HHS) 
if it is non-zero on &. The result then follows from (5).) oO 


9 
Gravitational collapse and black holes 


In this chapter, we shall show that stars of more than about 1} times 
the solar mass should collapse when they have exhausted their 
nuclear fuel. If the initial conditions are not too asymmetric, the 
conditions of theorem 2 should be satisfied and so there should be 
a singularity. This singularity is however probably hidden from the 
view of an external observer who sees only a ‘black hole’ where the 
star once was. We derive a number of properties of such black holes, 
and show that they probably settle down finally to a Kerr solution. 

In §9.1 we discuss stellar collapse, showing how one would expect 
a closed trapped surface to form around any sufficiently large spherical 
star at a late stage in its evolution. In §9.2 we discuss the event 
horizon which seems likely to form around such a collapsing body. 
In §9.3 we consider the final stationary state to which the solution 
outside the horizon settles down. This seems to be likely to be one of 
the Kerr family of solutions. Assuming that this is the case, one can 
place certain limits on the amount of energy which can be extracted 
from such solutions. 

For further reading on black holes, see the 1972 Les Houches 
summer school proceedings, edited by B. S. de Witt, to be published 
by Gordon and Breach. 


9.1 Stellar collapse 


Outside a static spherically symmetric body such as a star, the solution 
of Einstein’s equations is necessarily that part of one of the asymp- 
totically flat regions of the Schwarzschild solution for which r is 
greater than some value 7, corresponding to the surface of the star. 
This will be joined, for r < 7», onto a solution which depends in detail 
on the radial distribution of density and pressure in the star. In fact 
even if the star is not static, providing it remains spherically symmetric 
the solution outside will still be part of the Schwarzschild solution cut 
off by the surface of the star. (This is Birkhoff’s theorem, proof of 
which is given in appendix B.) If the star is static then 7, must be 
[ 299 ] 
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r < 2m r = 2m r > 2m 


Singularity: 


Schwarzschild empty 
solution (exterior solution) 


Origin of 
polar 
coordinates 


r=0 
(coordinate 


(ii) 
Ficure 54. Collapse of a spherical star. 
(i) Finkelstein diagram ((r,t) plane) of a collapsing spherically symmetric 
fluid ball. Each point represents a two-sphere. 
(ii) Penrose diagram of the collapsing fluid ball. 
(iii) Diagram of the collapse with only one spatial dimension suppressed. 


greater than 2m (the ‘Schwarzschild radius’). This follows because 
the surface of a static star must correspond to the orbit of a timelike 
Killing vector, and in the Schwarzschild solution there is a timelike 
Killing vector only where r > 2m. If 7, were less than 2m, the surface 
of the star would be expanding or contracting. To get an idea of the 
magnitude of the Schwarzschild radius, we note that the Schwarz- 
schild radius of the earth is 1.0 cm and that of the sun is 3.0 Km; 
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the ratios of the Schwarzschild radius to the radius of the earth and 
the sun are 7x 10-! and 2x10 respectively. Thus normal stars 
-are a long way from their Schwarzschild radii. 

The life of a typical star will consist of a long (~ 10° years) quasi- 
static phase in which it is burning nuclear fuel and supporting itself 
against gravity by thermal and radiation pressure. However when the 
nuclear fuel is exhausted, the star will cool, the pressure will be 
reduced, and so it will contract. Now suppose that this contraction 
cannot be halted by the pressure before the radius becomes less than 
the Schwarzschild radius (we shall see below that this seems likely for 
stars of greater than a certain mass). Then since the solution outside 
the star is the Schwarzschild solution, there will be a closed trapped 
surface 7 around the star (see figure 54), and so, by theorem 2, a 
singularity will occur provided that causality is not violated and the 
appropriate energy condition holds. Of course in this case, because the 
exterior solution is the Schwarzschild solution, it is obvious (see 
figure 54) that there must be a singularity. However the point is that 
even if the star is not exactly spherically symmetric, a closed trapped 
surface will still occur providing the departures from spherical sym- 
metry are not too great. This follows from the stability of the Cauchy 
development proved in §7.5; for one can regard the solution as 
developing from a partial Cauchy surface # (figure 55). Now if one 
changes the initial data by a sufficiently small amount on the compact 
region J-(7)n #, the new development of # will still be sufficiently 
near the old in the compact region JHH) n J-(7) that there will still 
be a closed trapped surface around the star in the perturbed solution. 
Thus we have shown that there is a non-zero measure set of initial 
conditions which lead to a closed trapped surface and hence to a singu- 
larity by theorem 2. 

The two principal reasons why a star may depart from spherical 
symmetry are that it may be rotating or may have a magnetic field. 
One may get some idea of how large the rotation may be without 
preventing the occurrence of a trapped surface by considering the Kerr 
solution. This solution can be thought of as representing the exterior 
solution for a body with mass m and angular momentum L = am. 
If a is less than m there are closed trapped surfaces, but if a is gréater 
than m they do not occur. Thus one might expect that if the angular 
momentum of the star were greater than the square of its mass, it 
would be able to halt the contraction of the star before a closed trapped 
surface developed. Another way of seeing this is that if L = m? and 
angular momentum is conserved during the collapse, then the velocity 
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Singularity 


JAT) 0 I+) 


IF) 0 X 
Ficure 55. Collapse of a spherical star as in figure 54 (iii) showing a partial 
Cauchy surface 3. It is the initial data on the compact region J~(7) N 
of 3? which leads to the occurrence of the closed trapped surface J in the 
compact region J-(7) Nn JHI). 


of the surface of the star would be about the velocity of light when the 
star was at its Schwarzschild radius. Now many stars have an angular 
momentum greater than the square of their mass (for the sun, L ~ m?). 
However it seems reasonable to expect some loss of angular momentum 
during the collapse because of braking by magnetic fields and because 
of gravitational radiation. The situation is therefore that in some stars, 
and probably most, angular momentum would not prevent occurrence 
of closed trapped surfaces, and hence a singularity. 

In a nearly spherical collapse a magnetic field B which is frozen into 
a star will increase as the matter density p to the # power. Thus the 
magnetic pressure is proportional to pt. This rate of increase is so slow 
that if the magnetic pressure is not important initially in supporting 
the star, then it will never be strong enough to have a significant effect 
on the collapse. 

To see why a burnt-out star of more than a certain mass cannot 
support itself against gravity, we shall give a qualitative discussion 
(based on unpublished work by Carter) of the zero temperature 
equation of state for matter. 
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In hot matter there is pressure produced by the thermal motions 
of the atoms and by the radiation present. However in cold matter at 
densities lower than that of nuclear matter (~ 10! gm cm~’), the only 
significant pressure will arise from the quantum mechanical exclusion 
principle. To estimate this, consider a number density n of fermions 
of mass m. By the exclusion principle, each fermion will effectively 
occupy a volume of n~. Thus by the uncertainty principle, it will have 
a spatial component of momentum of order fint. If the fermions are 
non-relativistic, i.e. if fint is less than m, the velocity of the fermions 
will be of order fint/m, while if the fermions are relativistic (i.e. Aint is 
greater than m) then the velocity will be practically one (the speed of 
light). The pressure will be of order (momentum) x (velocity) x (num- 
ber density), and so will be ~ #2n$m-1 if ñn? < m, and will be ~ fin’ if 
int > m. When the matter is non-relativistic, the principal contribu- 
tion to the degeneracy pressure comes from the electrons, since m~? 
for them is bigger than it is for baryons. However at high densities, 
when the particles become relativistic, the pressure is independent of 
the mass of the particles producing it and depends simply on their 
number density. 

For small cold bodies, self-gravity can be neglected and the 
degeneracy pressure will be balanced by attractive electrostatic forces 
between nearest neighbour particles arranged in some sort of lattice. 
(We assume that there are equal numbers of positive and negative 
charges and approximately equal numbers of electrons and baryons.) 
These forces will produce a negative pressure of order e2nt. Thus the 
mass density of a small cold body will be of order 


EMm MAE (~ 1gmem-), (9.1) 


where m, is the electron rest-mass and m, is the nucleon rest-mass. 

For larger bodies self-gravity will be important, and will compress 
the matter against the degeneracy pressure. To obtain an exact solu- 
tion would involve a detailed integration of Einstein’s equations. 
However the important qualitative features can be seen more easily 
from a simple Newtonian order of magnitude argument. In a star of 
mass M and radius r., the gravitational force on a typical unit volume 
is of the order (M [r 2) nm,, where nm, ~ Mjr is the mass density. 
The gravitational force will be balanced by a pressure gradient of 
order P/r, where P is the average pressure in the star. Thus 


P = M?fr ~ Mêntm åt. 
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If the density is sufficiently low that the main contribution to the 
pressure is from the degeneracy of non-relativistic electrons, 


P = hnim, = Mêntm £, 
80 n= MM MSA. 


This will be the correct formula for bodies for which it yields a value of 
n greater than (9.1) and less than m, A-3, i.e. for eem, 2< M < hitm,-*. 
Such stars are known as white dwarfs. 

If the density is so high that the electrons are relativistic, i.e. 
n > Mè K, then the pressure will be given by the relativistic formula; 
so P = hint = Mintm,t. Now n cancels out of this equation. Thus 
apparently one obtains a star of mass 


M, = him, >? = 1.5 Mo, 


which can have any density greater than m,°m,h-°, i.e. any radius 
less than fi#m,~!m,-1. Stars of mass greater than M, simply cannot 
be supported by the degeneracy pressure’of electrons. 

In fact, when the electrons become relativistic they tend to induce 
inverse beta decay with the protons, producing neutrons: 


e+p +n. 


This denudes the electrons and hence reduces their degeneracy 
pressure, thereby causing the star to contract and making the 
electrons more relativistic. This is an unstable situation, and the 
process will continue until nearly all the electrons and protons have 
been converted into neutrons. At this stage, equilibrium is again 
possible with the star supported by the degeneracy pressure of the 
neutrons. Such a body is called a neutron star. If the neutrons are 
non-relativistic, one finds 
n= Mm h, 

If the neutrons are relativistic, the star must again have a mass M, 
and a radius less than or equal to #łm, 2. However M, /iitm,-? = 
and so such a star is near the General Relativity limit M/R ~ 2. 

The conclusion is that a cold star of mass greater than M, cannot 
be supported by either electron or neutron degeneracy pressure. To 
show this rigorously, consider the Newtonian equation of support: 


dp/dr = —pM(r)r-’, (9.2) 


where M(r) = an {prt dr 
0 
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is the mass within radius r. Multiply both sides of (9.2) by r* and 
integrate by parts from 0 to rọ. This gives 


af” predr = (M (r,))}?]87, 
0 


since p = 0 at r = 79. On the other hand, 


d T 13 + ł Ps 3 f 13 y 3 
z(h” ar)! = (forrar) o 
=F (ter—] Ma = r4dr ye pr? < av? Npr, 
0 


since dp/dr is never positive. As p is never greater than fint, this shows 


that To Te $ 
Í prdr <h (f nržar) = A(M (ro))}t (4mm) t. 
0 0 
Therefore M (r,) must be less than (8%)? (477)-m,~%, i.e. 
M (ro) < Shtm,-*. 


We summarize these results in figure 56. In this diagram we plot the 
average nucleon density n against the total mass M of the body. The 
solid line shows the approximate equilibrium configuration of a cold 
body. In a hot body there will be thermal and radiation pressure in 
addition to degeneracy pressure and so such bodies may be in equi- 
librium above the solid line. The heavy dashed line on the right indi- 
cates where M /r, (which is Mëntm }) is equal to two. The region to the 
right of this line contains no equilibrium states, and corresponds to 
a star being within its Schwarzschild radius. Far away from this line 
to the left, the difference between Newtonian theory and General 
Relativity may be neglected. Near this line, one has to take into 
account General Relativistic effects. For a static spherically symmetric 
body composed of a perfect fluid, the Einstein field equations can be 
reduced to (see appendix B) 


dp _ (u+p)(M(r) + 47r°p) 


dr r(r— 2M (r)) í (9.8) 


where the radial coordinate is such that the area of the two-surface 
{r = constant, t = constant} is 4zr?. mM (r) is now defined as 


T 
f 4nr?u dr, 
0 
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Stars burning 
nuclear fuel 


Equilibrium of 
a cold body 


Number density n (decreases upward) 


Total mass Af 


Fieurz 56. Nucleon number density n plotted against total mass of a static 
body M. The heavy line shows the equilibrium of cold bodies; hot bodies at 
suitable temperatures can be in equilibrium above this line. General Relativity 
forbids any bodies in the shaded region from being static. 


where u = p(1 +e) is the total energy density, p is nm,, and € is the 
relativistic increase of mass associated with the momentum of the 
fermions. Ñ (r,) is equal to the Schwarzschild mass M of the exterior 
Schwarzschild solution for r > rọ. For a bound star this will be less 
than the conserved mass 

us Í te 4mpr?dr 


= Jo Gam 7 Nw 


where Ñ is the total number of nucleons in the star, because the differ- 
ence (Jf ~M) represents the amount of energy radiated to infinity 
since the formation of the star from dispersed matter initially at rest. 
In practice this difference is never more than a few percent and in no 
case can it exceed 2/7, since Bondi (1964) has shown that (1—2M7/r)t 
cannot be less than 4 provided x and p are positive and that x decreases 
outwards, and cannot be less than 4 if p is less than or equal to p. 
Therefore M < M < 3M. 

Comparing (9.3) with (9.2), with y in place of p and M in place of M, 
one sees that the extra terms on the right-hand side of (9.3) are all 
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negative provided ¢ > Oand p > 0. Thus since in Newtonian theory 
a cold star of mass M > M,, cannot support itself, neither can a cold 
star of Schwarzschild mass M > M, in General Relativity. This means 
that a cold star which contains more than 3M@,/m, nucleons cannot 
support itself. In practice, the extra terms in (9.3) mean that the 
limiting nucleon number is less than M,/m,. 

In our discussion of neutron stars, we ignored the effects of nuclear 
forces. These will somewhat modify the position of the equilibrium line 
in figure 56 for such stars. For details, see Harrison, Thorne, Wakano 
and Wheeler (1965), Thorne (1966), Cameron (1970), and Tsuruta 
(1971). However they will not affect the important point that a star 
containing slightly more than M/M, nucleons will not have any zero 
temperature equilibrium. This is because the point at which neutrons 
become relativistic in a star of mass My, almost coincides with the 
General Relativity limit M/R ~ 2. Thus a star containing somewhat 
more than M,/m, nucleons will not reach nuclear densities until it is 
already inside its Schwarzschild radius. 

The life history of a star will lie in a vertical line on figure 56, unless 
it manages to lose a significant amount of material by some process. 
The star will condense out of a cloud of gas. As it contracts, the 
temperature will rise due to the compression of the gas. If the mass is 
less than about 10-2M,, the temperature will never rise sufficiently 
high to start nuclear reactions and the star will eventually radiate 
away its heat and settle down to a state in which gravity is balanced 
by degeneracy pressure of non-relativistic electrons. If the mass is 
greater than about 10-*M,, the temperature will rise high enough to 
start the nuclear reaction which converts hydrogen to helium. The 
energy produced by this reaction will balance the energy lost by 
radiation and the star will spend a long period (~ 101(, /)? years) 
in quasi-static equilibrium. When the hydrogen in the core is 
exhausted, the core will contract and the temperature will rise. 
Further nuclear reactions may now take place, converting helium in 
the core into heavier elements. However the energy available from this 
conversion is not very great, and so the core cannot remain in this 
phase very long. If the mass is less than M, the star can settle down 
eventually to a white dwarf state in which it is supported by 
degeneracy pressure of non-relativistic electrons, or possibly to a 
neutron star state in which it is supported by neutron degeneracy 
pressure. However if the mass is more than slightly greater than M,, 
there is no low temperature equilibrium state. Therefore the star must 
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either pass within its Schwarzschild radius, or manage to eject suffi- 
cient matter that its mass is reduced to less than M. 

Ejection of matter has been observed in supernovae and planetary 
nebulae, but the theory is not yet very well understood. What calcula- 
tions there have been suggest that stars up to 20M, may possibly be 
able to throw off most of their mass and leave a white dwarf or neutron 
star of mass less than M, (see Weymann (1963), Colgate and White 
(1966), Arnett (1966), Le Blanc and Wilson (1970), and Zel’dovich and 
Novikov (1971)). However it is not really credible that a star of more 
than 20M, could manage to lose more than 95 % of its matter, and so 
one would expect that the inner part of the star at any rate would 
collapse within its Schwarzschild radius. (Present calculations in fact 
indicate that stars of mass M > 5M, would not be able to eject 
sufficient mass to avoid a relativistic collapse.) 

Going to larger masses, consider a body of about 10° M. If this 
collapsed to its Schwarzschild radius, the density would only be of the 
order of 10-* gm cm- (less than the density of air). If the matter were 
fairly cold initially, the temperature would not have risen sufficiently 
either to support the body or to ignite the nuclear fuel; thus there 
would be no possibility of mass loss, or uncertainty about the equation 
of state. This example also shows that the conditions when a body 
passes through its Schwarzschild radius need not be in any way 
extreme. 

To summarize, it seems that certainly some, and probably most, 
bodies of mass > M, will eventually collapse within their Schwarz- 
schild radius, and so give rise to a closed trapped surface. There are at 
least 10° stars more massive than M; in our galaxy. Thus there are 
a large number of situations in which theorem 2 predicts the existence 
of singularities. We discuss the observable consequences of stellar 
collapse in the next sections. 


9.2 Black holes 


What would a collapsing body look like to an observer O who remained 
at a large distance from it? One can answer this if the collapse is 
exactly spherically symmetric, since then the solution outside the 
body will be the Schwarzschild solution. In this case, an observer O’ 
on the surface of the star would pass within r = 2m at some time, say 
1 o'clock, as measured by his watch. He would not notice anything 
special at that time. However after he passes r = 2m he will not be 
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Schwarzschild vacuum 
Singularity solution 


Event horizon 


r= 0 
Origin of 
Origin of coordinates 
coordinates 


(i) (ii) 


FIGURE 57. An observer O who never fallsinside the collapsing fluid sphere never 
sees beyond a certain time (say, 1 o’clock) in the history of an observer O’ on 
the surface of the collapsing fluid sphere. 

(i) Finkelstein diagram; (ii) Penrose diagram. 


visible to the observer O who remains outside r = 2m (figure 57). 
However long the observer O waits, he will never see O’ at a time later 
than 1 o'clock as measured by O’’s watch. Instead he will see O’’s 
watch apparently slow down and asymptotically approach 1 o’clock. 
This means that the light he receives from O’ will have a greater and 
greater shift of frequency to the red and as a consequence a greater 
and greater decrease of intensity. Thus although the surface of the star 
never actually disappears from O’s sight, it soon becomes so faint as 
to be invisible in practice. In fact O would first see the centre of the 
disc of the star become faint, and then this faint region would spread 
outwards to the limb (Ames and Thorne (1968)). The time scale for 
this diminution of intensity is of the order for light to travel a 
distance 2m. 

One would be left with an object which, for all practical purposes, is 
invisible. However it would still have the same Schwarzschild mass, 
and would still produce the same gravitational field, as it did before 
it collapsed. One might be able to detect its presence by its gravita- 
tional effects, for instance its effects on the orbits of nearby objects, or 
by the deflection of light passing near it. It is also possible that gas 
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falling into such an object would set up a shock wave which might be 
a source of X-rays or radio waves. 

The most striking feature of spherically symmetric collapse is that 
the singularity occurs within the region r < 2m, from which no light 
can escape to infinity. Thus if one remained outsider = 2m one would 
never see the singularity predicted by theorem 2. Further the break- 
down of physical theory which occurs at the singularity cannot affect 
one’s ability to predict the future in the asymptotically flat region of 
space-time. 

One can ask whether this is the case if the collapse is not exactly 
spherically symmetric. In the previous section we used the Cauchy 
stability theorem to show that small departures from spherical sym- 
metry would not prevent the occurrence of closed trapped surfaces. 
However the Cauchy stability theorem in its present form says only 
that a sufficiently small perturbation in the initial data will produce 
a perturbation in the solution which is small on a compact region. One 
cannot argue from this that a perturbation of the solution will remain 
small at arbitrarily large times. 

We expect that in general the occurrence of singularities will lead 
to Cauchy horizons (as in the Reissner-Nordstrém and Kerr solutions) 
and hence to a breakdown of one’s ability to predict the future. 
However if the singularities are not visible from outside, one would 
still be able to predict in the exterior asymptotically flat region. 

To make this precise, we shall suppose that (æ, g) has a region 
which is asymptotically flat in the sense of being weakly asympto- 
tically simple and empty (§6.9). There is then a space (M, %) into 
which (, g) is conformally imbedded as a manifold with boundary 
AM = M u aM, where the boundary 2 of M in Æ consists of two 
null surfaces %+ and .%~ which represent future and past null infinity 
respectively. Let S be a partial Cauchy surface in K. We shall say that 
the space (KM, g) is (future) asymptotically predictable from S if S+ is 
contained in the closure of D+(/) in the conformal manifold Æ. 
Examples of spaces which are future asymptotically predictable from 
some surface F include Minkowski space, the Schwarzschild solution 
for m > 0, the Kerr solution - m > 0, |a| < m, and the Reissner— 
Nordström solution for m > 0, |e| <m. The Kerr solution with 
ja| > m and the Reissner-Nordstrdm solution with |e| >m are not 
future asymptotically predictable, since for any partial Cauchy surface 
S, there are past-inextendible non-spacelike curves from .%+ which do 
not intersect F but approach a singularity. One can regard future 
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asymptotic predictability as the condition that there should be no 
singularities to the future of S which are ‘naked’, i.e. which are 
visible from 4+. 

In a spherical collapse, one gets a space which is future asymp- 
totically predictable. The question is whether this would still be the 
case for non-spherical collapse. We cannot answer this completely, 
Perturbation calculations by Doroshkevich, Zel’dovich and Novikov 
(1966) and Price (1971) seem to indicate that small perturbations from 
spherical symmetry do not give rise to naked singularities. In addition, 
Gibbons and Penrose (1972) have tried, and failed, to obtain contra- 
dictions which would show that in some situations the development 
of a future asymptotically predictable space was inconsistent. Their 
failure does not of course prove that asymptotic predictability will 
hold, but it does make it more plausible. Ifit does not hold, one cannot 
say anything definite about the evolution of any region of a space 
containing a collapsing star, as new information could come out of the 
singularity. We shall therefore proceed on the assumption that future 
asymptotic predictability holds at least for sufficiently small depar- 
tures from spherical symmetry. 

One would expect a particle on a closed trapped surface to be 
unable to escape to .%+. However if one allowed arbitrary singularities 
one could always make suitable cuts and identifications to form an 
escape route for the particle. The following result shows that this is 
not possible in a future asymptotically predictable space. 


Proposition 9.2.1 
If 

(a) (4, g) is future asymptotically predictable from a partial 
Cauchy surface “ 

(b) Ra, KK? > 0 for all null vectors K°, 


then a closed trapped surface F in DHS) cannot intersect J-(.%+,.@), 
i.e. cannot be seen from S+. 


For suppose 7 n J-(.%+, M) is non-empty. Then there would be a 
point pe S+ in J+(7, M). Let Y be the neighbourhood of æ which is 
isometric to the neighbourhood @’ of 3M’ in the conformal manifold 
M' of an asymptotically simple and empty space (.#’, 8’). Let F' be 
a Cauchy surface in æ’, which coincides with S on Y'n M’. Then 
S'—X' is compact and so by lemma 6.9.3, every generator of S+ 
leaves JHP’ —U', M'). This shows that if W is any compact set of F, 
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every generator of %+ leaves J+(W, M). From this it follows that 
every generator of f+ would leave J+(7,.#), since this is contained 
in J+(J-(7)nF,M). Therefore a null geodesic generator p of 
J+(7 , M) would intersect A+. The generator y must have past end- 
point at 7, since otherwise it would intersect I-(S). Since y meets S+ 
it would have infinite affine length. However by the condition (b) every 
null geodesic orthogonal to 7 would contain a point conjugate to 7 
within a finite affine length. Thus it could not remain in J+(7,#) all 
the way out to .%+. This shows that 7 cannot intersect J-( 9+, M). O 


From the above it follows that a closed trapped surface in DHS) in 
a future asymptotically predictable space must be contained in 
M — J~($+, M). Therefore there must be a non-trivial (future) event 
horizon J-( 5+, M). This is the boundary of the region from which 
particles or photons can escape to infinity in the future direction. By 
§ 6.3 the event horizon is an achronal boundary which is generated by 
null geodesic segments which may have past endpoints but which can 
have no future endpoints. 


Lemma 9.2.2 

If conditions (a), (b) of proposition 9.2.1 are satisfied and if there is 
a non-empty event horizon J~(.%+, Æ), then the expansion ĝ of the 
null geodesic generators of J-(.%+, M) is non-negative in 


J~($+, Mn DHS). 


Suppose there was an open set Y such that 6 < 0 in Yn J-(.4+, M). 
Let 7 beaspacelike two-surface in YN J-(%+, M). Then 6 = x,%, < 0. 
Let ¥ be an open subset of Y which intersects 7 and has compact 
closure contained in X. One can vary 7 by a small amount in ¥ so 
that x,%, is still negative but such that in X, 7 intersects J-(%+, M). 
As before, this leads to a contradiction since any generator of 
JHT, M) in J-(F+, M) would have past endpoint at 7 in WY, where 
it would be orthogonal to 7. However as y, < 0 in Y, every out- 
going null geodesic orthogonal to 7 in Y would contain a point 
conjugate to 7 within a finite affine distance, and so could not remain 
in J+(7,) all the way out to S+. Oo 


In a future asymptotically predictable space, Jt+(S)n J-(F+, M) is 
contained in D+(/). If there were a point p on the event horizon in 
J+(/) which was not in DHS), the smallest perturbation could lead 
to p being in J-( J+, M), i.e. being visible from infinity, which would 
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mean that the space was no longer asymptotically predictable. It 
therefore seems reasonable to slightly extend the definition of future 
asymptotically predictable, to say that space-time is strongly future 
asymptotically predictable from a partial Cauchy surface S if J+ is 
contained in the closure of DHS) in Æ, and J+(S)n J(I +, M) is 
contained in D+(). In other words, one can also predict a neighbour- 
hood of the event horizon from F. 


Proposition 9.2.3 
If (4, g) is strongly future asymptotically predictable from a partial 
Cauchy surface S, there is a homeomorphism 

a: (0, ©) x P>DHS)-S 
such that for each 7€(0,00), S(T) = ({7}x S) is a partial Cauchy 
surface such that: 

(a) for To > 7, F(T) © I+(f(7,)); 

(b) for each 7, the edge of (7) in the conformal manifold # is a 
spacelike two-sphere 2(7) in %+ such that for 7, > 7;, 2(72) is strictly 
to the future of 2(7,), 

(c) for each 7, Y(7) U {+N J-(Q(7), M)} is a Cauchy surface in M 

for D(f). 
In other words, (7) is a family of spacelike surfaces homeomorphic 
to F which cover Dt(¥)—Y and intersect S+ (see figure 58). One 
could regard them as surfaces of constant time in the asymptotically 
predictable region. We choose them to intersect .%+ so that the mass 
measured on them at infinity will decrease when the emission of 
gravitational or other forms of radiation takes place. 

The construction for S(r) is rather similar to that of proposition 
6.4.9. Choose a continuous family 2(7) (0 > 7 > 0) of spacelike two- 
spheres which cover J+, such that for 7, > 7;, 2(72) is strictly to the 
future of 2(7,). Put a volume measure on Æ such that the total 
volume of Æ in this measure is finite. We first prove: 


Lemma 9.2.4 

k(r), the volume of the set I-(2(7), K) n DHS) is a continuous func- 

tion of 7. 

Let ¥ be any open set with compact closure contained in 
I-(&(7), MA) DHP). 

Then there are timelike curves from every point of ¥ to 2(7), which 

can be deformed to give timelike curves to 2(7— ô) for some ô > 0. 
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Cauchy 
surface for 
DF) 


Figure 58. A space (.M, 8) which is strongly future asymptotically predictable 
from a partial Cauchy surface S, showing a family (7) of spacelike surfaces 
which cover D+(./)~S and intersect J+ in a family of two-spheres 9(7). 


Given any e€ > 0, one can find a * whose volume is > k(7)—e. Thus 
there isa d > Osuch that k(7— ô) > k(7)— e. On the other hand, suppose 
there were an open set W which did not intersect I-(2(7), Myn DHS) 
but which was contained in I-(Q(7'),M#)n DHP) for any T > 7. 
Then if pe W, there would be past-directed timelike curves À, from 
each 2(7') to p. As the region of S+ between 2(7) and 2(7,) is compact 
for any 7, > 7, there would be a past-directed non-spacelike curve A 
from (7) which was the limit curve of the {A,-}. Since the {A} did not 
intersect I-(2(7), K), A would not either, and so it would be a null 
geodesic and would lie in [-(Q(7),.#). It would enter Æ and so it 
would either have a past endpoint at p, or would intersect S. The 
former is impossible as it would imply that W intersected I-(2(7), Æ), 
and the latter is impossible as pe JI+(/). This shows that there is no 
open set which is in J-(Q(7'), K) for every 7’ > 7, but which is not in 
I-(Q(r), 4) n DHS). Thus given e, there is a ô such that 


k(t +06) < k(r) +e. 
Therefore k(7) is continuous. (m 
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Proof of proposition 9.2.3. Define functions f(p) and h(p,7), pe Dt(S), 
which are volumes of I+(p) and I-(p) —I-(Q(r),.@). Asin proposition 
6.4.9, the function f(y) is continuous on the globally hyperbolic region 
Dt(/)—SF, and goes to zero on every future-inextendible non- 
spacelike curve. Since I-(2(7), H) N M isa past set, 


Dt(S)—T-(Q(r), M) -F 


is globally hyperbolic. Thus for each 7, h(p,7) is continuous on 
DHS) —S.This means that given any e€ > 0, one can find a neighbour- 
hood & of p such that |A(q,7)—h(p,7)| < fe for any qe X. By lemma 
9.2.4, one can find a ô > 0 such that |k(7')—k(7)| < $e for |7’—7]| < ô. 
Then |A(q,7T')—Alp,7)| < €, which shows that A(p,7) is continuous on 
(DHS) — S) x (0, 00). The surfaces S (7) can then be defined as the set 
of points pe D+(/)—F such that h(p,7) = 7f(p). Clearly these are 
spacelike surfaces which cover D+(/)—Y and satisfy properties 
(a)-(c). 

To define the homeomorphism g, one needs a timelike vector field 
on DHS) —F which intersects each surface S (7). We construct such 
a vector field as follows. Let ¥ be a neighbourhood of #+ in the 
conformal manifold #, let X, be a non-spacelike vector field on ¥ 
which is tangent to the generators of %+ on J+, and let x, > 0 be a C? 
function which vanishes outside ¥ and is non-zero on J+. Let X, be 
a timelike vector field on Æ, and let z, > 0 be a C? function on Æ 
which is non-zero on MÆ and is zero on +, Then the vector field 
X = 2,X,+2,X, has the required property. The homeomorphism 
a: D+(S)—-S > (0,00) x F then maps a point pe Dt(/)—F to (7,4) 
where 7 is such that p€.Y(7), and the integral curve of X through p 
intersects S at q. (m 


If there is an event horizon J~(.%+, M) in the region D+(/) of a future 
asymptotically predictable space, then it follows from property (b) of 
proposition 9.2.3 that for sufficiently large 7, the surfaces S (7) will 
intersect it. We define a black hole on the surface (7) to be a connected 
component of the set #(7) = f(r) —-J~(4+, M). In other words, it is 
a region of S (7) from which particles or photons cannot escape to J+. 
As 7 increases, black holes can merge together, and new black holes 
can form as the result of further bodies collapsing. However, the 
following result shows that black holes can never bifurcate. 
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Proposition 9.2.5 

Let #,(7,) be a black hole on Y(7,). Let B,(7,) and (72) be black 
holes on a later surface Y(7,). If #,(7,) and @,(7,) both intersect 
J+(B,(7,)), then B2(72) = Bs(72). 


By property (c) of proposition 9.2.3, every future-directed inexten- 
dible timelike curve from &,(7,) will intersect S(7,). Thus 


JHB T) N PTa) 


is connected, and will be contained in a connected component of 
B(T). (m) 


For physical applications, one is interested primarily in black holes 
which form as the result of gravitational collapse from an initially 
non-singular state. To make this notion precise, we shall say that the 
partial Cauchy surface F has an asymptotically simple past if J-(S) 
is isometric to the region J-(.’) of some asymptotically simple and 
empty space-time (.#’, $’), where S” is a Cauchy surface for (.#’, 8’). 
By proposition 6.9.4, the surface S’ has the topology R? and so F also 
has this topology. Proposition 9.2.3 therefore shows that if (4, g) is 
strongly future asymptotically predictable from a surface F with an 
asymptotically simple past, then each surface Y(7) has the topology 
F?, and the union of Y(7) with the boundary two-sphere 2(7) on 4+ is 
homeomorphic to the unit cube J?. 

Although one is primarily interested in spaces which have asymp- 
totically simple pasts it will in the next section be convenient to con- 
sider future asymptotically predictable spaces which do not have this 
property, but which at large times may closely approximate to spaces 
which do. An example of this is the spherically symmetric collapse we 
considered at the beginning of this section. Once the surface of the star 
has passed inside the event horizon, the metric of the exterior region 
is that of the Schwarzschild solution, and is unaffected by the fate of 
the star. When studying the asymptotic behaviour it is therefore 
convenient simply to forget about the star, and consider the empty 
Schwarzschild solution as a space which is strongly future asymp- 
totically predictable from a surface F such as that shown in figure 24 
on p. 154. This surface does not have an asymptotically simple past, 
and its topology is S?x R! instead of R3. However the portion of S 
outside the event horizoninregion I has the same topology as the region 
outside the event horizon of the surface (7) in figure 57. We want to 
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consider spaces which are strongly future asymptotically predictable 
from a surface S, and are such that the portion of F outside the event 
horizon has the same topology as some surface (7) in a space with an 
asymptotically simple past. Of course in more complicated cases there 
may be several components of Z(7), corresponding to the collapse of 
several bodies. We shall therefore consider spaces which are strongly 
future asymptotically predictable from a surface S, and with the 
property: 

(a) Sn J-(f+,.M) is homeomorphic to R?-(an open set with 
compact closure). 
(Note that this open set may not be connected.) It will also be con- 
venient to demand the property: 

(£) F is simply connected. 


Proposition 9.2.6 
Let (M, 8) be a space which is strongly future asymptotically predict- 
able from a partial Cauchy surface S which satisfies (æ), (£). Then: 
(1) the surfaces S (7) also satisfy (a), (A); 
(2) for each 7, 2%,(7), the boundary in Y(7) of a black hole @,(7), is 
compact and connected. 


Since the surfaces S (7) are homeomorphic to S, they satisfy property 
(£). One can define an injective map 
y: PIA I~ I+, M)->S 1 J-( I+, M) 

by mapping each point of S (7) down the integral curves of the vector 
field of X proposition 9.2.3. Since (.#, g) is weakly asymptotically 
simple, one can find a two-sphere P near S+ in Y(7)N J-(F+, M). 
The portion of S (7) outside 7 will map into the region of F outside 
the two-sphere (#7). This shows that the region of SN J-(.F+, M) 
which is not in y(f(7)N TAS +, M )) must have compact closure. 
Therefore y( S (7) N T-S +, M)) will be homeomorphic to R3- (an open 
set with compact closure). Since (7) is homeomorphic to R3— V 
where ¥ is an open subset of R? with compact closure, 2@(7) will be 
homeomorphic to é¥ and so will be compact. 2@,(7) being a closed 
subset of 2@(7) will be compact. 

Suppose that Z (7) consisted of two disconnected components 
IZ (7) and 8@,7(7). One could find curves A, and A, in Y(7)~A(7) 
from 2(7) to 8@,(7) and @4,7(7) respectively. One could also find a 
curve pin int Z,(7) from 0@,}(7) to 2B ,?(r). Joining these together one 
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would obtain a closed curve in S (7) which crossed @%,1(7) only once. 
This cannot be deformed to zero in Y(7), contradicting the fact that 
f(r) is simply connected. (m 


We are only interested in black holes that one can actually fall into, 
i.e. ones in which the boundary @&(7) is contained in J+H -, M). We 
shall therefore add to properties (œ), (£) the requirement: 

(y) for sufficiently large 7, Y(7)n J-(%+,M) is contained in 
J+(I-, M). 

We shall say that (4, g) is a regular predictable space if it is strongly 
future asymptotically predictable from a partial Cauchy surface S 
and if properties (æ), (£), (y) are satisfied. All the spaces mentioned at 
the beginning of this section as being future asymptotically predict- 
able are in fact also regular predictable spaces. Proposition 9.2.6 
shows that when one is dealing with regular predictable spaces de- 
veloping from a partial Cauchy surface S, there is a one-one corres- 
pondence between black holes #,(7) and their boundaries @%,(7) in 
F(T). One could therefore in such a situation give an equivalent defini- 
tion of a black hole as a connected component of Y(7)n J-(%+, M). 

The next result gives a property of the boundaries of black holes 
which will be important in the next section. 


Proposition 9.2.7 

Let (4, 8) be a regular predictable space developing from a partial 
Cauchy surface S, in which Ra, K*K® > 0 for every null vector Ke. 
Let @,(7) be a black hole on the surface Y(7), and let {#,(7')} 
(t = 1 to N) be the black holes on an earlier surface Y(7') which are 
such that J+(@,(7')) @,(7) + Ø. Then the area A,(7) of 0%,(7) is 
greater than or equal to the sum of the areas A,(7’) of 2%,(7'); the 
equality can hold only if N = 1. 


In other words, the area of the boundary of a black hole cannot 
decrease with time, and if two or more black holes merge to form a 
single black hole, the area of its boundary will be greater than the areas 
of the boundaries of the original black holes. 

Since the event horizon is the boundary of the past of J+, its null 
geodesic generators would have future endpoints only if they inter- 
sected S+. However this is impossible, as the null geodesic generators 
of +t have no future endpoints. Thus the null generators of the event 
horizon have no future endpoints. By lemma 9.2.2, their expansion 6 
is non-negative. Thus the area of a two-dimensional cross-section of 
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the generators cannot decrease with 7. By property (c) of proposition 
9.2.3, and by proposition 9.2.5, all the null geodesic generators of 
J-(9+, M) which intersect (7') in any of the 2%,(7') must intersect 
F(T) in @,(7). Thus the area of 24,(7) is greater than or equal to the 
sum of the areas of the {%;(7')}. When N > 1, @@,(7) will contain 
N disjoint closed subsets which correspond to the generators of 
J-( 5+, M) which intersect each @%,(7’). Since 2%,(7) is connected, it 
must contain an open set of generators which do not intersect any 
2@ (7), but have past endpoints between Y(7) and Y(7’). (m 


It has been convenient to define black holes in terms of the event 
horizon J~ (+, M), because this is a null hypersurface with a number 
of nice properties. However this definition depends on the whole future 
behaviour of the solution; given the partial Cauchy surface S (7), one 
cannot find where the event horizon is without solving the Cauchy 
problem for the whole future development of the surface. It is there- 
fore useful to define a different sort of horizon which depends only on 
the properties of space-time on the surface (7). 

One knows from proposition 9.2.1 that any closed trapped surface 
on S (7) in a regular predictable space developing from a partial 
Cauchy surface Y must be in &(7). This result depends only on the fact 
that the outgoing null geodesics orthogonal to the two-surface are 
converging. It does not matter whether the ingoing null geodesics are 
converging or not. We shall therefore say that an orientable compact 
spacelike two-surface in DHS) is an outer trapped surface if the 
expansion @ of the outgoing null geodesics orthogonal to it is non- 
positive. (We include the case 6 = 0 for convenience.) In order to 
define which is the outgoing family of null geodesics we make use of 
property (£) of the partial Cauchy surfaces Y(7). Let X be the timelike 
vector field of proposition 9.2.3. Then any compact orientable space- 
like two-surface 7 in DHS) can be mapped by the integral curves of X 
into a compact orientable two-surface P’ in S (7), for any given value 
of 7. Let A be a curve in Y(7) U 2(7) from 2(7) to ’ which intersects Z’ 
only at its endpoint. Then one can define the outgoing direction on 
#' in (7) as the direction for which A approaches P’. As Y(7) is 
simply connected, this definition is unique. The outgoing family of 
null geodesics orthogonal to # is then that family which is mapped 
by X onto curves in S (7) which are outgoing for #. 

Knowing the solution on the surface S (7), one can find all the outer 
trapped surfaces P which lie in S(r). We shall define the trapped 
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region J (7) in the surface (7) as the set of all points gé.SY(7) such 
that there is an outer trapped surface F lying in S (7), through q. As 
is shown by the following result, the existence of the trapped region 
J (7) implies the existence of a black hole &(7), and in fact 7 (7) lies 
in Z(7) for each value of 7. 


Proposition 9.2.8 

Let (M, 8) be a regular predictable space developing from a partial 
Cauchy surface S, in which Ra, K'E? > 0 for any null vector K°. 
Then an outer trapped surface Z in DHS) does not intersect 
J-(I+,M). 


The proof is similar to that of proposition 9.2.1. Suppose F intersects 
J~($+, M). Then J+(P,.M) would intersect .%+. To each point of 
I+) J+(P, M) there would be a past-directed null geodesic generator 
of J+(P,.M) which had past endpoint on 2, and which contained no 
point conjugate to P. By (4.35) the expansion 6 of these generators 
would be non-positive, as it is non-positive at Z and as Ra K°K® > 0. 
Thus the area of a two-dimensional cross-section of the generators 
would always be less than or equal to the area of 2. This establishes 
a contradiction, as the area of +n J+(P, M) is infinite, as it is at 
infinity. (m 


We shall call the outer boundary 27; (7) of a connected component 
7,(7) of the trapped region 7 (7), an apparent horizon. By the previous 
result, the existence of an apparent horizon 0.7;(7) implies the existence 
of a component 0%,(7) of the event horizon outside it, or coinciding 
with it. However the converse is not necessarily true: there may not 
be outer trapped surfaces within an event horizon. 

On the other hand, there may be more than one connected com- 
ponent of 7(7) within one component 0%,(7) of the event horizon. 
These possibilities are illustrated in figure 59. A similar situation arises 
when one considers the collision and merger of two black holes. On an 
initial surface /(7,), one would have two separate trapped regions 
7,(7,) and J,(7,) contained in black holes &,(7), and &,(7,) respec- 
tively. As they approached each other, the two,components 2%, (7) and 
@@,(7) of the event horizon would amalgamate to form a single black 
hole &,(7,) on a later surface S (7,). The apparent horizons 2.7;,(7) and 
@7,(7) would however not join up immediately. Instead what would 
happen is that a third trapped region .7,(7) would develop surrounding 
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FiauRE 59. The spherical collapse of a star of mass m, followed by the 
spherical collapse of a shell of matter of mass ôm; the exterior solution will be 
a Schwarzschild solution of mass m after the collapse of the star, and a 
Schwarzschild solution of mass m+ dm after the collapse of the shell. At time 
7, there is an event horizon but no apparent event horizon; at time 7, there are 
two apparent horizons within the event horizon. 


them both (figure 60). At some later time, 7,,. 7, and 7, might merge 
together. 

We shall only outline the proofs of the principal properties of the 
apparent horizon. First of all one has: 


Proposition 9.2.9 

Each component of 07(7) is a two-surface such that the outgoing 
orthogonal null geodesics have zero convergence 6 on 7 (7). (We shall 
call such a surface, a marginally outer trapped surface.) 

If 6 were positive in a neighbourhood in 87 (7) of a point peô (7), 
then there would be a neighbourhood X of p such that any outer 
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Fieurs 60. The collision and merging of two black holes. At time 7,, there are 
apparent horizons 87,, 87, inside the event horizons 0@,, 8@, respectively. 
By time 7,, the event horizons have merged to form a single event horizon; 
a third apparent horizon has now formed surrounding both the previous 
apparent horizons. 


trapped surface in /(7) which intersected % would also intersect 
aT (t). Thus Ê < 0 on AF (7). 

If 6 were negative in a neighbourhood in 27 (7) of a point pe aT (7), 
one could deform ôF (7) outwards in S (7) to obtain an outer trapped 
surface outside 07 (7). (a) 


The null geodesics orthogonal to the apparent horizon êJ (7) on a 
surface (7) will therefore start out with zero convergence. However 
if they encounter any matter or any Weyl tensor satisfying the 
generality condition (§4.4), they will start converging, and so their 
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intersection with a later surface Y(7’) will lie inside the apparent 
horizon J (7’). In other words, the apparent horizon moves outwards 
at least as fast as light; and moves out faster than light if any matter 
or radiation falls through it. As the example above shows, the apparent 
horizon can also jump outwards discontinuously. This makes it 
harder to work with than the event horizon, which always moves in 
a continuous manner. We shall show in the next section that the event 
and apparent horizons coincide when the solution is stationary. One 
would therefore expect them to be very close together if the solution 
is nearly stationary for a long time. In particular, one would expect 
their areas to be almost the same under such circumstances. If one has 
a solution which passes from an initial nearly stationary state through 
some non-stationary period to a final nearly stationary state, one can 
employ proposition 9.2.7 to relate the areas of the initial and final 
horizons. 


9.3 The final state of black holes 


In the last section, we assumed that one could predict the future far 
away from a collapsing star. We showed that this implied that the star 
passed inside an event horizon which hid the singularities from an 
outside observer. Matter and energy which crossed the event horizon 
would be lost for ever from the outside world. One would therefore 
expect that there would be a limited amount of energy available to 
be radiated to infinity in the form of gravitational waves. Once most 
of this energy had been emitted, one would expect the solution outside 
the horizon to approach a stationary state. In this section we shall 
therefore study black hole solutions which are exactly stationary, in 
the expectation that the exterior regions will closely represent the 
final states of solutions outside collapsed objects. 

More precisely, we shall consider spaces (4, g) which satisfy the 
following conditions: _ 

(1) (4, g) is a regular predictable space developing from a partial 
Cauchy surface S. 

(2) There exists an isometry group 6,: M -> M whose Killing vector 
K is timelike near %+ and J-. 

(3) (4, é) is empty or contains fields like the electromagnetic field 
or scalar field which obey well-behaved hyperbolic equations, and 
satisfy the dominant energy condition: T,,N¢L° > 0 for future- 
directed timelike vectors N, L. 
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We shall call a space satisfying these conditions, a stationary regular 
predictable space. We expect that for large values of 7, the region 
J-(I+, Myn J+(A(r)) of a regular predictable space containing 
collapsing stars will be almost isometric to a similar region of a 
stationary regular predictable space. 

The justification for condition (3) is that one would expect any 
non-zero rest-mass matter eventually to fall through the horizon. Only 
long range fields like the electromagnetic field would be left. Conditions 
(2) and (3) imply that (4, g) is analytic in the region near infinity 
where the Killing vector field K is timelike (Müller zum Hagen (1970)). 
We shall take the solution elsewhere to be the analytic continuation 
of this outer region. The stationary solutions we are considering here 
will not have asymptotically simple pasts, as they represent only the 
final state of the system and not the earlier dynamical stage. However 
we shall be concerned only with the future properties of these solutions, 
and not their past properties. These might not be the same, as there 
is no a priori reason why they should be time reversible, though in fact 
it will be a consequence of the results we shall prove that they are time 
reversible. 

In a stationary regular predictable space, the area of a two-section 
of the horizon will be time independent. This gives the following 
fundamental result: 


Proposition 9.3.1 

Let (4, g) be a stationary, regular predictable space-time. Then the 
generators of the future event horizon J-( 9+, M) have no past end- 
points in J+(.%-,.#). Let Y,° be the future-directed tangent vectors 
to these generators; then in J+(¥-, M ), ¥,% has zero shear ĉ and 
expansion 6, and satisfies 


Ray? Y? = 0 = Ky Comaakinhy Ye- 


In order not to break up the discussion we shall defer the proof of this 
and other results to the end of this section. This proposition shows that 
in a stationary space-time, the apparent horizon coincides with the 
event horizon. 

We shall now present some results which indicate that the Kerr 
family of solutions (§ 5.6) are probably the only empty stationary 
regular predictable space-times. We shall not give the proofs of the 
theorems of Israel and Carter here, but shall refer to the literature. 
The other results will be proved at the end of this section. Because of 


9.3] THE FINAL STATE 325 


these results, we expect that the solution outside an uncharged 
collapsed object will settle down to a Kerr solution. If the collapsed 
body had a net electric charge, we would expect the solution to 
approach one of the charged Kerr solutions. 


Proposition 9.3.2 
Each connected component in J+(%-,.#) of the horizon @@(r7) in a 
stationary regular predictable space is homeomorphic to a two-sphere. 


It is possible that there could be several connected components of 
B(T) representing several black holes at constant distances from each 
other. This situation can occur in the limiting case where the black 
holes have charge e equal to their mass m, and are non-rotating (Hartle 
and Hawking (1972a)). It seems probable that this is the only case in 
which one can get a sufficiently strong repulsive force to balance the 
gravitational attraction between the black holes. We shall therefore 
consider solutions where 8@(7) has only one connected component. 


Proposition 9.3.3 

Let (M, é) be a stationary regular predictable space. Then the Killing 
vector K* is non-zero in J+(.-, Myn J-(I+, M), which is simply con- 
nected. Let 7) be such that (79) J-( f+, M) is contained in 
J+(9-, M). If 0@(7,) has only one connected component, then 
J+(.$~, M) 1 J-(£+, M) 1 M is homeomorphic to [0, 1) x S? x Rh. 


The discussion now takes one of two possible courses, depending on 
whether or not the Killing vector Khas zero curl, K,.,K,9, every- 
where. If the curl is zero, the solution is said to be a static regular 
predictable space-time. Roughly speaking, one would expect the 
solution to be static if the black hole is not rotating in some sense. 


Proposition 9.3.4 

In a static regular predictable space-time, the Killing vector K is 
timelike in the exterior region J+(%-, M) N J~(.£+, M) and is non-zero 
and directed along the null generators of J~(%+,.#) on 

J~( $+, MYN J+( I~, M). 

Since the curl of K vanishes, it is hypersurface orthogonal, i.e. there is 
a function £ such that K, is proportional to €.,. One can then decom- 
pose the metric in the exterior region in the form gap = f Ka Ky + ley 
where f= K°K, and hẹ is the induced metric in the surfaces 
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{E = constant} and represents the separation of the integral curves 
of K”. The exterior region therefore admits an isometry which sends 
a point on a surface & to the point on the surface —& on the same 
integral curve of K. This isometry reverses the direction of time, and 
a space admitting such an isometry will be said to be time symmetric. 
Thus if the analytic extension of the exterior region contains a future 
event horizon J-( f+, M), it will also contain a past event horizon 
J+($-,M). These event horizons may or may not intersect; the 
Schwarzschild solution and the Reissner-Nordstrém solution with 
e? < m? are examples where they do intersect, and the Reissner- 
Nordström solution with e? = m? is an example where they do not. 
The gradient of f is zero on the horizon in the latter case, but not in the 
former cases. The significance of this comes from the fact that on the 
future horizon J-($+, Myn J+(F-, M), Ka; K? = tf, = pKa where 
£ 2 0 is constant along the null geodesic generators of J-(.%+,.4). 
Let v be a future-directed affine parameter along such a generator. 
Then K = a@0/év where g is a function along the generator which obeys 
da/dv = £. If 2 + 0 and the generator is geodesically complete in the 
past direction, œ and the Killing vector K will be zero at some point. 
This point cannot lie in J+(%-,.#), and so will be a point of inter- 
section of the future event horizon J-( J+, M) and the past event 
horizon J+(%-, M) (Boyer (1969)). If @ = 0,K will always be non-zero 
and there will be no such point where the horizon bifurcates. 


Israel (1967) has shown that a static regular predictable space-time 
must be a Schwarzschild solution if: 

(a) Tœ = 0; 

(b) the magnitude f = K°K, of the Killing vector has non-zero 
gradient everywhere in J+(.%-, #)N J~(F*, MM); 

(c) the past event horizon J+(.%-,.#) intersects the future event 
horizon J- (J+, M) in a compact two-surface F. 


(It follows from (c) and proposition 9.3.2 that F is connected and has 
the topology of a two-sphere. Israel did not give the conditions in this 
precise form, but these are equivalent.) Israel (1968) has further shown 
that the solution must be a Reissner—-Nordstrém solution if the empty 
space condition (a) is replaced by the requirement that the energy- 
momentum tensor is that of an electromagnetic field. Müller zum 
Hagen, Robinson and Seifert (1973) have removed condition (b) in 
the vacuum case. 

From these results we expect that if the final state of the solution 
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outside the event horizon is static, then the metric in the exterior 
region will be that of a Schwarzschild solution. 


We shall now consider the case where the final state of the exterior 
solution is stationary but not static. We would expect this to be the 
case when the object that collapsed was rotating initially. 


Proposition 9.3.5 

In an empty stationary regular predictable space which is not static, 
the Killing vector K® is spacelike in part of the exterior region 
JHI, MYN J-(F+, M). 


The region of J+(.%-,.#)n J (I+, H) on which K° is spacelike, is 
called the ergosphere. From proposition 9.3.4 it follows that there is no 
ergosphere if the solution is static. The significance of the ergosphere 
is that in it, it is impossible for a particle to move on an integral curve 
of the Killing vector K”, i.e. to remain at rest as viewed from infinity. 
Since the ergosphere is outside the horizon it is still possible for such 
a particle to escape to infinity. An example of a stationary non-static 
regular predictable space with an ergosphere is the Kerr solution for 
a? < m? (§ 5.6). 

Penrose (1969), Penrose and Floyd (1971) have pointed out that one 
can extract a certain amount of energy from a black hole with an 
ergosphere, by throwing a particle from infinity into the ergosphere. 
Since the particle moves on a geodesic, Ey = — pọ? Ka > 0 is constant 
along ‘its trajectory 

(P Ka); oP? = (P; Po) Ka +P Ka: oP = O, 

as pọ is a geodesic vector and K“ is a Killing vector), where pọ? = mv? 
is the momentum vector of the particle, m is its rest-mass and Vy is the 
unit tangent to the particle world-line. The particle is then supposed 
to split into two particles with momentum vectors p,” and p,", where 
P? = 217° + Pe". Since K° is spacelike, it is possible to choose p,° to be 
a future pointing timelike vector such that E, = —p,°K, < 0. Then 
E, = ~p K, will be greater than Ey. This means that the second 
particle can escape to infinity where it will have more energy than the 
original particle that was thrown in. One has thus extracted a certain 
amount of energy from the black hole. 

The particle with negative energy cannot escape to infinity, but 
must remain in the region where K¢ is spacelike. Suppose that the 
ergosphere did not intersect the event horizon J-( f+, M). Then the 
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particle would have to remain in the exterior region. By repeating the 
process, one could continue to extract energy from the solution. As 
one did this, one would expect the solution to change gradually. How- 
ever the ergosphere cannot shrink to zero, as there has to be somewhere 
for these negative energy particles to exist. It therefore appears that 
either one could extract an infinite amount of energy (which seems 
improbable), or that the ergosphere would eventually have to intersect 
the horizon. We shall show that in the latter case the solution would 
spontaneously become either axisymmetric or static without any 
further extraction of energy by the Penrose process. Either the possi- 
bility of the extraction of an infinite amount of energy or the occur- 
rence of a spontaneous change would seem to indicate that the original 
state of the black hole was unstable. It therefore seems reasonable to 
assume that in any realistic black hole situation the ergosphere 
intersects the horizon. 

Hajicek (1973) has shown that the stationary limit surface, which is 
the outer boundary of the ergosphere, will contain at least two 
integral null geodesic curves of K@. If the gradient of f is non-zero on 
these curves, and if they are geodesically complete in the past, they 
will contain points where K® is zero. However there can be no such 
points in the exterior region (see proposition 9.3.3), so the ergosphere 
must intersect the horizon in this case. However although it might be 
reasonable to assume that the integral curves of K* were complete in 
the future, it does not seem reasonable to assume that they are com- 
plete in the past, since that would be to assume something about the 
past region of the solution which, as we said before, is not physically 
significant. In the static case one could show that the solution was 
time symmetric, but there is no a priori reason why a stationary non- 
static solution should be time symmetric. For this reason we shall rely 
on the energy extraction argument above rather than on Hajicek’s 
results, to justify our assumption that the ergosphere intersects the 
horizon. 

One can explain the significance of the ergosphere touching the 
horizon as follows. Let 2, be one connected component of 


J-(I+, M)0 THS- M) 


and let Y, be the quotient of 2, by its generators. By propositions 
9.3.1 and 9.3.2, this will be homeomorphic to a two-sphere. By proposi- 
tion 9.3.1, the spatial separation of two neighbouring generators is 
constant along the generators, and so can be represented by an induced 
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metric h on Y,. The isometry 6, moves generators into generators, and 
so acts as an isometry group of (Y,, h). If the ergosphere intersects the 
horizon, K® will be spacelike somewhere on the horizon and the action 
of 6, on (Y,, h) is non-trivial. Therefore it must correspond to a rota- 
tion of the sphere Y, around an axis, and the orbits of the group in Y, 
will be two points, corresponding to the poles, and a family of circles. 
A particle moving along one of the generators of the horizon would 
therefore appear to be moving relative to the frame defined by Ke 
which is stationary at infinity. One could therefore say that the 
horizon was rotating with respect to infinity. 

The next result shows that a rotating black hole must be 
axisymmetric. 


Proposition 9.3.6 

Let (4, g) be a stationary non-static regular predictable space, in 
which the ergosphere intersects J-( 5+, M) J+(%-, M). Then there 
is a one-parameter cyclic isometry group 6, (0 < ¢ < 27) of (4,8) 
which commutes with 6,, and whose orbits are spacelike near J+ 
and J-. 

The method of proof of proposition 9.3.6 is to use the analyticity of 
the metric g to show that there is an isometry 6, in a neighbourhood 
of the horizon. One then extends the isometry by analytic continua- 
tion. The method would therefore work even if the metric were not 
analytic in isolated regions away from the horizon, forexample if there 
were a ring of matter or a frame of rods around the black hole. This 
leads to an apparent paradox. Consider a rotating star surrounded by 
a stationary square frame of rods. Suppose that the star collapsed to 
form a rotating black hole. If the black hole approached a stationary 
state, it would follow from proposition 9.3.6 that the metric g was 
axisymmetric except where it was non-analytic at the rods. However 
the gravitational effect of the rods would prevent the metric being 
axisymmetric. The resolution of the paradox seems to be that the 
black hole would not be in a stationary state while it was rotating. 
What would happen is that the gravitational effect of the rods would 
distort the black hole slightly. The back reaction on the frame would 
cause it to start rotating and so to radiate angular momentum. 
Eventually the rotation of both the black hole and the frame would be 
damped out and the solution would approach a static state. A static 
black hole need not be axisymmetric if the space outside it is not 
empty, i.e. if condition (a) of Israel’s theorem is not satisfied. 
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The above discussion indicates that a realistic black hole will never 
be exactly stationary while it is rotating, as the universe will not be 
exactly axisymmetric about it. However in most circumstances, the 
rate of slowing down of the rotation of the black hole is extremely slow 
(Press (1972), Hartle and Hawking (19726)). Thus it is a good approxi- 
mation to neglect the small asymmetries produced by matter at a 
distance from the black hole, and to regard the rotating black hole as 
being in a stationary state. We shall therefore now consider the 
properties of a rotating axisymmetric black hole. 

The following result of Papapetrou (1966), generalized by Carter 
(1969), shows that the Killing vectors K corresponding to the time 
translation 6, and K* corresponding to the angular rotation 6, are 
both orthogonal to families of two-surfaces. 


Proposition 9.3.7 
Let (4, g) be a space-time which admits a two-parameter abelian 
isometry group with Killing vectors &, and &,. Let Y be a connected 
open set of M, and let wa, = Sy0$en. IE 

(a) Wy, Reg ws = 0on V, 

(b) w,, = 0 at some point of V, 
then Watie Wae = 000 V. 


Condition (b) is satisfied in a stationary axisymmetric space-time on 
the axis of axisymmetry, i.e. the set of points where K = 0. Condition 
(a) is satisfied in empty space, and when the energy-momentum tensor 
is that of a source-free electromagnetic field (Carter (1969)). By 
Frobenius’ theorem (Schouten (1954)), the vanishing of Wat; c Wa), is, 
when w,, + 0, the condition that there should exist locally a family of 
two-surfaces which are orthogonal to Wa i.e. to any linear combina- 
tion of §, and &,. In the case of a stationary axisymmetric space-time, 
this means that one can locally introduce coordinates (t, $, x1, %2) such 
that K = o/ét, K = a/ag, and Kex™,, = 0 = Ream, , for m = 1,2. The 
metric then locally admits the isometry (t, ¢, xt, x?) (—t, —¢, x1, x), 
which reverses the direction of time, i.e. it is time-symmetric. Thus if 
the analytic extension of metric near infinity of an empty stationary 
regular predictable space-time contains a future event horizon, it will 
also contain a past event horizon. 
In analogy with proposition 9.3.4, one has 
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Proposition 9.3.8 (ef. Carter (1971b)) 

Let (4, g) be a stationary axisymmetric regular predictable space- 
time in which Wiap;cWa = 0, Where Wy, = Kia Ky. Then at any point 
in the exterior region J+(%-,M@) 1 J-(%+, M) off the axis K = 0, 
h = We, w is negative. On the horizons J-(%+, Myn J+(F-, M) and 
J+($-, Myn J-(F+, M), his zero but wm + 0 except on the axis. 


This shows that at each point off the axis in the exterior region, there 
is some linear combination of the Killing vectors K* and K¢ which is 
timelike. Outside the ergosphere, K? itself is timelike, but between the 
stationary limit surface and the horizon one has to add a multiple of 
ER to obtain a timelike Killing vector. On the horizon there is no linear 
combination which is timelike, but there is a linear combination which 
is null, and is directed along the null generators of the horizon. Off the 
axis K = 0, one can locally characterize the horizon as the set of points 
on which h = w,,w™ = 0. 

We now come to the theorem of Carter (19716) which indicates that 
the Kerr solutions are probably the only empty stationary black holes. 
He considered stationary regular predictable spaces which satisfy: 


(a) Tæ = 9, 

(b) they are axisymmetric, 

(c) the past event horizon J+(%-,.#) intersects the future event 
horizon J-(%+, M) in a compact connected two-surface F}. 


(By proposition 9.3.2, this will be a two-sphere.) He showed that such 
solutions fall into disjoint families, each of which depends only on two 
parameters. The two parameters can be taken to be the mass m and 
angular momentum L as measured from infinity. One such family is 
known, namely the Kerr solutions for m > 0, a? < m?, where a = L/m. 
(The Kerr solutions with a? > m? contain naked singularities and so 
are not regular predictable spaces.) It seems unlikely that there are 
any other disjoint families. It has been conjectured, therefore, that the 
solution outside an uncharged collapsed object will settle down to a 
Kerr solution with a? < m?. This conjecture is supported by analyses 
of linear perturbations from a spherical collapse by Regge and Wheeler 
(1957), Doroshkevich, Zel’dovich and Novikov (1966), Vishveshwara 
(1970), and Price (1972). 

Assuming the validity of this Carter—-Israel conjecture, one would 
expect the area of the two-surface 0@(7) in the event horizon to 
approach the area of a two-surface in the event horizon 7 = r} of a 
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Kerr solution with the same mass and angular momentum, as 
measured at 2(7) on S+. This area is 87m(m + (m*— a*)t), where m is 
the mass of the Kerr solution and ma is the angular momentum. (If 
the collapsing body has a net electrical charge e one would expect the 
solution to settle down to a charged Kerr solution. The area of a two- 
surface in the event horizon of such a solution is 


47(2m? — e +. 2m(m? — a® — e*)t). 


Using this expression one can generalize our results to charged black 
holes.) Consider a collapse situation which by a surface (7,) has 
settled down to a Kerr solution with mass m, and angular momentum 
m,@,. Suppose one now lets the black hole interact with particles or 
radiation for a finite time. The solution will eventually settle down, by 
a surface Y(7,), to a different Kerr solution with parameters mz, az. 
From the discussion of § 9.2, the area of @4(7,) must be greater than 
or equal to the area of 0@(7,). In fact it must be strictly greater than, 
since 6 can be zero only if no matter or radiation crosses the horizon. 
This then implies that , 

Mq( Me + (M? — Gy*)#) > m,(m, + (M, ~ a,")8). (9.4) 
If a, + 0, then the inequality (9.4) allows m, to be less than m,. Since 
there is a conservation law for total energy and momentum in an 
asymptotically flat space-time (Penrose (1963)), this would mean that 
one had extracted a certain amount of energy from the black hole. 
One way of doing this would be to construct a square frame of rods 
about the black hole and employ the torque exerted by the rotating 
black hole on the frame to do work. Alternatively, one could use 
Penrose’s process of throwing a particle into the ergosphere, where it 
divides into two particles, one of which escapes to infinity with greater 
energy than the original particle. The other particle will fall through 
the event horizon and reduce the angular momentum of the solution. 
One can thus regard the process as extracting rotational energy from 
the black hole. Christodoulou (1970) has shown that one can achieve 
a result arbitrarily near the limit set by the inequality (9.4). In fact the 
maximum energy extraction occurs when a, = 0; then the available 
energy (m,—,) is less than 


ETE 


Consider now a situation in which two stars a long way apart collapse 
to produce black holes. There is thus some 7’ such that 24(7') consists 
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of two separate two-spheres 2@,(7') and 0@,(7'). Since these are a long 
way apart, one can neglect their interaction and assume that the solu- 
tions near each are close to Kerr solutions with parameters m,, a, and 
Mo, A, respectively. Thus the areas of 0@,(7') and @@,(7’) will be 
approximately 87m,(m,+ (m,2—a,°)#) and 82m,(m, + (m,?~a,")t) 
respectively. Now suppose that these black holes fall towards each 
other, collide and coalesce. In such a collision a certain amount of 
gravitational radiation will be emitted. The system will eventually 
settle down by a surface /(7”) to resemble a single Kerr solution with 
parameters mg, aa. By the same argument as previously, the area of 
IBT”) must be greater than the total area of 2@(r'), which is the sum 
of the areas 0%, (7) and 0@,(7'). Thus 


Ma( Mg + (M — a3?)t) > my (m, + (My? — a,”)#) + mM9(Imq + (M? ~ a")#). 


By the conservation law for asymptotically flat spaces, the amount of 
energy carried away to infinity by gravitational radiation is 


mi + Mo an Mg. 
This is limited by the above inequality. The efficiency 
€ = (M, +m, — Ms) (Mm, + Mma) 


of conversion of mass to gravitational radiation is always less than 4. 
If a, = a, = 0, then e < 1— 1/42. It should be stressed that these are 
upper limits; the actual efficiency might be much less, although the 
mere existence of a limit might suggest that one could attain an 
appreciable fraction of it. 

We have shown that the fraction of mass which can be converted 
to gravitational radiation in the coalescence of one pair of black holes 
is limited. However if there were initially a large number of black 
holes, these could combine in pairs and then the resulting holes could 
combine, and so on. On dimensional grounds one would expect the 
efficiency to be the same at each stage. Thus one would eventually 
convert a very large fraction of the original mass to gravitational 
radiation. (This argument was suggested by C. W. Misner and M.J. 
Rees.) At each stage, the energy emitted in gravitational radiation 
would be larger. This might be able to explain Weber’s recent observa- 
tions of short bursts of gravitational radiation. 

We now give the proofs of the propositions we have stated in this 
section. For convenience, we repeat the statements of the propositions. 
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Proposition 9.3.1 
Let (M, g) be a stationary, regular predictable space-time. Then the 
generators of the future event horizon J-(.%+,.@) have no past end- 
points in J+(%-, M). Let Y,2 be the future-directed tangent vector to 
these generators; then in J+(.%-, M), Y,” has zero shear ĉ and expan- 
sion @, and satisfies 

Rie Y? = 0 = Yir Cana Yint’ Ni’ 
Let @ be a spacelike two-sphere on .%-. Then one can cover %~ by a 
family of two-spheres @(¢) obtained by moving @ up and down the 
generators of J- under the action of 0, ie. @(t) = O2). We now 
define the function æ at the point peJ+(%-, M) to be the greatest 
value of t such that pe J+(@(t), M). Let Y be a neighbourhood of + 
and .£- which is isometric to a corresponding neighbourhood of an 
asymptotically simple space-time. Then z will be continuous and have 
some lower bound x’ on S n Y. From this it follows that x will be con- 
tinuous in the region of J-(.%+,.M) where it is greater than x’. Let 
pedt($-, Myn J-(F+,M). Then under the isometry 6,, p will be 
moved into the region of J-(.%+, H), where x > x’. However 

xlo = tlp +t. 

Therefore x will be continuous at p. 

Let 7)>0 be such that S(t) n J (Jt, M) is contained in 
J+(I-, M). Let A be a generator of J-( 3+, H) which intersects Y(7,). 
Suppose there were some finite upper bound zx, to x on A. Since the 
space is weakly asymptotically simple, «00 as one approaches 2(7)) 
on S (To). Thus there will be some lower bound 2, of x on 

PT) N J~(I+, M). 
Under the action of the group @,, A is moved into another generator 
OÀ). As the generators of J-( 4+, M) have no future endpoints, the 
past extension of 6@,(A) will still intersect S (To) N J~(.I+, M). This leads 
to a contradiction, since the upper bound of x on 6,(A) would be less 
than z ift < 7,—2%p. 

Let x, be the upper bound of z on S(T) N J-(%+, M). Then every 
generator A of J-( 3+, M) which intersects S(7,) will intersect 
F(t) = HEU, Hyn I- (I+, M) for t 22. Every generator of 
J-(%+, M) which intersects F (t') will intersect 0 (F(T,)) for t > t’ — z. 
But O0(S(7,))N I-E+, M) = AFTAN J-(F+, M)) is compact. Thus 
F(t) is compact. 
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Now consider how the area of F (t) varies as t increases. Since 6 > 0 
the area cannot decrease. If Â were > 0 on an open set, the area would 
increase. Also if the generators of the horizon had past endpoints on 
F(t) the area would increase. However as F(t) is moving under the 
isometry 6, the area must remain the same. Therefore 6 = 0, and 
there are no past endpoints on the region of J-( 4+, M) for which 
x > x} However since each point of J-(%+,. M)n J+(%-,M) can be 
moved by the isometry 0, to where x > æ, this result applies to the 
whole of J-(.%+, H)n J+(.%-,M). From the propagation equations 
(4.35) and (4.36) one then finds @,,,=0, R,,Y¥\2Y,)=0 and 
YueCoweta YinY Yh: = 0, where Y° is the future-directed tangent 
vector to the null geodesic generators of the horizon. Oo 


Proposition 9.3.2 
Each connected component in J+(.%~,.M) of the horizon @@(z) in a 
stationary, regular predictable space is homeomorphic to a two-sphere. 


Consider how the expansion of the outgoing null geodesics orthogonal 
to 0B(7) behaves if one deforms @@(7) slightly outwards into 
J-( 4+, M). Let Y,” be the other future-directed null vector orthogonal 
to @@(r), normalized so that Y,*¥,, = — 1. This leaves the freedom 
Y> Y; = eY, Y> Y; = e” Y,. The induced metric on the space- 
like two-surface 8@(r) is hay = Jap + Yia Yn + Yoa Yip. Define a family of 
surfaces F (7, w) by moving each point of 32 (7T) a parameter distance w 
along the null geodesic curve with tangent vector Y,2. The vectors Y,° 
will be orthogonal to F (7, w) if they propagate according to 


|e Ae Bi = —ha? Yao; p Yh and Ye Ypa =-1, 
Then 


(Y17;» hao hea) ol? heha, = hep, ph’ +P Pe 
g he, Ys, ph Yae; b 2 + RQ Ys Yh h,, (9.5) 
where p° = — htaY y, ,J,°. Contracting with Å,f, one obtains 


aĝ 
dw = (17,5 DA Ag 


= Py, qh? — Roe Y, Yg + Roo VINNY + Pap" 
a ar he,Y,4., he. 


On the horizon, ¥,°, ,A°th?, is zero, as the shear and divergence of the 
horizon are zero. Under a rescaling transformation Y,’ = e” Y,, 
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Y, =e-VY,, the vector p° changes to p° = p2+hary ;bœ and so 
A6/dw|,,-9 Changes to 
a i = Py; aft +y, oa htt — Ra Y Yg 
ws 
+ Raa A YL YEY Hp Pa (9.6) 


The term y, gh’ is the Laplacian of y in the two-surface 2@(r). By 
a theorem of Hodge (1952), one can choose y so that the sum of the 
first four terms on the right of (9.6) is a constant on 2@(7). The sign of 
this constant will be determined by that of the integral of 


(~ Rai Ys + Rago V Ve YN’) 


over B(T) (Po; a hè, being a divergence, has zero integral). This 
integral can be evaluated using the Gauss-Codacci equations for the 
scalar curvature Ê of the two-surface with metric h: 


Ê = Reg ht ht = R- 2R Yi YA YKY} + 4B yh Yi, 
since ĝ = ĉ = 0 on 0@(7). By the Gauss—Bonnet theorem (Kobayashi 
and Nomizu (1969)) 
Rds = 27X, 


6B(r) 


where dĝ is the surface area element of B(T) and y is the Euler 
number of 04(7). Thus 


f (- RY, Y + Raas Y, ¥,e¥,e¥,5) a8 
ôBir) 


= -ax+ Í (4R + Ra Yit Y) aĝ. (9.7) 
aBiT) 
By the Einstein equations, 
R+ Roti Y = 87T,,¥,°%,", 


which is > 0 by the dominant energy condition. The Euler number y 
is + 2 for the sphere, zero for the torus, and negative for any other 
compact orientable two-surface (24(7) has to be orientable as it is 
a boundary). Hence the right-hand side of (9.7) can be negative only 
if 24(7) is a sphere. 

Suppose that the right-hand side of (9.7) was positive. Then one 
could choose y so that d6’/dw’'|,,.. was positive everywhere on 0&(r). 
For small negative values of w’ one would obtain a two-surface in 
J-( J+, M) such that the outgoing null geodesics orthogonal to the 
surface were converging. This would contradict proposition 9.2.8. 
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Suppose now that y was zero and that Tp, Y,°Y, was zero on ôB (7). 
Then one could choose y so that the sum of the first four terms on the 
right of (9.6) was zero on 8@(7). Then 
D"? p Aa + Raoa Y1 Yat Y, Y; = 0 

on 0@(r). If Rasca Ya Ya Y C Y,? was non-zero somewhere on d@(7), then 
the term p'*p', in (9.6) would be non-zero somewhere and one could 
change y slightly so as to make a6’ |dw’|,,9 positive everywhere. This 
would again lead to a contradiction. 

Now suppose that Rasa Yi" Ya Y, Y,? and p’* were zero everywhere 
on 0&(7). One could move the two-surface 2@(7) back along Ys, 
choosing the rescaling parameter y at each stage so that 

P'o hta + Rara Yi YY, Yat 
-4R- 2R aY Y? = p° p hta FÊ = 0. 
If Z Y, Y or p’? were non-zero for w’ < 0 then one could adjust y to 
obtain a two-surface in J-(.%+,.M) with 8 < 0. This would contradict 
proposition 9.2.8. On the other hand if 7 Y, Y, and p'e were zero 
everywhere for w < 0, one would obtain a two-surface in J-(.%+, M) 
with 6 = 0 which again contradicts proposition 9.2.8. 

One avoids a contradiction only if y = 2, ie. if @(7) is a two- 

sphere. i Oo 


Proposition 9.3.3 

Let (.4, é) be a stationary regular predictable space-time. Then the 
Killing vector K@ is non-zero in J+(.%-,.M)n J-(S+, H), which is 
simply connected. Let 7, be such that Y(79)N J-(%+,M) is contained 
in J+(.%-, M). If P(T) has only one connected component, then 
J+(I-, M) 1 J-(F+, M) 1 M is homeomorphic to [0, 1) x S* x Ri. 


The function x defined in proposition 9.3.1 is continuous on 
JHS- Myn J-(.F+,M), and has the property that Lai = Zlo +t- 
This shows that K cannot be zero in J+(.%-,.M)n J-(%+, M). The 
integral curves of K establish a homeomorphism between two of the 
surfaces a 
IHE), M)n J-( $+, MNM (-O<1t<o). 

The region J+(.%-,.M)n J-( 5+, Myn M is covered by these sur- 
faces, and so is homeomorphic to R! x J+(€(t'), Myn J-(I+, AN M 
for any t’. Choose £ to be large enough that J+(¢(t),.) intersects 
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F(T.) in the neighbourhood Y of .4+ which is isometric to a similar 
neighbourhood in an asymptotically simple space. The integral curves 
of K establish a homeomorphism between 


IHE, Myn TAI, An M and F(t) J-( I+, A). 


By property (a) and proposition 9.3.2, this is simply connected. If 
further 04(7) has only one connected component, then 


S(T) TAS, M) 


has the topology [0, 1) x 82. Thus J+(.%-, #)n J-(.%+,M) nM has the 
topology [0, 1) x 8? x Ri, l o 


Proposition 9.3.4 
In a static regular predictable space-time, the Killing vector K is 
timelike in the exterior region J+(.%-, “) N J-( 5+, @) and is non-zero 
and directed along the null generators of J-(.%+,.#) on 

J-($+, M)n JHI, M). 
The event horizon J -( 4+, M)is mapped into itself by the isometry 6,. 
Thus on J-(%+,.M)n J+(F-, M), K must be null or spacelike. Let 7) 
be such that S(r) n J (J+, M) is contained in J+(.%-,.M). Then 
f = K*K, must be zero on some closed set VW in 

THS T) N I I+, M). 
From the fact that Kis a Killing vector and curl K = 0, it follows that 

fEa;» = Kiaf;v (9.8) 

By proposition 9.3.3, K® is non-zero on the simply connected set 
J+(S-, Myn J-(F+, M). By Frobenius’ theorem, it follows from the 
condition curl K = 0, that there is a function £ on this region such that 
K, = —a&,,, where a is some positive function. 


Let p be a point of M and let A(v) be a curve through p lying in the 
surface of constant £ through p. Then by (9.8), 


a d D a 
1K*> logf = = Ke, 
If A(v) left M, the left-hand side of this equation would be unbounded. 


However the right-hand side is continuous; therefore A(v) must lie 
in M, so M must contain the surface £ = £|,,. However f cannot be zero 
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on an open neighbourhood of p, since it would then be zero every- 
where. Thus the connected component of M through p is the three- 
surface £ = é|,. Suppose pEedt(I-,M)N J-(F+,M). Then there 
would be a future-directed timelike curve y(u) from J- through p 
to S+. On £ = |p, K2 would be future-directed. Thus (fôu) £ > 0 
when £ = £],,. This leads to a contradiction as £ = £|,, cannot intersect 
J+ or S~ since K is timelike near infinity. Thus near S+ and #-, 
either £ is greater than £]„ or less than £].,,. Oo 


Proposition 9.3.5 
In an empty regular predictable space-time which is not static, the 
Killing vector K“ is spacelike in part of the exterior region 
JHS- My J-(.I+,M). 
The function x introduced in proposition 9.3.1 is continuous on 
J+($-, MN J-($+,M), and is such that along each integral curve 
of K*, @x/ét=1. One can approximate the surface x=0 in 
J+(I-, Myn J-(%+,M) by a smooth surface X which is nowhere 
tangent to K". One can then define a smooth function % on 
J+(I-, Myn J (F+, M) by specifying that z = Oon X andz,,K*= 1. 
One can express the gradient of the Killing vector as 
Ka» = Navea KW? + Kiaf; o) 

where f = K°K, is the magnitude of the Killing vector, and 

ut = $9°"K, Ke, a 
The second derivatives of K satisfy 

2K astod = RaareK*. 
However Ka;be = Kta; oe. Therefore 

Ka: be = Racta K? 

which implies Ke, = — Re K’. (9.9) 
The vector q, = f 1K „—Ē,a is orthogonal to K*. Multiplying (9.9) by 
Qa and integrating over the region Y of J-(%+, M) bounded by the 


surfaces M; and WV, defined by Z = z,+ 1 and x = x, +2, where 2, is 
as in proposition 9.3.1, one finds 


f Rap Keqrav =- f (Keitg,), d0 + | Ka;og™ tAv 
gL gL r 


=-Í K“: tg, do, — f f ww, dv. (9.10) 
ag g 
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The boundary af of ¥ consists of the surfaces 0Y, = MN IAI +, M), 
aL, = Mn J-(.F+, M), the portion dL, of J-(4+, M) between 4 and 
A, and the portion @Y, of S- between 4 and Mg. The surface integral 
over @Y, is minus that over 8%, since these surfaces are carried into 
each other by the isometry 04. 

Near ¥-, f= —1+(2m/r)+O(r-) and ww, = O(r-*), where r is 
some suitable radial coordinate. Thus the surface integral over @Y, at 
J- vanishes. Suppose now that K@ were timelike everywhere in Y, 
becoming null on the horizon. Then «°, being orthogonal to K, would 
be spacelike everywhere in X. Therefore if w is non-zero, i.e. the 
solution is non-static, the last term on the right of (9.10) will be 
negative. This leads to a contradiction if the space is empty and if the 
integral over 82, is zero. 

To evaluate this integral, one has to apply a limiting procedure. 
Let z be a function on the surface Mi which is zero on the horizon but 
such that the gradient of z in 4⁄4 is not zero on the horizon. The function 
z can be defined on¥ by the condition z,, K" = 0. One can express the 


gradient of z as 2.4 = E,,2}(KgtfR,), 


where R” is a vector field tangent to the surfaces {% = constant} and 
normalized so that R¢K, = — 1. One now takes f K”: 9, do, over the 
surface {z = constant} between 4 and Mg. Then do, = doz, p, where 
do is some continuous measure. Thus 


[Heda = f Ff) FoR a RS + Hp R) B, Pao. 


Since the horizon was the surface f = 0 and since K was directed 
along the null generators of the horizon, f,, is proportional to K? on 
the horizon. Therefore 
K2i'g¢, do, = 0. 
ats 
This gives a contradiction which shows that K* must be spacelike 
somewhere in # if the space is empty. Oo 


Proposition 9.3.6 

Let (4, é) be a stationary non-static regular predictable space-time 
in which the ergosphere intersects J-( 95+, Myn J+(.%-, M). Then 
there is a one-parameter cyclic isometry group 6, (0 < ¢ < 27) of 
(4, g) which commutes with @,, and whose orbits are spacelike near 
Jt and J. 
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Let 2, be one connected component of J-(4+,. M) N JHI, A), and 
let Y, be the quotient of 2, by its generators. Then the orbits of the 
isometry 4, in the horizon 2, will be spirals which repeatedly intersect 
the same generators. Let t > 0 be such that @,, is one rotation of 4. 
Then if p E 2,, 0, (p) will lie on the same generator of 2,. It will lie to 
the future of p, since 
e oi p tle.) = |p +t 

One can now choose the future-directed null vector Y, to be directed 
along the generators, and scaled so that 

(i) Yia; hy’ = 2€Y,,, where E; a Y," =0, 

(ii) if vis a parameter along the generatorssuch that Y, = @/dv, then 


vla to a 1, +h. 


The vector field Y, defined in this way is invariant under the isometry 
Oi, ie. Lg Y, = 0. One can now define a spacelike vector field Y, in 2, 
by Y; = K~Y,; then Lx Y; = 0 and Ly, Y; = 0 (note that Y, is not 
a unit vector, and in fact it will vanish on the generators y, and ya 
corresponding to the poles of Y,). The integral curves of Y, in 2, will 
be circles which degenerate to points on y, and yz. 

Let u be a curve in 2, from y; to Y, orthogonal to Y, and Y;, and 
such that the orbits of Y, which intersect 4 form a smooth spacelike 
two-surface F in 2,. Let A(v) be the family of spacelike two-surfaces 
in 2, obtained by moving each point of F a parameter distance v up 
the generators of 2,. P(v) is also equal to @,(P7). Let Y, be the other 
null vector orthogonal to Y(v), normalized so that Y," Y}, = — 1 (see 
figure 61); then Ly Y; = 0. 

Let Y, be a spacelike vector on y, tangent to u. Then one can define 
Y, on 2, by dragging it along by K and Yj, ie. Ly Y, = 0 = Ly, Y, 
(These are compatible because Lx Y, = 0.) Y, will be orthogonal to Y, 
on 2, because Lg(¥, ga Y¥1?) = 0, and 


YE Yia); Y? = 1°; bY Nia + Yi o Yaa An 


The first term is zero because Y, is null and the second term equals 
2eY¥,,Y,°. Thus Y,a Y, being zero initially, remains zero. Y, will be 
orthogonal to Y, on 2, because it lies in the surface P(v), and Y, is 
normal to the surface. It will also be orthogonal to Y, on 2, because 
Lx (¥ 3" 9a» ¥2°) = 0, and 


(F Yra) o Xa? = Yie, o Ya? Yaa + Ane Ya? Yaa =0 


since Y,a; a hochta =0. 
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Ficure 61. The isometry 0,, moves the point p and the surface A(v) into the 
point 0, (p) and the surface P(v+t,) in the horizon 2,. Y, is tangent to a null 
geodesic generator of 2,, Y, is a null vector orthogonal to P(v), and Y, lies in 
Pw). K is the Killing vector field on 2, which generates the isometry group 6,. 


In a neighbourhood of 2,, there will be a unique null geodesic A 
orthogonal to a surface A(v) through a given point r. One can then 
define coordinates (v, w,0, ø) for the point r, where w is the affine 
distance (as measured by Y,) along , and (v, 6, $) have their values 
at un 2, where @ and ¢ are spherical polar coordinates for the 
generators of 2, such that Y,°6 , = 0, Y,°¢,, = 0. (In other words, 
we choose Y, = (27/t,) 8/86 and Y, = 2/20 on 2,.) We shall take the 
basis {Y,, Y+, Ys, ¥,} to be parallelly propagated along the null geo- 
desics with tangent vector Y,. Then Y, = @/2w. We define the vector 
Ê to be ô/ðv. This means that the Lie derivative of Ê by Y, is zero. 
We define the vector Z° to be 


1; Ye O Y, 
ea salen HITE ; 
Then ZZ, =0, Z%,=1, 2%, = 0, 


where — denotes the complex conjugate. 
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One can define on 2, a family {g,} of tensor fields, where 
Zo=8 and gn = Ly, (Ly,(...(Lx,8)---)). 


n terms 


In the coordinates given above, g,, a = 2"(9,,)/@w”. Since the solution 
is analytic, it is completely determined by the family g, on 2,. We 
shall show that on 2,, the Lie derivatives with respect to R of all the 
g,„ vanish. Then the Lie derivative of the g, with respect to K=R-K 
will also vanish. This shows that the solution will admit a one- 
parameter group 6, generated by K. For simplicity we shall consider 
only the empty space case, but similar arguments hold in the presence 
of matter fields, like the electromagnetic or scalar fields, which obey 
well-behaved hyperbolic equations. 

By our choice of coordinates, the components of Lg g are the partial 
derivatives with respect to v of the coordinate components g,,. These 
are all constant on 2,, so Lg é| a, = 0. We shall show below LR g| a, = 0, 
and then proceed by a method of induction. Suppose that 


Lz8,|9, = 0, n > 1. 


It then follows from the construction of the basis that Lg of the nth 
covariant derivatives of all the basis vectors Y,, Y}, Z, Z are zero. 
Now 
Intiad = Ynab;oXn + Gn aXe’; at9n acts’: b 

The Lie derivative with respect to K of the second and third terms 
on the right are zero. The first term involves covariant derivatives of 
Y, of order (n + 1) and lower orders. The Lie derivative with respect to 
É of all the lower order terms are zero, The terms involving (n+ 1) 
covariant derivatives are 


(Yo.a;ney...ghe + Yab; aes...ghe) Y Yo. - Ya” Ya 
= (Yz avet + Yon; ae Ya"); f...oħe Y2". -Ya + lower order terms 
= (Fa; et s°);5 + RyaveYs? Yee + (Y2; et );a +R pvae Yo” Ys"). foh 
x ¥,/...¥,°+ lower order terms. 


The Lie derivatives with respect to K of this expression will be zero, 
if the Lie derivative with respect to K of the Riemann tensor and its 
covariant derivatives to order (n— 1) vanish. Then Lg&,41| 9, will be 
Zero. 

To show that the Lie derivatives with respect to Ê of g, and of the 
covariant derivatives of the Riemann tensor are zero, it is convenient 
to use some notation introduced by Newman and Penrose (1962). 
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This involves using a pseudo-orthonorma! basis with the two spacelike 
vectors Y, and Y, combined to give a single complex null vector Z, 
giving each component of the connection and the curvature tensor 
a separate symbol, and writing out all the Bianchi identities and the 
defining equations for the curvature tensor explicitly without summa- 
tion. These relations are combined in pairs to form half the number 
of complex equations. The symbols for the connection components are: 


K= Nia; »Z*Y,’, m= -Yz a; »Z°Y,", 
p= Nia; » Ze, A= — za; pZ, 
C= Nia; p 202P, =-~; b22., 
T= Fo; »Z°F,", a= — Yza; o ZY, 


e = (Yra; bY Yi? — Za; o2), & = Yia; otot Z? Za; p Z°), 
B = Ya ota 2 —Zy, 292), Y = ra Ya Ya — Za; -Z°%). 
The symbols for the Weyl tensor are: ' 

Yo = — Caca Dit PYS Z4, 

F, = -Cna Ye YY ZA, 

F, = —43Crneal P YY Y, — YY 2°24), 

Ya = Coca r Yp Yy Za 

F, = — Cna Yat DY, Ze. 


We are considering empty space, so the Ricci tensor is zero (i.e. 
O47 = 0 = A in the Newman-Penrose formalism). Since the basis is 
parallelly propagated along Y,, v = y = 7 = 0. As Y, is the gradient 
of the coordinate v, n =ĝ+a and p= j. Furthermore on 2, 
K=p=o0=0,¢=6, Y(e) = 0 and ¥, = 0. 

The equations we shall need are: 


Y (a) —Z(e) = (p+ €—2c)a+fho—Pe—KrA+(e+p)7, (9.11a) 
¥,(6)— Zle) = (a+m)o+ (p—OP—px—(@—F)e+¥,, (9.110) 
¥,(A)—2(7) = pA+ Gu+72+ (a— pyn — (3e—8)À, (9.110) 
Yiu) — Z(7) = pu+ oà + nī —(e+8)u-n@—p)+ F, (9.11d) 
2(p) — Zio) = p(&+ f)—o(3a— p- Y, (9.11 e) 


9.3] THE FINAL STATE 345 


(these are obtained from the Newman—Penrose equations (4.2)), and: 
¥(¥,)—Z(%,) = — 3x ¥, 4 (2e+4p)¥,—(—7+4a), (9. 12a) 
YF) —Z(¥) = — xF, 4 8p¥,—(— 274+ 2a)¥,—AVy, (9.120) 
Y,(¥,)— Z(¥,) = —K¥, — (2e— 2p) ¥,4+ 3Y, — 2AF,  (9.12¢) 
¥,(¥,)— Z(¥5) = — (4e—p) V+ (4n +20) ¥,— 3AF,  (9.12d) 
YF) —2(¥1) = -PF 2B, + 308s (9.12e) 

(these are obtained from the Newman—Penrose equations (4.5)). 

From (9.11e), ¥, = 0on 2,. Then from (9.12b), ¥,(¥,) = K(¥,) = 0 


on 2,. Adding (9.11a) to the complex conjugate of (9.116), one 
obtains 


Y(n) = ¥,(a +f) = Z(e) + Z(@) + 2ap + 27E —n(e—ë)—- kà -kp + F. 
On 9,,thisbecomes ¥,(m7) = Z(e)+ Z(é). 


Therefore Y,(¥,(7)) = Y,(Z(e) + Z(€)) on 2,. But on 2,, Ly, Z = 0 and 
Y¥,(e) = 0. Thus ¥,(¥,(77)) = 0 on 2,. This shows that 7 = A + Bvon 9,, 
where A and B are constant along a generator of 2,. However 
7\p = mlo therefore 7 is a constant along the generators of 2,. 
Subtracting the complex conjugate of (9.116) from (9.11a), one finds 
that (æ — J) is constant along the generators. 

One now applies similar arguments to (9.11c) and (9.11d) to show 
that 4 and A are constant along the generators of 2,. Since 7, y and A 
determine the covariant derivative of Y,, it follows that Lz Y,*,, =0 
on 2, and hence that Lgg, = 0 on Q,. 

One can also apply the above kind of argument to (9.12c) and 
(9.12d) to show that ¥,(¥,) = ¥,(",) = 0 on 2,. Thus Lg Rawa = 0 on 
2, and so the Lie derivative with respect to Ê of the second derivatives 
of the basis vectors are zero. In particular Y, Y, acting on any of the 
components of the connection gives zero. 

From (9.12e), K(¥,(¥,)) = Y,¥o(¥) = 0 on 2,. One now operates 
with Y, Y, on (9.12a). The commutator Y, Y,—Y, Y, involves only 
the first covariant derivatives of the basis vectors. Thus 


L(Y, Y-Y, Y,)=0 on 2. 
From this it follows by an argument like that given above that 
RLY D) = YAY) = 0 on 2, 


One now repeats the argument for (9.10b), (9.10c) and (9.10d) to show 
that R(Y,(¥,)) = R(¥,(¥,)) = R(v,(¥,)) = 0 on 2,. This shows that 
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the Lie derivatives with respect to K of the first covariant derivatives 
of the Riemann tensor vanish. One then repeats the process, showing 
that R(¥,(¥2(¥,))) = 0 on 2,, and so on. o 


Proposition 9.3.7 
Let (4, g) be a space-time which admits a two-parameter abelian 
isometry group with Killing vectors ý, and &,. Let V be a connected 
open set of M, and let way = Exober. If 
(a) wa, Ren lwy = 0on V, 
(b) wa, = 0 at some point of Y, 
then War; cWae = 0 on Y. 
Let wx = Élia; 9 Mea 4, and X = boa: b Mean. Then 
JX =—4! ge: dE e Ra 
= 31£,¢ E,{e, a3]! athl $ d—2 x3! El? 5 a, 
Therefore 
(BNA OX; a = E17, a EAE THE E aE 
HE EE P: A a Eat gE MEP I Etl aha 
E EE) g 2E aba ET 
— 2E Ep aE t 2E E E d 9. (9.13) 
The first and fourth terms vanish because &, and &, are Killing vectors; 
the second and fifth terms cancel each other because §, and E com- 
mute. Because &, is a Killing vector, Ly 1a; = 0. This implies that 
the third term vanishes. Similarly Z, 2), ; = 0 because &, is a Killing 
vector which commutes with &,. This implies that the sixth and eighth 
terms cancel. The seventh term vanishes because £,%.4£,°'* is sym- 
metric; and because of the relation £,.,. = Rawat? satisfied by any 
Killing vector, £2: 4, = — R, 2. Equation (9.13) is therefore 
NPR; a = 2. 31 Ey RIE. 
By condition (a), the right-hand side of this equation vanishes on W. 
Thus (px is a constant on V; in fact it will be zero on ¥ since it must 
vanish when w, does. Similarly x will be zero on Y. However the 
vanishing of X and (9x is the necessary and sufficient condition that 


Wad;cale = 0. QO 
Proposition 9.3.8 


Let (Æ, g) be a stationary axisymmetric regular predictable space- 
time in which w5.¢Wae = 0, where wy, = Kia Py. Then at any point 
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in the exterior region J+(.%-,.#)n J-( F+, M) off the axis K =0, 
h = wa, wv is negative. On the horizons H -( 9+, Myn J+(.%-, M) and 
J+(.9-, Myn J-(I+, M), his zero but w,, + 0 except on the axis. 


By proposition 9.3.3, Ke is non-zero in J+(.9-, Myn J-( I+, M). Let 
A be an S! which is a non-zero integral curve of the vector field K in 
J+(.9-, M) 1 J-( F+, M). Under the isometry 6,, A can be moved into 
DHS). As there are no closed non-spacelike curves in DHS), A must 
be a spacelike curve, and hence R“ must be spacelike in 


J+($-, M)n J-( I+, M) 


except on the axis where it is zero. Suppose there were some point p at 
which K@ and K“ were both non-zero and in the same direction. As 
Re and K* commute, the integral curves of Ke through p would 
coincide with those of K®. However the former is closed while the 
latter is not. Thus K¢ and K“ are linearly independent where they are 
non-zero. Thus w,, is non-zero in J+(.$-, M) n J(I +t, M) except on 
the axis. 

The axis will be a two-dimensional surface. Let Y be the set 
J+(.9-, Myn J-(.+, M) —(the axis), and let Z be the quotient of Y 
by y. As the integral curves of K* are closed and spacelike in Y, the 
quotient Z will be a Hausdorff manifold. On 2, there will be a 
Lorentz metric Ža» = ga, —-(K°¢K,) K „Es. One can project the Killing 
vector K” by Å to obtain a non-zero vector field h,, K® in & which is 
a Killing vector field for the metrich,,. The condition w,,5,,Wa,. = 0 in 
M implies that in Z, (K*hy.)qhayK! = 0, where | denotes the co- 
variant derivative with respect to h. This is just the condition that 
there should exist a function £ on Z such that K°h,, = —aé,,. The 
argument is then similar to that in proposition 9.3.4. One shows that 
if Ka Kph? = 0 at a point pe Z, then the surface & = é|,, is a null 
surface in Z with respect to the metric h. The function £ on Z induces 
a function £ on Y, with the property: £,, K* = 0. Thus & = £], will be 
a null surface in Æ with respect to the metric g. 

Suppose p corresponded to an integral curve A of K* which did not 
lie on J-(.%+, M). Let geM be a point of A. Then there would be 
a future-directed timelike curve y(v) from .#~ through q to £+. If this 
curve intersected the axis, it could be deformed slightly to avoid it. 
One would then obtain a contradiction similar to that in proposition 
9.3.4. Oo 


10 
The initial singularity in the universe 


The expansion of the universe is in many ways similar to the collapse 
of a star, except that the sense of time is reversed. We shall show in 
this chapter that the conditions of theorems 2 and 3 seem to be satis- 
fied, indicating that there was a singularity at the beginning of the 
present expansion phase of the universe, and we discuss the implica- 
tions of space-time singularities. 

In §10.1 we show that past-directed closed trapped surfaces exist 
if the microwave background radiation in the universe has been 
partially thermalized by scattering, or alternatively if the Copernican 
assumption holds, i.e. we do not occupy a special position in the 
universe. In §10.2 we discuss the possible nature of the singularity 
and the breakdown of physical theory which occurs there. 


10.1 The expansion of the universe 


In §9.1 we showed that many stars would eventually collapse and 
produce closed trapped surfaces. If one goes to a larger scale, one can 
view the expansion of the universe as the time reverse of a collapse. 
Thus one might expect that the conditions of theorem 2 would be 
satisfied in the reverse direction of time on a cosmological scale, pro- 
viding that the universe is in some sense sufficiently symmetrical, and 
contains a sufficient amount of matter to give rise to closed trapped 
surfaces. We shall give two arguments to show that this indeed seems 
to be the case. Both arguments are based on the observations of the 
microwave background, but the assumptions made are rather 
different. 

Observations of radio frequencies between 20 cm and 1 mm indicate 
that there is a background whose spectrum (shown in figure 62 (i)) 
seems to be very close to that of a black body at 2.7°K (see, for 
example, Field (1969)). This background appears to be isotropic to 
within 0.2% (figure 62 (ii); see, for example, Sciama (1971) and 
references given there for further discussion). The high degree of 
isotropy indicates that it cannot come from within our own galaxy (we 
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FIGURE 62 
(i) The spectrum of the microwave background radiation. The plotted 
‘ points show the observed values of the ‘ excess’ background radiation. The 
solid line is a Planck spectrum corresponding to a temperature of 2.7 °K. 

(ii) The isotropy of the microwave background radiation. The temperature 
distribution along the celestial equator is shown; more than two years of data 
have been averaged to obtain these points. 

From D. W. Sciama, Modern Cosmology, Cambridge University Press, 1971. 
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are not symmetrically placed in the plane of the galaxy) but must be of 
extragalactic origin. At these frequencies we can see discrete sources 
some of whose distances are known from other evidence to be of the 
order of 10% cm, so we know that the universe is transparent to this 
distance at these wavelengths. Thus radiation which is produced by 
sources at distances greater than 107 cm must have propagated freely 
towards us for at least that distance. 
Possible explanations of the origin of the radiation are: 


(1) the radiation is black body radiation left over from a hot early 
stage of the universe; 

(2) theradiation is the result of superposition of a very large number 
of very distant unresolved discrete sources; 

(3) the radiation comes from intergalactic grains which thermalize 
other forms of radiation (perhaps infra-red). 


Of these explanations, (1) seems the most plausible. (2) seems im- 
probable, as there do not appear to be sufficient sources with the right 
sort of spectrum to produce an appreciable fraction of the observed 
radiation in this frequency range. Further, the small scale isotropy of 
the radiation implies that the number of discrete sources would have 
to be very large (of the order of the number of galaxies) and most 
galaxies do not seem to radiate appreciably in this region of the 
spectrum. (8) also seems unlikely, since the density of interstellar 
grains which would be needed is very large indeed. Although (1) seems 
the most probable, we will not base our arguments on it, since to do so 
would be to presuppose that the universe had a hot early stage. 

The first argument involves the assumption of the Copernican 
principle, that we do not occupy a privileged position in space-time. 
We interpret this as implying that the microwave background radia- 
tion would appear equally isotropic to any observer whose velocity 
relative to nearby galaxies is small. In other words, we suppose there 
is an expanding timelike geodesic congruence (expanding because the 
galaxies are receding from each other, geodesic because they move 
under gravity alone with unit tangent vector V°, say), representing 
the average motion of the galaxies, relative to which the microwave 
radiation appears almost isotropic. From the Copernican principle it 
also follows that most of the microwave background has propagated 
freely towards us from a very long distance (~3 x 10? cm). This is 
because the contribution to the background arising from a spherical 
shell of thickness dr and radius r about us will be approximately 
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independent of r, since the amount produced in the shell will be pro- 
portional to 7? and the reduction of intensity due to distance will be 
inversely proportional to r?. This will be the case until the redshift of 
the sources becomes appreciable, source evolution takes place, or 
curvature effects become significant. These effects will however only 
come in at a distance of the order of the Hubble radius, ~ 1028 cm. 
Thus the bulk of the radiation will have travelled freely towards us 
from a distance $ 10? cm. From the fact that it remains isotropic 
travelling over such a long distance, we can conclude that on a large 
scale the metric of the universe is close to one of the Robertson- 
Walker metrics (§5.3). This follows from a result of Ehlers, Geren and 
Sachs (1968), which we will now describe. 

The microwave radiation can be described by a distribution func- 
tion f(u, p) (ue M, pe TZ,) defined on the null vectors in T( 4), which 
can be regarded as the phase space of the photons. If the distribution 
function f(u, p) is exactly isotropic for an observer moving with four- 
velocity V4, it will have the form f(u, E) where E = — Vp,. Since the 
radiation is freely propagating, f must obey the Liouville equation in 
T( M). This states that f is constant along integral curves of the 
horizontal vector field X, i.e. along any curve (u(v), p(v)) where u(v) is 
a null geodesic in Æ and p = 0/év. 

Because f(u, E) is non-negative and must tend to zero as E -> œ 
(since otherwise the energy density of radiation would be infinite), 
there must be an open interval of E for which ðfJðE is non-zero. In 
this interval, one can express E as a function of f: E = g(u,f). Then 
Liouville’s equation implies that 


dEfdv = g, ap° (10.1) 
on each null geodesic, where one regards g as a function on Æ with 
ffixed. Also, d#/av = —a(V%p,)/dv = — V, ppp. (10.2) 


One can decompose p° into a part along V° and a part orthogonal 

to Ve: pe = E(V"+ W°), where W*W,=1, WY, = 0. Then from 

(10.1) and (10.2), Í 

dg/at + 369+ (Wa +9;a) W+ 90a WEW? = 0 

holds for all unit vectors W orthogonal to V*, where dg/dt is the rate 

of change of g along the integral curves of V. Separating out spherical 

harmonics, Oa, = 0, (10.3 a) 
V+ (0g 9):q = Ve, (10.34) 
40 = —d (logg)/dt. (10.3 c) 
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Since we assumed that V, was zero, (10.36) shows that V, is orthogonal 
to the surfaces {g = constant}, and this implies that the vorticity wa, 
is zero. As Pe = 0, K,» = 0. Thus one can write V, as the gradient of 
a function t: V, = ~t a 
The energy-momentum tensor of the radiation will have the form 

Tas = $4, Vy, Y+ tu, Jat» 
where 4, = f fE” dE. Since the motion of the galaxies relative to the 
integral curves of V2 is small, their contribution to the energy- 
momentum tensor can be approximated by a smooth fluid with 
density fig, four-velocity V, and negligible pressure. It now follows 
that the geometry of the space-time is the same as that of a Robertson- 
Walker model. To see this, note that 

aes Fee = 4(8(5%, + V2%)).0 
= (V4.4) ;,+ Rta Ve = 9,5 + Bog V°. 

Multiplying this equation by hè, = gè, + V°V,, one finds 

h Roa V4 = ~ RhO, o 
The left-hand side vanishes by the field equations. Thus @ is constant 
on the surfaces of constant t (which are also the surfaces of constant g). 
One can define a function S(t) from 0 by S'/S = 36; then the 
Raychaudhuri equation (4.26) takes the form 

3S" /S+42—A = 0, 
which implies that x = 4g+ 2p is also constant on the surfaces 
{t = constant}. From the definition of 4p we see that the terms yg and 
ep are separately constant on these surfaces. 

The trace-free part of (4.27) shows that Capea V°V¢ = 0. The Gauss- 
Codacci equations (§2.7) now give for the Ricci tensor of the three- 
spaces {t = constant} the formula 

Bean = hfe Beat Raca VV" + 00an + GacF"r 
However for a three-dimensional manifold, the Riemann tensor is 
completely determined by the Ricci tensor, as 
Barca = Nav — Bey + ERR) Moa- 

This shows that each three-space {t = constant} is a three-space of 
constant curvature K(t) = }(87+A— 46"). Integrating the Ray- 
chauchuri equation shows that 

K(t) = (87+ A—38°2/S82) = k/S?, (10.4) 
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where k is a constant. By normalizing S, one can set k = +1, Oor —1. 
The four-dimensional space-time manifold is the orthogonal product 
of these three-spaces and the t-line. Thus the metric can be written in 
comoving coordinates as 


ds? = — dt? + 8%) dy?, 


where dy? is the metric of a three-space of constant curvature k. But 
this is just the metric of a Robertson—Walker space (see § 5.3). 

We shall now show that in any Robertson—Walker space containing 
matter with positive energy density and A = Othereis a closed trapped 
surface lying in any surface {t = constant}. To see this, we express dy? 


in the form dy? = dy? + f?(x) (d0? + sin? 0 dg?) 


where f(x) = siny, x or sinh y if k = +1, 0 or —1 respectively. Con- 
sider a two-sphere 7 of radius x, lying in the surface t = tọ. The two 
families of past-directed null geodesics orthogonal to 7 will intersect 
the surfaces {t = constant} in two two-spheres of radius 


t 
X= xt f dt/S(t). (10.5) 


The surface area of a two-sphere of radius y is 478?(t) f?(x). Thus both 
families of null geodesics will be converging into the past if, at t = to, 


d 
ay (SSX) > 0 
holds for both values of y given by (10.5). This will be the case if 


S (to) f' (Xo) 
S(t) sie S(t) (Xo) i 


But by (10.4), this holds if 


(S77p2(to) Sio) — k)t > + F'(X). 


This will be the case if S(t) xo is taken to be greater than 4 (3/87740) for 
k = 0 or —1, and to be greater than min (4(3/874o), $77) if k = +1. 
An intuitive way of viewing this result is that at time t a sphere of 
coordinate radius yọ will contain a mass of the order of $774 S?(lo) Xo, 
and so will be within its Schwarzschild radius if S(t.) Xo is less than 
$774 S(to)? Xo%, i.e. if S(to)xo is greater than the order of 4 (3/87 4o). 
We shall call ,/(3/874y) the Schwarzschild length of matter density zo. 
So far, we have assumed the microwave radiation is exactly iso- 
tropic. This is of course not the case; and this corresponds to the fact 
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that the universe is not exactly a Robertson—Walker space. However, 
the large scale structure of the universe should be close to that of 
a Robertson—Walker model, at least back to the time when the radia- 
tion was emitted or last scattered. (One can in fact use the deviations 
of the microwave radiation from exact isotropy to estimate how large 
the departures from a Robertson—Walker universe are.) For a suffi- 
ciently large sphere, the existence of local irregularities should not 
significantly affect the amount of matter in the sphere, and hence 
should not affect the existence of a closed trapped surface round us at 
the present time. 

The above argument did not depend on the spectrum of the micro- 
wave radiation, but it did involve the assumption of the Copernican 
principle. The argument we shall now give does not involve the 
Copernican principle, but does to a certain extent depend on the shape 
of the spectrum. We shall assume that the approximately black body 
nature of the spectrum and the high degree of small scale isotropy of 
the radiation indicate that it has been at least partially thermalized 
by repeated scattering. In other words, there must be enough matter 
on each past-directed null geodesic from us to cause the opacity to be 
high in that direction. We shall now show that this matter will be 
sufficient to make our past light cone reconverge. 

Consider a point p representing us at the present time, and let We 
be a past-directed unit vector parallel to our four-velocity. 

The affine parameter v on the past-directed null geodesics through p 
may be normalized by K°W, =—1, where K = 0/@v is the tangent 
vector to the null geodesics. The expansion 6 of these null geodesics 
will obey (4.35) with ô = 0. Thus, providing R,,K¢K° > 0, 8 will be 
less than 2/v. It follows that at v = v, > vo 


f : Ra KK? dv— 2p > 6, 
so 8 will become negative if there is some v, such that 
f "Rap KOR? dv > 2vy. 
Using the field equations with A = 0, this becomes 
om F 87T p KeK’ dv > 1. (10.6) 


At centimetre wavelengths, the largest ratio of opacity to density for 
matter at reasonable densities is that given by Thomson scattering off 
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free electrons in ionized hydrogen. Thus the optical depth to a distance 

v will be less than 7 

[xen ae, 
0 


where x is the Thomson scattering opacity per unit mass, p is the 
density of the matter, and V, is the local velocity of the gas. The 
redshift z of the matter is given by z = KV, —1. Since no matter has 
been seen with significant blue-shifts, we shall assume KV, is always 
greater than one on our past light cone, out to an optical depth unity. 
As galaxies are observed at these wavelengths with redshifts of 0.3, 
most of the scattering must occur at redshifts greater than this. (In 
fact if quasars really are cosmological, the scattering must occur at 
redshifts greater than two.) With a Hubble constant of 100 Km/sec/ 
Mpc (~ 10!° years-1), a redshift of 0.3 corresponds to a distance of 
about 3 x 107 cm. Taking this value for vp, the contribution to the 
integral (9.9) of the matter causing the scattering is 


3.7 x 108 "(Ke V2)? do, 
Vo 
while the optical depth of the matter between v, and 2, is less than 
6.6 x 10” Í ” (KV, )dv. 
Vo 


Since K¢V, > 1, it can be seen that the inequality (10.6) will be satisfied 
at an optical depth of less than 0.2. If the optical depth of the universe 
was less than 1, one would not expect either an almost black body 
spectrum or such a high degree of small scale isotropy, unless there was 
a very large number of discrete sources which covered only a small 
fraction of the sky and each of which had a spectrum roughly the same 
as a 3°K black body but with much higher intensity. This seems rather 
unlikely. Thus we believe that the condition (4) (iii) of theorem 2 is 
satisfied, and so there should be a singularity somewhere in the 
universe provided the other conditions hold. 

Because of its generality, theorem 2 does not tell us whether the 
singularity will be in our past or in the future of our past. Although it 
might seem obvious that the singularity should be in our past, one can 
construct an example in which it isin the future: consider a Robertson- 
Walker universe with k = + 1 which collapses to a singularity at some 
time t = tẹ and which asymptotically approaches an Einstein static 
universe for t->— œ. This satisfies the energy assumption, and con- 
tains points whose past light cones start reconverging (because they 
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meet up around the back). However the singularity is in the future. 
Of course this is a rather unreasonable example but it shows that one 
has to be careful. We shall therefore give an argument based on 
theorem 3 which indicates that the universe contains a singularity in 
our past, providing that the Copernican principle holds. Theorem 3 
is similar to theorem 2, but requires that all the past-directed timelike 
geodesics from a point shall start to reconverge, instead of all the null 
geodesics. This condition is not satisfied in the example given above, 
though it is there satisfied by the future-directed geodesics from any 
point. 

By an argument similar to that given above for the null geodesics, 
the convergence 6(s) of the past-directed timelike geodesics from a 
point p will be less than 


3 8 
zf Ra VeV?ds, 
So Ja 


where s is proper distance along the geodesics, V = @/@s and s > sọ. 
Let W be a past-directed timelike unit vector at p, andletc = — V°W,|, 
(so c > 1). Then 6 will become less than —c within a distance R,/c 
along any geodesic if there is some Ry, R, > Ry > 0, such that 


Rij 
Í Fes Vay?ds > c(3/Ro +e) (10.7) 
Rele 


along that geodesic. Condition (3) of theorem 3 will then be satisfied 
with b = max (R), (3¢)—). 

To make (10.7) appear more similar to (10.6), we shall introduce an 
affine parameter v = s/c along the timelike geodesics; then (10.7) 


becomes R, 
mf Ra KK’? dv > 1+44Roc, (10.8) 
R. 


where K = @/@v and K°W,|, = — 1. We cannot verify this condition 
directly by observation as in the case of (10.6) because it refers to 
timelike geodesics. We therefore have to appeal to the arguments 
given in the first part of this section to show that the universe is close 
to a Robertson—Walker universe model at least back to the time the 
microwave background radiation was last scattered. 
In a Robertson—~Walker model, let W be the vector — 0/ét. Along - 

a past-directed timelike geodesic through p, 


d 
Jy Pa KO) = Wao KeK? 


1daS 
= -g (WK - 1/0. 
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Therefore, providing that dS/dt > 0, W,K¢ < — 1. However 

Wek, = dt/dv; 
thus for some € > 0, (10.8) will be satisfied for every geodesic provided 
that there are times tą, tg with t, < t; < ¢, such that 


= ts 
A p sf Ra K*K?(—W,Key} dt > 1. (10.9) 
4 


By the field equations with A = 0, 
Ray KK? = 8n{(u + p) (W, K2)*—4(u—p)o“}. 
Therefore, providing p 2 0, 
Ry KK? > 4npu(W, K)?. 
Thus (10.9) will be satisfied if 


a ts 
2f Anpdt > 1. (10.10) 


4 

Assuming that the microwave radiation has a black body spectrum 
at 2.7 °K, its energy density is about 10-4 gm cm~* at the present time. 
If this radiation is primaeval, its energy density will be proportional 
to S-4, Since S-! = O(t-t) as t tends to zero, one can see that (10.10) can 
be satisfied by taking ¢, to be 4¢,, and é, to be sufficiently small. How 
small ¢, has to be depends on the detailed behaviour of S, which in turn 
depends on the density of matter in the universe. This is somewhat 
uncertain, but seems to lie between 10-*!gm cm and 5 x 10- gm 
cm~’. In the former case, t, will have to be such that S(t,)/S(t,) > 30, 
and in the latter case, S(é,)/S(t,) > 300. Since the microwave radiation 
seems to be all pervasive, any past-directed timelike geodesic must 
pass through it. Thus an estimate based on-the Robertson-Walker 
models should be a good approximation for its contribution to (10.10), 
provided that the radiation was not emitted more recently than t, 
and provided that a Robertson—Walker model is a good approximation 
back that far. From the arguments at the beginning of this section, the 
latter should be the case provided that the radiation has propagated 
freely towards us since t}. However there may be ionized intergalactic 
gas present with a density as high as 5 x 10-7% gmcom~, in which case 
the radiation could be last scattered at a time t such that S(t,)/S() ~ 5. 
The optical depth back to a time ¢ is 


tp 
f Kfigas At, (10.11) 


where x is at most 0.5 if ų is measured in gm cm~? and ¢ in cm. 


358 THE INITIAL SINGULARITY (10.1 


As before, there can be no significant opacity back tot = t, — 1017 sec, 
since we see objects at distances of at least 3x 10? cm. Taking é, to 
have this value, we see that the gas density will cause (10.11) to be 
satisfied for a value of ¢, corresponding to an optical depth of at most 
0.5. 

Thus the position is as follows. We assume the Copernican principle, 
and that the microwave radiation has been emitted either before a 
time t, such that S(t,)/S(t,) ~ 300, or before the time corresponding to 
the optical depth of the universe being unity, if this is less than t,. In 
the former case, condition (2) of theorem 3 will be satisfied by the 
radiation density, and in the latter case by the gas density. Thus if the 
usual energy conditions and causality conditions hold, we can con- 
clude that there should be a singularity in our past (i.e. there should be 
a past-directed non-spacelike geodesic from us which is incomplete). 

Suppose one takes a spacelike surface which intersects our past 
light cone and takes a number of points on that surface; can one say 
that there is a singularity in each of their pasts? This will be the case 
if the universe is sufficiently homogenedus and isotropic in the past to 
converge all the past-directed timelike geodesics from these points. 
In view of the close connection between the convergence of timelike 
geodesics and closed trapped surfaces, we would expect this to be the 
case if the universe is homogeneous and isotropic at that time on the 
scale of the Schwarzschild length (3/87). 

We have direct evidence of the homogeneity of the universe in our 
past from the measurements of Penzias, Schram! and Wilson (1969), 
who found that the intensity of the microwave background is isotropic 
to within 4 % for a beam width of 1.4 x 10-* square degrees. Assuming 
that the microwave radiation has not been emitted since a surface in 
our past corresponding to optical depth unity, the observed intensity 
will be proportional to 7'4/(1 +2)? where T is the effective temperature 
of the observed point on the surface and z is its redshift. Variations in 
the observed intensity can arise in four ways: 

(1) by a Doppler shift caused by our own motion relative to the 
black body radiation (Sciama (1967), Stewart and Sciama (1967)); 

(2) by variations in the gravitational redshift caused by inhomo-, 
geneities in the distribution of matter between us and the surface 
(Sachs and Wolfe (1967), Rees and Sciama (1968)); 

(3) by Doppler shifts caused by local velocity disturbances of the 
matter at the surface; and 

(4) by variations of the effective temperature of the surface. 
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(In fact the division between (1), (2) and (3) depends on the standard 
of reference and has heuristic value only.) Thus the observations indi- 
cate that irregularities in the temperature with an angular size of 3’ of 
arc have relative amplitudes of less than 1%, and that there are no 
local fluctuations of the velocity of the matter, on the same scale, of 
greater than 1 % of the velocity of light. A region on the surface which 
had an angular diameter 3’ of arc would correspond to a region which 
had a diameter now of about 10? light years. If the surface of optical 
depth unity is at a redshift of about 1000 (this is the most it could be), 
the Schwarzschild length at that time would correspond to a region 
whose present diameter was about 3 x 10° light years. Thus it would 
seem that every point on the surface of optical depth unity should 
have a singularity in its past. 

More indirect evidence on the degree of homogeneity of the universe 
in the early stages comes from the fact that observations of the helium 
content of a number of objects agree with calculations of helium pro- 
duction by Peebles (1966), and Wagoner, Fowler and Hoyle (1968), 
who assumed the universe was homogeneous and isotropic at least 
back to a temperature of about 10° °K. On the other hand calculations 
of anisotropic models have shown that in these models very different 
amounts of helium are produced. Thus if one accepts that there is a 
fairly uniform density of helium in the universe (there are some doubts 
about this), and that this helium was produced in the early stages of 
the universe, one can conclude that the universe was effectively 
isotropic and hence homogeneous when the temperature was 10°°K. 
One would therefore expect a singularity to occur in the past of each 
point at this time. 

Misner (1968) has shown that if the temperature reaches 2 x 101° °K 
a large viscosity arises from collisions between electrons and neutrinos. 
This viscosity would damp out inhomogeneities whose lengths corre- 
spond to present values of 100 light years, and reduce anisotropy 
to a comparatively small value. Thus if one accepts this as the explana- 
tion for the present isotropy of the universe (and it is a very attractive 
one), one would conclude that there should be a singularity in the past 
of every point when the temperature was about 101°°K. 


10.2 The nature and implications of singularities 


One might hope to learn something about the nature of the singu- 
larities that are likely to occur by studying exact solutions with 
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singularities. However although we have shown that the occurrence 
of a singularity is not prevented by small perturbations of the initial 
conditions, it is not clear that the nature of the singularity which 
occurs will be similarly stable. Although we have shown in §7.5 that 
the Cauchy problem is stable under small perturbations of the initial 
conditions, this stability applies only to compact regions of the 
Cauchy development, and a region containing a singularity is non- 
compact unless the singularity corresponds to imprisoned incom- 
pleteness. In fact we can give an example where the nature of the 
singularity is not stable. Consider a uniform spherically symmetric 
cloud of dust collapsing to a singularity. The metric inside the dust will 
be similar to that of part of a Robertson—Walker universe, while that 
outside will be the Schwarzschild metric. Both inside and outside the 
dust, the singularity will be spacelike (figure 63(i)). Suppose now 
one adds a small electric charge density to the dust. The metric outside 
the dust now becomes part of the Reissner—Nordstrém solution for 
c? < m? (figure 63 (ii)). There will be a singularity inside the dust, as 
a sufficiently small charge density will not prevent the occurrence of 
infinite density. The nature of the singularity inside the dust will 
presumably depend on the charge distribution. However the im- 
portant point is that once the surface of the dust has passed a point 
p inside r = r,, whatever happens inside the dust cannot affect the 
portion sq of the timelike singularity. 

If one now increases the charge density so that it becomes greater 
than the matter density, it is possible for the cloud to pass through the 
two horizons at r =r, and r=r_ and to re-expand into another 
universe without any singularity occurring inside the dust, although 
there is a timelike singularity outside the dust (J.M. Bardeen, un- 
published), as indeed there ought to be by theorem 2 (see figure 
63 (iii). 

This example is very important as it shows that there can be time- 
like singularities, that the matter can avoid hitting the singularities, 
and that it can pass through a ‘wormhole’ into another region of 
space-time or into another part of the same space-time region. Of 
course one would not expect to have such a charge density on a col- 
lapsing star, but since the Kerr solution is so similar to the Reissner— 
Nordström solution one might expect that angular momentum could 
produce a similar wormhole. One might speculate therefore that prior 
to the present expansion phase of the universe there was a contraction 
phase in which local inhomogeneities grew large and isolated singu- 
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Ficure 63 


(i) Collapse of a spherical dust cloud. 
(ii) Collapse of a charged dust cloud, where the charge is too small to prevent 
the occurrence of a singularity in the dust. 
(iii) Collapse of a charged dust cloud, where the charge is large enough to 
prevent the occurrence of a singularity in the dust cloud; the singularity occurs 
outside the dust, which bounces and re-expands into a second asymptotically 


flat space. 
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larities occurred, most of the matter avoiding the singularities and 
re-expanding to give the present observed universe. 

The fact that singularities must occur within the past of every point 
at an early time when the density was high, places limits on the 
separation of the singularities. It might be that the set of geodesics 
which hit these singularities (i.e. which are incomplete) was a set of 
measure zero. Then one might argue that the singularities would be 
physically insignificant. However this would not be the case because 
the existence of such singularities would produce a Cauchy horizon 
and hence a breakdown of one’s ability to predict the future. In fact 
this could provide a way of overcoming the entropy problem in an 
oscillating world model since at each cycle the singularity could inject 
negative entropy. 

So far, we have been exploring the mathematical consequences of 
taking a Lorentz manifold as the model for space-time, and requiring 
that the Einstein field equations (with A = 0) hold. We have shown 
that according to this theory, there should be singularities in our past 
associated with the collapse of the universe, and singularities in the 
future associated with the collapse of stars. If A is negative, the above 
conclusions would be unaffected. If A is positive, observations of the 
rate of change of expansion of the universe (Sandage, (1961, 1968)) 
indicate that A cannot be greater than 3 x 10-55 cm~-*. This is equiva- 
lent to a negative energy density of 3 x 10-7? gm cm~*. Such a value of A 
could have an effect on the expansion of the whole universe, but it 
would be completely swamped by the positive matter density in a 
collapsing star. Thus it does not seem that a A term can enable us to 
avoid facing the problem of singularities. 

It may be that General Relativity does not provide a correct 
description of the universe. So far it has only been tested in situations 
in which departures from flat space are very small (radii of curvature 
of the order of 10? cm). Thus it is a tremendous extrapolation to apply 
it to situations like collapsing stars where the radius of curvature 
becomes less than 108cm. On the other hand the theorems on singu- 
larities did not depend on the full Einstein equations but only on the 
property that R,,K*K® was non-negative for any non-spacelike 
vector K4; thus they would apply also to any modification of General 
Relativity (such as the Brans—Dicke theory) in which gravity is always 
attractive. 

It seems to be a good principle that the prediction of a singularity 
by a physical theory indicates that the theory has broken down, i.e. it 
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no longer provides a correct description of observations. The question 
is: when does General Relativity break down? One would expect it to 
break down anyway when quantum gravitational effects become im- 
portant; from dimensional arguments it seems that this should not 
happen until the radius of curvature becomes of the order of 10-8? cm. 
This would correspond to a density of 10°4gmcm~*. However one 
might question whether a Lorentz manifold is an appropriate model for 
space-time on length scales of this order. So far experiments have 
shown that assuming a manifold structure for lengths greater than 
10-15 cm gives predictions in agreement with observations (Foley et al. 
(1967)), but it may be that a breakdown occurs for lengths between 
10-5 and 10-®8cm. A radius of 10-15 cm corresponds to a density of 
10°8 gm cm~-* which for all practical purposes could be regarded as 
a singularity. Thus maybe one should construct a surface by Schmidt’s 
procedure (§8.3) around regions where the radius of curvature is less 
than, say, 10-18 cm. On our side of this surface a manifold picture of 
space-time would be appropriate, but on the other side an as yet 
unknown quantum description would be necessary. Matter crossing 
the surface could be thought of as entering or leaving the universe, and 
there would be no reason why that entering should balance that 
leaving. 

In any case, the singularity theorems indicate that the General 
Theory of Relativity predicts that gravitational fields should become 
extremely large. That this happened in the past is supported by the 
existence and black body character of the microwave background 
radiation, since this suggests that the universe had a very hot dense 
early phase. 

The theorems on the existence of singularities could possibly be 
refined somewhat, but on our view they are already adequate. How- 
ever they tell us very little about the nature of the singularities. One 
would like to know what kind of singularities could occur in generic 
situations in General Relativity. A possible way of approaching this 
would be to refine the power series expansion technique of Lifshitz 
and Khalatnikov, and to clarify its validity. It may also be that there 
is some connection between the singularities studied in General 
Relativity and those studied in other branches of physics (cf. for 
instance, Thom’s theory of elementary catastrophes (1969)). Alterna- 
tively one might try to proceed by brute force, integrating the 
Einstein equations numerically on a computer. However this will 
probably have to wait for a new generation of computers. One would 
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like to know also whether the singularities produced by collapse from 
a non-singular asymptotically flat situation would be naked, i.e. 
visible from infinity, or whether they would be hidden behind an 
event horizon. 

The other main problem is to formulate a quantum theory of 
space-time which will be applicable to strong fields. Such a theory 
might be based on a manifold, or might allow changes of topology. 
Some preliminary attempts in this line have been made by de Witt 
(1967), Misner (1969, 1971), Penrose (see Penrose and MacCallum 
(1972)), Wheeler (1968), and others. However the interpretation of 
a quantum theory of space-time, and its relation to singularities, are 
still very obscure. 

Speculation and discussion on the subject of this book is not new. 
Laplace essentially predicted the existence of black holes: ‘Other 
stars have suddenly appeared and then disappeared after having 
shone for several months with the most brilliant splendour . . . All these 
stars... do not change their place during their appearance. Therefore 
there exists, in the immensity of space, opaque bodies as considerable 
in magnitude, and perhaps equally as numerous as the stars.’ (M. Le 
Marquis de Laplace: ‘The system of the world’. Translated by Rev. H. 
Harte. Dublin, 1830, Vol. 2, p. 335.) As we have seen, our present 
understanding of the situation is remarkably similar. 

The creation of the Universe out of nothing has been argued, 
indecisively, from early times; see for example Kant’s first Antinomy 
of Pure Reason and comments on it (Smart (1964), pp. 117-23 and 
145-59; North (1965), pp. 389-406). The results we have obtained 
support the idea that the universe began a finite time ago. However 
the actual point of creation, the singularity, is outside the scope of 
presently known laws of physics. 


Appendix A 


Translation of an essay by 
Peter Simon Laplacet 


Proof of the theorem, that the attractive force of a heavenly body could be 
so large, that light could not flow out of it.t 


(1) If v is the velocity, t the time and s space which is uniformly 
moving during this time, then, as is well known, v = s/t. 


(2) If the motion is not uniform, to obtain the value of v at any instant 
one has to divide the elapsed space ds and this time interval dt into 
each other, namely v = ds/dt, since the velocity over an infinitely small 
interval is constant and thus the motion can be taken as uniform. 


(8) A continuously working force will strive to change the velocity. 
This change of the velocity, namely dz, is therefore the most natural 
measure of the force. But as any force will produce double the effect 
in double the time, so we must divide the change in velocity dv by the 
time dt in which it is brought about by the force P, and one thus 
obtains a general expression for the force P, namely 


ds 
dv “dt 
eae a 
Now if dt is constant, 
d ds _d.ds_ dds, 
‘de dt dt’ 
: dds 
accordingly P= i: 


t Allgemeine geographische Ephemeriden herausgegeben von F. von Zach. wv Bd, 1 St., 
1 Abhandl., Weimar 1799. We should like to thank D.W. Dewhirst for providing 
us with this reference. See also note at end of this Appendix. 

t This theorem, that a luminous body in the universe of the same density as the earth, 
whose diameter is 250 times larger than that of the sun, can by its attractive power 
prevent its light rays from reaching us, and that consequently the largest bodies in 
the universe could remain invisible to us, has been stated by Laplace in his 
Exposition du Système du Monde, Part 11, p. 305, without: proof.!Here is the 
proof. Cf. A.G.E. May 1798, p. 603. v. Z. 
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(4) Let the attractive force of a body = M; a second body, for example 
a particle of light, finds itself at distance r; the action of the force M on 
this light particle will be — M jrr; the negative sign occurs because the 
action of M is opposite to the motion of the light. 


(5) Now according to (3) this force also equals ddr/di?, hence 


a 7 ag = 
Multiplying by dr, es = — M drr-?; 
integrating, Ah = 04+ Mr 
where C is a constant quantity, or 

(3) = 20+2Mr4, 


Now by (2) dr/dt is the velocity v, accordingly 
v? = 20+ 2Mr-1 
holds, where v is the velocity of the light particle at the distance r. 


(6) To now determine the constant C, let R be the radius of the 
attracting body, and a the velocity of the light at the distance R, hence 
on the surface of the attracting body; then one obtains from (5) 
a? = 2C + 2M|R, therefore 2C = a*— 2M/R. Substituting this in the 
previous equation gives 


(7) Let R’ be the radius of another attracting body, its attractive 
power be iM, and the velocity of the light at a distance r be v’, then 
according to the equation in (6) 
y’? = a? — 2iM + BiM 
R' r 

(8) If one makes r infinitely large, the last term in the previous 
equation vanishes and one obtains 
2iM 

F 


y'? z a — 


ESSAY BY LAPLACE 367 


The distance of the fixed stars is so large, that this assumption is 
justified. 


(9) Let the attractive power of the second body be so large that light 
cannot escape from it; this can be expressed analytically in the 
following way: the velocity v’ of the light is equal to zero. Putting this 
value of v' in the equation (8) for v’, gives an equation from which the 
mass iM for which this occurs can be derived. One has therefore 


(10) To determine a, let the first attracting body be the sun; then a is 
the velocity of the sun’s light on the surface of the sun. The attractive 
power of the sun is however so small in comparison with the velocity 
of light, that one can take this velocity as uniform. From the pheno- 
mena of aberration it appears that the earth travels 20”} in its path 
while the light travels from the sun to the earth, accordingly: let V be 
the average velocity of the earth in its orbit, then one hasa: V = radius 
(expressed in seconds) : 20”} = 1: tang. 20”}. 


(11) My assumption made in Expos. du Syst. du Monde, Part 11, p. 305, 
is R’ = 250R. Now the mass changes as the volume of the attracting 
body multiplied by its density; the volume, as the cube of the radius; 
accordingly the mass as the cube of the radius multiplied by the 
density. Let the density of the sun = 1; that of the second body = p; 


then M:iM = 1R: pR” = 1R:p2508R8 
or 1:2 = 1:9(250)8 
or t = (250)%p. 


(12) One substitutes the values of 7 and R’ in the equation 
a? = 21M/R', and thus obtains 


2(250)%oM M 

2 l l 25 

eack eR 
aR 


Ee P= 9(950)2 


(13) To obtain p, one must still determine M. The force M of the sun 
is equal at a distance D to M/D?. Let D be the average distance of the 
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earth, V the average velocity of the earth; then this force is also equal 
to V?/D (see Lande’s Astronomy, m1, §3539). Hence M/D* = V2/D or 
M = V*D. Substituting this in the equation (12) for p gives 


z a@R ie 8 aj R 
P = 9(250)*V2D oak D) : 
a vel. of light 1 


Tratan” tang. 20°} according to (10), 


R _ absolute radius of © 


_ 


D ~ Sens dacs = tan average apparent radius of ©. 


Hence 
tang. 16’ 2” 
P = 8 i000 tang. 20°) 


from which pis approximately 4, or as large as the density of the earth. 


D. W. Dewhirst adds: 


The Allgemeine geographische Ephemeriden was a journal founded 
by F. X. von Zach, of which 51 volumes were published between 1798 
and 1816. The footnote (f) is a translation of that added by von Zach 
to the original paper which is however not very helpful to the modern 
reader. 

There are no less than 10 different editions of Laplace’s Exposition 
du Système du Monde published between 1796 and 1835, some in one 
quarto volume and some in two volumes octavo. In the earlier editions 
the ‘statement without proof’ comes a few pages before the end of 
Book 5, Chapter 6, though Laplace removed the specific statement 
from later editions. 

The reference by von Zach to A.G.E. May 1798, p. 603, seems to 
be a mistake on von Zach’s part; he was perhaps intending to refer 
to A.G.E. Vol. 1, p. 89, 1798 where there is an extensive essay review 
of the first edition of Laplace’s Exposition du Système du Monde. 


Appendix B 
Spherically symmetric solutions and 
Birkhoff’s theorem 


We wish to consider Einstein’s equations in the case of a spherically 
symmetric space-time. One might regard the essential feature of a 
spherically symmetric space-time as the existence of a world-line 7 
such that the space-time is spherically symmetric about Y. Then all 
points on each spacelike two-sphere % centred on any point p of Y, 
defined by going a constant distance d along all geodesics through p 
orthogonal to Y, are equivalent. If one permutes directions at p by 
use of the orthogonal group SO(3) leaving invariant, the space-time 
is, by definition, unchanged, and the corresponding points of S} are 
mapped into themselves; so the space-time admits the group SO(3) 
as a group of isometries, with the orbits of the group the spheres 4. 
(There could be particular values of d such that the surface 4 was 
just a point p’; then p’ would be another centre of symmetry. There 
can be at most two points (p’ and p itself) related in this way.) 

However, there might not exist a world-line like Y in some of the 
space-times one would wish to regard as spherically symmetric. In the 
Schwarzschild and Reissner-Nordstrém solutions, for example, space- 
time is singular at the points for which r = 0, which might otherwise 
have been centres of symmetry. We shall therefore take the existence 
of the group SO(3) of isometries acting on two-surfaces like 4 as the 
characteristic feature of a spherically symmetric space-time. Thus we 
shall say that space-time is spherically symmetric if it admits the 
group SO(3) as a group of isometries, with the group orbits spacelike 
two-surfaces. These orbits are then necessarily two-surfaces of con- 
stant positive curvature. 

For each point q in any orbit (q), there is a one-dimensional sub- 
group J, of isometries which leaves g invariant (when there is a central 
axis Y, this is the group of rotations about p which leaves the geodesic 
pq invariant). The set @(q) of all geodesics orthogonal to L(g) at q 
locally form a two-surface left invariant by J, (since Z, which permutes 
directions in Y(q) about q, leaves invariant directions perpendicular 
to F(q)). At any other point r of @(q), J, again permutes directions 
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orthogonal to ¢(q), as it leaves @(q) invariant; since J, must operate 
in the group orbit S(r) through r, this orbit is orthogonal to ¢(q). 
Thus (Schmidt (1967)) the group orbits S are orthogonal to the 
surfaces @. Further these surfaces define locally a one-one map 
between the group orbits, where the image f(g) of q in S(r) is the 
intersection of ¢(q) and S(r). Since this map is invariant under }, 
vectors of equal magnitude in (gq) at g are mapped into vectors of 
equal magnitude in S(r) at f(q); and since all the points of (q) are 
equivalent, the same magnitude multiplication factor occurs for the 
maps of vectors from any point in S (q) to its image in S(r). Thus 
(Schmidt (1967)) the orthogonal surfaces & map the trajectories S 
conformally onto each other. 

If one chooses coordinates {t, r, 0,6} so that the group orbits S are 
the surfaces {t,r = constant} and the orthogonal surfaces @ are the 
surfaces {0,¢ = constant}, it now follows that the metric takes the 
form ds? = dr%(t, 7) + Y(t, r) dQ2(0, $), where d7? is an indefinite two- 
surface and dQ? is a surface of positive constant curvature. If one 
further chooses the functions ¢, r so that the curves {t = constant}, 
{r = constant} are orthogonal in the two-surfaces & (cf. Bergmann, 
Cahen and Komar ag one can write the metric in the form 

ds? = Par Fatt »r)dr? + Y?(t, r) (d6*+sin?6d¢?). (A1) 
(Note that this still leaves the freedom to choose arbitrarily either 
r ort in these surfaces.) 

Let an observer moving along the ¢-lines measure an energy density 
#, an isotropic pressure p, an energy flux q, and no anisotropic pres- 
sures. Then the field equations for the metric (A1) may be written 
in the form 


2X(Y"' XY YF 
-em =È F- EFt FF) eA) 
1 2 Y'\’ y: XY x 
em =+- <7) - (zF) PSP (Fy E (A8) 
he ‘ 2 
-sap = yat 2F (PS) +3) etar ar) AH 


wissen = }(-B-1(e%) -leg m2) 
nan Ef (YZ. ao 


where ‘ denotes fôr and ` denotes /ét. 
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We first consider the empty space field equations Ra, = 0; this means 
that in (A2)-(A5) we must set u = p = q = 0. The local solution 
depends on the nature of the surfaces {Y = constant}; these surfaces 
may be timelike, spacelike or null, or they may not be defined (if Y is 
constant). In the exceptional case when Y:4Y., = 0on some open set Y 
(this includes the case when Y is constant), 

Y' : 
x= FY (A6) 


holds in X. However when (A 6) holds, the value of ¥” determined 
by (A 2) is inconsistent with (A 3). Thus we may consider some point 
p where Y'¢Y., < Oor Y: 4Y,,, > 0; the same inequality must hold in 
some open neighbourhood X of p. 

Consider. first the situation when Y:¢Y,, < 0. Then the surfaces 
{Y = constant} are timelike in X, and one can choose Y to be the 
coordinate r. (Then r is an area coordinate, as the area of the two- 
surfaces {r,t = constant} is 477%.) Thus Y’ = 0, Y’ = 1 and (A 2) shows 
that X` = 0. Further (A 4) shows that (F’/F)' = 0, so one can choose 
a new time coordinate ¢’(¢) in such a way as to set F = F(r), Then one 
has F = F(r), X = X(r), Y =r; the solution is necessarily static. 
Equation (A 3) now shows d(r/X*)/dr = 1, so solutions are of the form 
X? = (1—2m/r)-! where 2m is a constant of integration. Equation 
(A 4) can be integrated, with a suitable choice of a constant of integra- 
tion, to give F? = X?, and then (A 5) is identically satisfied. With 
these forms of F and X the metric (A 1) becomes 


ds? = - (1-2) dt? +2 4rd + sin? dg"); (A7) 
a 
r 
this is the Schwarzschild metric for r > 2m. 

Now suppose ¥:¢Y,, > 0. Then the surfaces {Y = constant} are 
spacelike in X, and one can choose Y to be the coordinate t. Then 
Y` = 1, Y'= 0 and (A2) shows F” = 0. One can choose the r-coordinate 
so that X = X(t); then F = F(t), X = X(t), Y = t and the solution is 
spatially homogeneous. Now (A 4) and (A 5) can be integrated to find 


the solution 
dt? 


ds? = — aa xt (F- 1) dr? + i? (A0? + sin? 0 dø?). (A8) 
(F-!) 

This is part of the Schwarzschild solution inside the Schwarzschild 

radius, for the transformation t~> +r’, r->t’ transforms this metric into 


372 APPENDIX B 


the form (A 7) withr’ < 2m. Finally, ifthe surfaces {Y = constant} are 
spacelike in some part of an open set Y and timelike in another part, 
one can obtain solutions (A 8) and (A 7) in these parts, and then join 
them together across the surfaces where Y:°Y.,=0 as in §5.5, 
obtaining a part of the maximal Schwarzschild solution which lies 
in ¥. Thus we have proved Birkhoff’s theorem: any C? solution of 
Einstein’s empty space equations which is spherically symmetric in 
an open set ¥, is locally equivalent to part of the maximally extended 
Schwarzschild solution in ~. (This is true even if the space is C°, 
piecewise C1; see Bergmann, Cahen and Komar (1965).) 

We now consider spherically symmetric static perfect fluid solutions. 
Then one can find coordinates {t, r, 0,4} such that the metric has the 
form (A 1), the fluid moves along the t-lines (so g = 0), and F = F(r), 
X = X(r), Y = Y(r). The field equations (A 3), (A 4) now show that 
if Y’ = 0, then p+p = 0; we exclude this as being unreasonable for 
a physical fluid, so we assume Y’ + 0. One may therefore again choose 
Y as the coordinate r; the metric then has the form 


dé? 


de? = — Fas tX drt 7(d6? + sin?0 dg?). (A9) 
The contracted Bianchi identities 7%, , = 0 now shows 
p'—(u+p)F'|F = 0; (A 10) 


(A 5) is identically satisfied if (A 3), (A 4) and (A 10) are satisfied. 
Equation (A 3) can be directly integrated to show 


X= (a, (A 11) 
where Mr) = 4r f " urtdr, 
0 


and the boundary condition X(0) = 1 has been used (i.e. the fluid 
sphere has a regular centre). With (A 10), (A 11), equation (A 4) takes 


the form dp (u +p) (Mt + 4npr) 
dr r(r—2M) eed 


which determines y as a function ofr, if the equation of state is known. 
Finally (A 10) shows that 
F(r) = Cex ee 
PJ oh +P 
where C is a constant. Equations (A 11)-(A 18) determine the metric 
inside the fluid sphere, i.e. up to the value 7, of r representing the 
surface of the fluid. 


(A 13) 
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Notation 


Numbers refer to pages where definitions are given 


= definition => implies 
3 there exists & summation sign 
O end of a proof 


Sets 
u AUB, union of A and B 
n ANB, intersection of A and B 
> Ac B,B>2> A, A is contained in B 
— A-B, B subtracted from A 
e x€A,is a member of A 
@ the empty set 


Maps 
¢: UYY, $ maps pe Y to (pier 
(Y) image of Y under ¢ 
¢- inverse map to é 
fog composition, g followed by f 
¢s,¢* mappings of tensors induced by map ¢, 22-4 


Topology 


A closure of A 
A’ boundary of A, 183 
int interior of A, 209 


Differentiability 
C°,Cr,Cr-,C”  differentiability conditions, 11 


Manifolds 


M n-dimensional manifold, 11 
(Yasa) local chart determining local coordinates x2, 12 
{ 381] 
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aM boundary of M, 12 

R” Euclidean n-dimensional space, 11 
$R" lower half z! < 0 of R”, 11 

S" n-sphere, 13 

x Cartesian product, 15 


Tensors 
(a/at),, X vectors, 15 
w,df one-forms, 16, 17 
<w, XY scalar product of vector and one-form, 16 
{E,},{E%} dual bases of vectors and one-forms, 16, 17 
T*;,,»,, components of tensor T of type (r,s), 17-19 
® tensor product, 18 
A skew product, 21 
o symmetrization (e.g. Tra»), 20 
t skew symmetrization (e.g. Tiaj), 20 
6¢, Kronecker delta (+1 ifa = b, 0 if a + b) 
Ta ih tangent space at p and dual space at p, 16 
Ti(p) space of tensors of type (r,s) at p, 18 
T3( M) bundle of tensors of type (r,s) on M, 51 
T( M) tangent bundle to Æ, 51 
L( M) bundle of linear frames on M, 51 


Derivatives and connection 
é/éx* partial derivatives with respect to coordinate xt 
(ðt), derivative along curve X(t), 15 
d exterior derivative, 17, 25 
LY, [X, Y] Lie derivative of Y with respect to X, 27-8 
V, Vx, Ton: covariant derivative, 30-2 
D/ét covariant derivative along curve, 32 
T‘, connection components, 31 
exp exponential map, 33 


Riemannian spaces 
(4,8) manifold .Mwith metric g and Christoffel connection 
n volume element, 48 
Raa Riemann tensor, 35 
FR, Ricci tensor, 36 
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R curvature scalar, 41 
Casca Weyl tensor, 41 
O(p,g) orthogonal group leaving metric G» invariant, 52 


Gaa diagonal metric diag (+1, +1,..., +1, —1,..., — 1) 
N o” Ni 
p terms q terms 


O( M) bundle of orthonormal frames, 52 


Space-time 


Space-time is a 4-dimensional Riemannian space (M, g) with 
metric normal form diag (+1, +1, +1, —1). Local coordinates are 
chosen to be (x1, x?, x3, 24). 
Taa energy momentum tensor of matter, 61 
Yio ®...¢ matter fields, 60 
L Lagrangian, 64 
Einstein’s field equations take the form 
Ran — Pga + Agan = 877», 
where A is the cosmological constant. 
(F w) is an initial data set, 233 


Timelike curves 
1. perpendicular projection, 79 
D,/és Fermi derivative, 80~1 
@ expansion, 83 
W, Wap W vorticity, 82-4 
Oa» 0 shear, 83-4 


Null geodesics 
6 expansion, 88 
Ôa © vorticity, 88 
ĉa © shear, 88 - 


Causal structure 
I*+,I- chronological future, past, 182 
J+,J- causal future, past, 183 
E£+,E- future, past horismos, 184 
D+, D- future, past Cauchy developments, 201 
H+, H- future, past Cauchy horizons, 202 
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Boundary of space-time 
A* = MUA where A is the c-boundary, 220 
J+, J-,i+,4- c-boundary of asymptotically simple and empty 
spaces, 122, 225 
M = MUM when M is weakly asymptotically simple; the 
boundary ôM of Æ consists of S+ and %~, 221, 225 
M+ = Mua where dis the b-boundary, 283 


Index 


References in italics are main references or definitions. 


acausal set, 211 
partial Cauchy surface, 204 
acceleration vector, 70, 72, 79, 84, 107 
relative acceleration of world lines, 
78-80 
achronal boundary, 187, 312 
achronal set, 186, 187, 202, 203, 209, 211, 
266, 267: edge, 202 
affine parameter, 33, 86 
generalized, 259, 278, 291 
Alexandrov topology, 196 
anti-de Sitter space, 131—4, 188, 206, 218 
apparent horizon, 320, 321-3, 324 
area law for black holes, 318, 332, 333 
asymptotic flatness, 221-5 
asymptotically simple spaces, 222: 
empty and simple spaces, 222 
weakly asymptotically simple and 
empty spaces, 225, 310: asymptoti- 
cally predictable spaces, 310, 311, 
312 
strongly future asymptotically pre- 
dictable, 313, 315, 317: regular 
predictable space, 318, 319, 320; 
static, 325, 326; stationary, 324, 
325, 327-31, 334-47 
asymptotically simple past, 316 
atlas, 11, 12, 14 
axisymmetric stationary space-times, 
161-70 
black holes, 329, 331, 341-7 


b-boundary, 283, 289 
b-bounded, 292, 293 
b-completeness, 259, 277, 278 
bases of vectors, one-forms, 
16-18, 51 
change of basis, 19, 21 
coordinate basis, 21 
orthonormal basis, 38, 52 
pseudo-orthonormal basis, 86 
beginning of universe, 3, 8, 358-9, 363 
in Rebertson—Walker models, 137-42 
in spatially homogeneous models, 144-9 


tensors, 


Bianchi’s identities, 36, 42, 43, 85 
bifurcation 
of black holes, 315-16 
of event horizons, 326 
Birkhoff’s theorem, 372 
black-body radiation in universe, 348- 
50, 354-5, 357, 363 
black holes, 308-23, 315 
final state of, 323-47 
rotating black hole, 329 
boundary 
of manifold, 12 
of future set, 187 
of space-time: c-boundary, 217-21, 
222-5; b-boundary, 276-84, 289-91 
Brans—Dicke scalar field, 59, 64, 71, 77, 
362 
energy inequalities, 90, 95 
bundle, 50, 174 
of linear frames, 
292-4 
of orthonormal] frames, 52, 54, 276-83, 
289: metric on, 278 
of tensors, 51, 54, 198 
tangent bundle, 51, 54 


51, 53, 54, 174, 


c-boundary, 217~21, 224-5 
canonical form, 48 
Carter’s theorem, 331 
Cartesian product, 15 
Cauchy data, 147, 231-3, 254 
Cauchy development, 6, 94, 119, 147, 
201-6, 209-11, 217, 228 
local existence, 248, 255 
global existence, 251, 255 
stability, 253, 255, 301, 310 
Cauchy horizon, 202-4, 265, 287, 362 
examples, 120, 133, 159, 178, 203, 205, 
287 
Cauchy problem, 60, 226-55 
Cauchy sequences, 257, 282 
Cauchy surface, 205, 211, 212, 263, 265, 
274, 287, 313 
examples, 119, 125, 142, 154 
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Cauchy surface (cont.) 
lack of, 133, 159, 178, 205, 206 
partial Cauchy surface, 204, 
301-2, 310-20, 323 
causal boundary of space-time, 217-21, 
221-5; see also conformal structure 
causal future (past), J+(J-), 183 
causal structure, 6, 127-30, 180-225 
causally simple set, 188, 206, 207, 223 
local causality neighbourhood, 195 
causality conditions 
local causality, 60 7 
chronology condition, 189 
causality condition, 190 
future, past distinguishing conditions, 
192 
strong causality condition, 192 
stable causality condition, 198 
causality violations, 6, 162, 164, 170, 175, 
189, 492, 197 
and singularity theorems, 272 
caustics, 120, 132-3, 170; «see also 
conjugate points 
charged scalar field, 68 
chart, 11 
Christoffel relations, 40 
chronological future (past), Z+(Z-), 182, 
217 
chronology condition, 189, 192, 194, 266 
violating set, 189 
cigar singularity, 144 
closed trapped surface, 2, 262, 263, 266 
examples, 155, 161 
in asymptotically fiat spaces, 311, 319 
outer trapped surface, 319; marginally 
outer trapped surface, 321 
outside collapsing star, 301, 308 
in expanding universe, 353-8 
Codacci’s equaticn, 47, 232, 352 
collapse of star, 3, 8, 300-23, 360 
compact space-time, 40, 189 
compact space sections, 272~5 
completeness conditions 
inextendibility, 58 
metric completeness, 257 
geodesic completeness, 257 
b-completeness, 259, 278-283 
completion by Cauchy sequences, 282, 
283 
components of connection, 37 
components of tensor, 19 
of p-form, 21 
conformal curvature tensor, 41, 85; see 
Weyl tensor 
conforma] metrics, 42, 60, 63, 180, 222 
conformal structure of infinity and 
singularities 
ce-boundary, 217-21 


217, 


INDEX 


examples, 122, 127, 132, 141, 145, 154, 
158, 160, 165, 177 
in asymptotically fiat spaces, 222-4 
horizons, 128-30 
conformally fiat theory, 75-6 
congruence of curves, 69 
conjugate pomts, 4, 5, 267 
on timelike geodesics, 97, 98, 111, 100, 
112, 217 
on null geodesics, 100, 101, 115, 102, 
116 
connection, 30, 31, 34, 40, 41, 59, 63 
and bundles over Æ, 53-5, 277 
on hypersurface, 46 
conservation 
of energy and momentum, 61, 62, 67, 73 
of matter, theorem, 94, 298 
of vorticity, 83-4 
constraint equations, 232 
continuity conditions 
for map, 11 
of space-time, 57, 284 
contraction of tensor, 19 
contracted Bianchi identities, 43 
convergence of curves, see expansion 
convergence of fields 
weak, 243 
strong, 243 
convex normal neighbourhood, 34, 60, 
103, 105, 184 
local causality neighbourhood, 195 
coordinates, 12 
normal coordinates, 34, 41 
coordinate singularities, 118, 133, 150, 
156, 163, 171, 
Copernican principle, 
350, 356, 358 
cosmological constant, 73, 95, 124, 137, 
139, 168, 362 
cosinological models 
isotropic, 134-42 
spatially homogeneous, 142-9 
covariant derivatives, 31-5, 40, 59 
covering spaces, 181, 204-5, 273, 293 
cross-section of a bundle, 52 
curvature tensor, 35, 36, 41 
identities, 36, 42, 43 
of hypersurface, 47 
physical significance, 78-116 
curve, 15 
geodesic, 33, 63, 103-16, 213-17 
non-spacelike, 105, 112, 184, 185, 207, 
213 
null, 86-8 
timelike, 78-86, 103, 182, 184, 213-17 


134, 135, 142, 


de Sitter space-time, 124-31 
density of matter in universe, 137, 357 


INDEX 


development, 228, 248, 251, 253 
existence, 246-9 
deviation equation 
timelike curves, 80 
null geodesics, 87 
diffeomorphism, 22, 56, 74, 227 
differentiability conditions, 11, 12 
and singularities, 284-7 
of initial data, 251 
of space-time, 57-8 
differentia] of function, 17 
distance from point, 103-5 
distance function, 215 
distributional solution of field equations, 
286 
domain of dependence, 
development, 201 
dominant energy condition, 91, 92, 94, 
237, 293, 323 


see Cauchy 


edge of achronal set, 202 
Einstein’s field equations, 74, 75, 77, 95, 
227-55 
constraint equations, 232 
distributional] solutions, 286 
exact solutions, 117-79 
existence and uniqueness of solutions, 
248, 251, 255 
initial data, 231-3 
reduced equations, 230 
stability of solutions, 253, 255 
Einstein static universe, 139 
spaces conforma) to part of, 121, 126, 
131, 139 
Einstein—de Sitter universe, 138 
electromagnetic field, 68 
energy conditions 
weak energy condition, 89 
dominant energy condition, 91 
null convergence condition, 95 
timelike convergence condition, 95 
strong energy condition, 95 
energy extraction from black holes, 
327-8, 332-3 
energy-momentum tensor of matter 
fields, 61, 66-71, 88-96, 255 
equation of state of cold matter, 
303-7 
ergosphere, 327-31 
Euler-Lagrange equations, 65 
event horizon, 129, 140, 165 
in asymptotically fiat spaces, 312, 
315-20, 324-47 
existence of solutions 
Einstein equations with matter, 255 
empty space Einstein equations, 248, 
251 
second order linear equations, 243 


387 


exp, exponential map, 33, 103, 119 
generalized, 292 
expansion 
of null geodesics, 88, 101, 312, 319, 321, 
324, 354 
of timelike curves, 82-4, 97, 271, 356 
of universe, 137, 273, 348~59 
extension 
of development, 228, 249 
of manifold, 58: locally inextendible, 59 
of space-time, 145, 150-5, 156~9, 
163-4, 171, 175: imextendible, 58, 
141; inequivalent extensions, 171-2 
exterior derivative, 25, 35 


Fermi derivative, 80-1 
fibre bundles, see bundles 
field equations 
for matter fields, 65 
for metric tensor, 71-7 
for Weyl tensor, 85 
fiuid, 69; see also perfect fiuid 
focal points, see conjugate points 
forms 
one-forma, 16, 44-5 
q-forms, 21, 47-9 
Friedmann equation, 138 
Friedmann space-times, 135 
function, 14 
fundamental forms of surfaces 
first, 44, 99, 231 
second, 46, 99, 100, 102, 110, 232, 262, 
273, 274 
future 
causal, J+, 183 
chronological, I+, 182 
future asymptotically predictable, 310 
future Cauchy development, D+, 201 
horizon, H+, 202 
future directed non-spacelike curve, 184 
inextendible, 184, 194, 268 
future distinguishing condition, 
195 
future event horizon, 129, 312 
future horismos, H+, 184 
future set, 186, 187 
future trapped set, 267, 268 


192, 


g-completeness, 257, 258 

gauge conditions, 230, 247 

Gauss’ equation, 47, 336, 352 

Gauss’ theorem, 49-50 

General Relativity, 56-77, 363 
postulates, (a), 60, (b), 61, (c), 77 
breakdown of, 362-3 

generalized affine parameter, 259, 278, 

291 
generic condition, 101, 192, 194, 266 
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geodesics, 33, 55, 63, 217, 284-5 
as extremum, 107, 108, 213 
see also null geodesics and timelike 
geodesics 
geodesically complete, 33, 257 
examples, 119, 126, 133, 170 
geodesically incomplete, 258, 287-9 
examples, 141-2, 155, 159, 163, 176, 
190 
see also singularities 
globally hyperbolic, 206-12, 213, 215, 
223 
Gédel’s universe, 168-70 
gravitational radiation from black holes, 
313, 329, 333 


harmonic gauge condition, 230, 247 
Hausdorff spaces, 13, 56, 221, 283 
non-Hausdorff b-boundary, 283, 289- 
92 
non-Hausdorff spaces, 13, 173, 177 
homogeneity 
homogeneous space-time, 168 
spatial homogeneity, 134, 142-9, 371 
horismos, E+, 184 
horizons 
apparent horizon, 320-3, 324 
event horizon, 129, 312, 315, 319, 
324-33 
particle horizon, 128 
horizontal subspace (in bundle), 53-5, 
277-82 
lift, 54, 277 
Hoyle and Narlikar’s C-field, 90, 126 
Hubble constant, 137, 355 
Hubble radius, 351 


IF, indecomposable future set, 218 
imbedding, 23, 44, 228 
induced maps cf tensors, 45 

immersion, 23 

imprisoned curves, 194-6, 
98 

inequalities for energy-momentum ten- 
sor, 89-96 

and second order differential equations, 

237, 240, 241 

inextendible curve, 184, 218, 280 

inextendible manifold, 58, 59, 141-2 

infinity, see conformal structure of 
infinity 

initial data, 233, 252, 254 

injective map, 28 

int, interior of set, 209 

integral curves of vector field, 27 

integration of forms, 26, 49 

intersection of geodesics, see conjugate 
points 


261, 289- 
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IP, indecomposible past set, 218 
isometry, 43, 56, 135-6, 142, 164, 168, 
174, 323, 326, 329, 330, 334, 340-6, 
369-70 
isotropy of observations, 134-5, 349, 358 
and universe, 351, 354 
Israel’s theorem, 326 


Jacobi equation, 80, 96 
Jacobi field, 96, 97, 99, 100 


Kerr solution, 161-8, 225, 301, 310, 327, 
332 
as final state of black hole, 325-33 
global uniqueness, 331 
Killing vector field, 43, 62, 164, 167, 300, 
323, 325, 327, 330, 339 
bivector, 167, 330, 331 
Kruskal extension of Schwarzschild 
solution, 153-5 


Lagrangian, 64-7 
for matter fields, 67—70 
for Einstein’s equations, 75 
Laplace, 2, 364, 365-8 
length of curve, 37 
generalized, 259, 280 
non-spacelike curve, 105, 213, 214, 215: 
longest curve, 5, 105, 107-8, 120, 213 
Lie derivative, 27-30, 34-5, 43, 79, 87, 
341-6 
light cone, see null cone 
limit of non-spacelike curves, 184-5 
limiting mass of star, 304-7 
Lipschitz condition, 11 
local Cauchy development theorem, 248 
local causality assumption, 60 
local causality neighbourhoods, 195 
local conservation of energy and momen- 
tum, 61 
local coordinate neighbourhood, 12 
locally inextendible manifold, 59 
Lorentz metric, 38, 39, 44, 56, 190, 
252 
Lorentz group, 52, 62, 173, 277~80 
Lorentz transformation, 279, 290-1 


m-completeness, 257, 278 
manifold, 11, 14 

as space-time model, 56, 57, 363 
map of manifold, 22, 23 

induced tensor maps, 22-4 
marginally outer trapped surface, 321 
matter equations, 59-71, 88-96, 117, 

254 

maximal development, 251-252 
maximal timelike curve, 110-12 
Maxwell’s equations, 68, 85, 156, 179 
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metric tensor, 36—44, 61, 63-4 
covariant derivative, 40, 41 
Lorentz, 38, 39, 44, 56, 57, 190, 237 
on hypersurface, 44~6, 231 
positive definite, 38, 45, 126, 257, 259, 
278, 282, 283 
space of metrics, 198, 252 
microwave background radiation, 139, 
348~50, 354, 356 
isotropy, 348-53, 358 
Minkowski space-time, 118-24, 205, 218, 
222, 274, 275, 310 
Misner’s two-dimensional space-time, 
171-4 


naked singularities, 311 
Newman—Penrose formalism, 344 
Newtonian gravitational theory, 71-4, 
76, 80, 201, 303-5 
non-spacelike curve, 60, 112, 184, 185, 
207 
geodesic, 105, 213 
Nordström theory, 76 
normal coordinates, 34, 41, 63 
normal neighbourhood, 34, 280; see also 
convex normal neighbourhood 
null vector, 38, 57 
cone, 38, 42, 60, 103-5, 
reconverging, 266, 354 
convergence condition, 95, 
265, 311, 318, 320 
geodesics, 86-8, 103, 105, 116, 133, 
171, 184, 188, 203, 204, 258, 312, 
319, 354: reconverging, 267, 271, 
354, 355; closed null geodesics, 
190-1, 290 
hypersurface, 45 


184, 198: 
192, 263, 


optical depth, 355, 357, 359 
orientable manifold, 13 

time orientable, 181, 182 

space orientable, 181, 182 
orientation 

of boundary, 27 

of hypersurface, 44 
orthogonal group O(P, q), 52, 277-83 
orthogonal vectors, 36 
orthonormal basis, 38, 52, 654, 80-2, 

276-83, 291 

pseudo-orthonormal basis, 86-7, 344 

outer trapped surface, 319, 320 


pancake singularity, 144 
paracompact manifold, 14, 34, 38, 57 
parallel transport, 32, 40, 277 
non-integrability, 35, 36 
p.p. singularity, 260, 290, 291 
parallehizable manifold, 52, 182 
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partially imprisoned non-spacelike curve, 
194, 289-92 

partial Cauchy surface, 204, 217, 265, 
274, 295, 301 

and black holes, 310-24 

particle horizon, 128, 140, 144 

past, dual of future, 183; thus past set 
ts dual of future set, 186 

PIPs, PIFs, 218 

Penrose collapse theorem, 262 

Penrose diagram, 123 

perfect fiuid, 69-70, 79, 84, 136, 143, 168, 


305, 372 
plane-wave solutions, 178, 188, 206, 260 
postulates for special and general 
relativity 


space-time model, 56 
local causality, 60 
conservation of energy and momentum, 
61 
metric tensor, 71, 77 
p-p. curvature singularity, 260, 289-92 
prediction in Genera] Relativity, 205-6 
product bundle, 50 
propagation equations 
expansion, 84, 88 
shear, 85, 88 
vorticity, 83, 88 
properly discontinuous group, 173 
pseudo-orthonormal basis, 86-7, 
114, 271, 290, 344 


102, 


rank of map, 23 

Raychaudhuri equation, 84, 97, 136, 275, 
286, 352 

redshift, 129, 139, 144, 161, 309, 355, 358 

regular predictable space, 318, 323 

Reissner—Nordstrém solution, 156-61, 
188, 206, 225, 310, 360-1 

global uniqueness, 326 

Ricci tensor, 36, 41, 72-5, 85, 88, 95, 290, 
352 

Riemann tensor, 35, 36, 41, 85, 290, 352 

Robertson—Walker spaces, 134-42, 276, 
352-7 


scalar field, 67, 68, 95; see also Brans- 
Dicke 
scalar polynomial curvature singularities, 
141-2, 146, 151, 260, 289 
Schwarzschild solution, 149-56, 225, 262, 
310, 316, 326 
local uniqueness, 371 
global uniqueness, 326 
outside star, 299, 306, 308-9, 316, 360 
Schwarzschild radius, 299, 300, 307-8, 353 
mass, 306, 309 
length, 353, 358 
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second fundamental form of hypersur- 
surface, 46, 47 
of 3-surface, 99, 273, 274 
of 2-surface, 102, 262 
second order hyperbolic equation, 233-43 
second variation, 108, 110, 114, 296 
semispacelike set, see achronal 
186 
separation of timelike curves, 79, 96, 99 
of null geodesics, 86-7, 102 
shear tensor, 82, 85, 88, 97, 324, 351 
singularity, 3, 256-61, 360-4 
s.p. singularity, 260, 289 
p-p. singularity, 260, 290-2 
examples, 137~42, 144-6, 150-1, 159, 
162, 171-4, 177 
theorems, 7, 147, 263, 266, 271, 272, 
274, 285, 288, 292 
description, 276-84 
nature, 284-9, 360-1, 363 
in collapsing stars, 308, 310, 311, 360-1 
in universe, 355, 358-9 
singularity-free space—times, 258, 260 
examples, 119, 126, 133, 139, 170, 
305-6 
skew symmetry, 20-1 
Sobolev spaces, 234 
s.p. curvature singularity, 141-2, 146, 
151, 260, 289 
spacelike hypersurface, 45 
spacelike three-surface, 99, 170, 201, 204, 
313 
spacelike two-surface, 101, 262 
spacelike vector, 38, 57 
space-orientable, 181 
space-time manifold, 4, 14, 56, 57 
breakdown, 363 
connection, 41, 59, 63 
differentiability, 57, 58, 284-7 
inextendible, 58 
metric, 56, 60, 227 
non-compact, 190 
space and time orientable, 181-2 
topology, 197 
spatially homogeneous, 
371 
Special Relativity, 60, 62, 71, 118 
speed of light, 60, 61, 94 
spinors, 52, 59, 182 
spherically symmetric solutions, 
149-61, 299, 305-6, 369-72 
stable causality, 198 
stability 
of Einstein’s equations, 253, 255, 301 
of singularity, 273, 360 
star, 299-308 
white dwarfs, neutron stars, 304, 307 
life history, 301, 307-8 


set, 


134, 142-9, 


136, 
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static space-times, 72, 73 
spherically symmetric, 149-61, 306-6, 
371 
regular predictable space-times, 325-9 
stationary axisymmetric solutions, 161~ 
70 
stationary regular predictable space- 
times, 323-47 
stationary limit surface, 165-167, 328, 331 
steady-state universe, 90, 126 
Stokes’ theorem, 27 
strong causality condition, 192, 194, 195, 
208, 209, 217, 222, 261, 267, 271 
strong energy condition, 95 
strongly future asymptotically predict- 
able, 313, 317, 318 
summation convention, 15 
symmetric and skew-symmetric tensors, 
20-1 
symmetries of space-time, 44 
axial symmetry, 329 
homogeneity, 168 
spatial homogeneity, 135, 142 
spherical symmetry, 369 
static spaces, 72, 325 
stationary spaces, 323 
time-symmetry, 326 


tangent bundle, 51, 53~4, 292, 351 
tangent vector space, 16, 51 
dual space, 17 
Taub-NUT space, 170-8, 206, 261, 289- 
92 
tensor of type (r, 8), 17 
field of type (r, a), 21 
bundle of tensors of type (r, 8), 51 
tensor product, 18 
theorems 
conservation theorem, 94 
singularities in homogeneous 
mologies, 147 
local Cauchy development, 248 
global Cauchy development, 251 
Cauchy stability theorem, 253 
singularity theorems: theorem 1, 263; 
theorem 2, 266; theorem 3, 271; 
theorem 4, 272; theorem 5, 292; 
weakened conditions, 285, 288 
tidal force, 80 
TIFs, TIPs, 218 
time coordinates, 170, 198 
time orientable, 131, 181, 182 
time symmetric, 326, 328 
black hole, 330 
timelike convergence conditions, 95, 265, 
266, 271, 272, 285, 363 
timelike curves, 69, 79-85, 103, 184, 
213-15, 218 


cos- 
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timelike geodesics, 63, 96-100, 103, 
111-12, 133, 159, 170, 217, 258, 
288: 

timelike hypersurface, 44 

timelike singularity, 159, 360-1 

timelike vector, 38, 57 

topology of manifold, 12-14 

Alexandrov topology, 196, 197 

topology of set of Lorentz metrics, 198, 
252 

topology of space of curves, 208, 214 

torsion tensor, 34, 41 

totally imprisoned curves, 194, 195, 289- 
98 

trapped region, 819-20 

trapped set, 267 

trapped surface, see closed trapped sur- 
face 


uniqueness of solutions 
of Einstein’s equations: locally, 246, 
255; globally, 251, 255 
of second order linear equations, 239, 
243 
universe, 3, 348-59, 360, 362, 364 
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spatially homogeneous universe models 
anisotropic, 142-9; isotropic, 134- 
42, 351-3, 356-7 


vacuum solutions of field equations, 118, 
150, 161, 170, 178, 244-54 
variation 
of fields in Lagrangian, 65 
of timelike curve, 106-10, 295 
of non-spacelike curves, 112-16, 191 
vector, 15, 16, 38, 57 
field, 21, 27, 51, 52, 54, 55, 277, 278 
variation vector, 107-16, 191, 275, 295 
gee also Killing vector 
vertical subspaces in bundles, 53, 277 
volume, 48, 49 
vorticity 
of Jacobi fields, 97 
of null geodesics, 88 
of timelike curves, 82-4, 352 


weak energy condition, 89, 94 

weakly asymptotically simple and empty 
spaces, 225, 310 

Wey] tensor, 41, 42, 85, 88, 101, 224, 344 


